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APPENDIX

A. Proof of Proposition 1

In what follows, k; denote positive constants that depends only on
the plant-controller parameters and W;(-) denote functions of class Koo.
Consider the solution of the state equation (4) and Vt € [0,tnr), i.e,

Xo(t) = k*(sI — Ae) " Ybe # [u(t) — a(t)] + eAetXo(0).  (64)

Applying [25, Lemma 2] (considering initial time £ = 0) to (64), follows
that (V¢ € [0,tar)),

[ Xe(t)] < cre™ " at) + cze” 2| Xe(0))] (65)

with 0 < A, < Ac where X. is the stability margin of A, v > 0 is lower
than the stability margin . > 0 of the transfer function (sI — A.) " 'b.
and c1,c2 > 0 are positive appropriate constants, all obtained from [25,
Lemma 2] and |u(t) — @(t)| < 4(t). Noting that, Ac < 4., then one can
choose v = A, resulting in the following upper bound, valid V¢ € [0, tar),

|Xe(t)] < cre et xa(t) + cae 2t X (0))] . (66)

From Assumptions (A5)-(A6) w satisfies (11), thus from Assumption (A7),
one has V¢ € [0,t7),

lu —a| < Wi(|Xe]) + e Yt 5 Uy (|Xe|) + k1 := 1. (67)

Consequently, from (66) and (67) and using the Comparison Theorem [15],
follows that

‘Xe(t)l S je(t) S CEe(t) ) Vit € [07 t]M) } (68)

where Z.(t) := e~ b % [W3(| Xe(t)]) + k2] + coe™ 14X (0))] is the
solution of the following differential equation (V¢ € [0, tar))

Te = —MTe + [V3(|Xe|) + k2], Ze(0) == c2|Xc(0)],  (69)

and Z. is the solution of
To = —AMTe + [W3(Fe) + ko], Fe(0) := c2|Xc(0))]. (70)
Now, from (70) and (68) one can conclude that VRy > 0, there exist
VR > Ro and some ¢* € (0,tps), which is independent of 7 (the time

constant of the lead filter), such that | X, (¢)| < Ze(t) < R for t € [0,¢*).
Thus,

U3(Ze) < kF|Ze|, Vie < R,
with the positive constant kgﬁ possibly dependent on R. Thus, Z. satisfies
e < (kf = A1)Te + k2, Te(0) == c2|Xe(0))], (71)
which leads to

(€8 A8 _ 1) 4 o] X (0)]eR8 A0 (72)

Rl

< ko
T (kF - )

and, consequently, from (68), one has
| Xe(®)] < 22| Xe(0)] + ka(e?2! = 1), Ve [0,t7),  (79)

where Az := k£ — ;. Since t.(7) is bounded by some class K function of
7, thus there exists 0 < 71 < 1 such that te(7) < t* < tpr, V7 € (0, 71].
Now, one can obtain the following norm bound for X,

| Xe(t)] < (ks + keT)| Xe(0)] + Wa(T), (74)
V7 € (0,71], V& € [0,te(7)] C [0,t*]. Finally, from (74), ||(Xe)«||
(ks + keT)| Xc(0)] + Wa(7T), Vt € [0, L], in addition, recalling that eg
RT X, from (30), follows the proposition result (47), i.e.,

k7|z(0)| + ¥s(T). (75)

A

lz(®)] <

B. Proof of Theorem 2
Given R > 0 and 0 < Rg < R, then for some t* € (0,¢ys) and
|2(0)| < Ro one has |z(t)| < R for t € [0,t*). Assume ¢ € [0,t*).
From (54), one has

()¢l < kz1]2(0)] 4 kz2V(T) + K3l (Bu)ell s (76)
and, from (55), follows that
[(2)ell < kz1l2(0)] + k22 V(7) + k3, W)
which is valid if 7 < gl where k.1 = b kay =
71771112%‘5 and k.3 := 717j§czgf;€iﬁ. Then, from (55)
||(5U)t” < Tkueflelz(o” + TkueE'ZQV(T) +
+ TQkueEZS + Tk'red )
< Thuek21|2(0)] + Tkot (78)
where ko1 = kuckz2V(T) + Thueks3 + kreq. Thus, from (54), the

following upper bound holds

2(0)] < ka|2(0)|e M2 + koo V(r)e M2 4

+  Thealz(0)| + Tk2s (79)

where ko4 := k‘z3kue];‘21 and k.5 := ko1k.3.
Rewrite (75) as

=) < [kz1€7A2t + Tkz4] |2(0)] +
4+ kaV(T)e 2t 4 ko5 (80)
Noting that, for 7 < 1/k.4, there exists 71 > 0 such that

A= [Raae™ 2T forha| <1,

thus, for 2 = 0,1, ..., one has
lz(t: + T1)| < Azfz(f)] +
+  koV(r)e 2T 47k (81)

Then, the simple linear recursive inequality (81) holds and easily lead to
the conclusion that, for — small enough, the error system is semi-globally
exponentially stable with respect to a residual set of order —. Moreover, one
can also conclude that the initial time is irrelevant in this analysis, thus the
stability result holds Vvt > #5 > 0. u

C. Proof of Proposition 3

In what follows, k; denote positive constants that depends only on the
plant-controller parameters and W, (-) denote functions of class Koo. From
Proposition 2, [eo(t)| < |em (t)| (Vt € [t1,tar)), consequently from (58)-
(59), one has

leo(®)] < leo(tr)| + a(k) + 3] (Bl (82)

which is valid V¢ € [¢1,¢pr), where ¢ is the greatest switching time
such that 0 < ¢, <t < tpy1 < tpr (note that ¢, depends on t). The
relation |Gy (tx)| < ||(Bu )¢l was used to derive (82). Now, considering
the sequence t1,ta,...,tx < tpr Of switching time instants that belongs
to the maximum time interval [0,¢5,) of definition of g, the following
recursive inequality is verified

‘SU(thrl)‘ < ‘SU(tk)l + a(k) + 3“(31/1)%4_1 “ s (Vk > 1) s (83)
which leads to the conclusion that
(k—1) (k—1)

leo(tr)| < leo(t)+ D a(@)+3 D> (Bt |l (Vk>2). (84)
i=1 =1

Noting that [|(Bee), || < ||(Bu)¢, . II(¥4), a simple but more conservative
upper bound is obtained from (84), resulting in

leo(t)| < leo(t)] + as (k) +3(k = DI (B)ee |l (Vk > 1), (85)

where

(k—1) .
ax (k) == { Zi:lo a(i), ]Ziiv



Now, from (85) and (82), one has
leo(®) < leo(tr)] +as (k) +3(k — DII(Be)e || +
+ a(k) +3[[(Bo)ell, (Yt € [t ta), k>1)  (86)
Noting that ||(Bu)t, || < [|(Bu)¢ll (since ¢ > i), and redefining as (k)

by
k

ax(k) =Y a(i), k>1,

i=1
the following inequality holds V¢ € [t1,tpr) (Which implies & > 1)
leo®] < leo(t1)] + ax(k) + 3k[[(Bu)e - 87)

Now, since k, ax; (k) and ||(Gy)¢|| are positive and increase as ¢ increases,
then inequality (87) is also verified in terms of the Looe norm of eq (V¢ €
[t17 t]\/f))! i'e)

(0)e,enll < leo(t1)] + as (k) + 3kl (Bu)ell - (88)

Note that the relation ||(By)¢,¢, || < ||(Bu )+ || was used to derive inequality
(89).
Moreover, from (31) and (33), one has

~ 0
€ =¢co— Pu —ep,

thus, the following two relation can be obtained

leo(t1)] < k1| Xe(to)] + |Bu(tr)] + €% (t1)] (89)
@) t,t1 1| < N(20)t,ea 1+ 1(Bea) ety | + 11 (€%t 1l (90)
where k1 := |hy| and the relation eg = h{X‘3 was used to derive (89),

see (24) for details. From (43), one has
le% ()] < R1,Vt > te,
where R; is given by
Ry = (|2 (0)] + (e + 1) Xe(0)]),

according to (44). Since t; := te > te, then |e%(t1)| < R; and
l[(e%)¢.¢1 || < Ri. Recalling that |G (t1)| < [|(Bue)e.e, ||, from (89), (90)
and (88), the following upper bound holds

l€o)ter | < ki|Xe(tr)| +2R1 + ax(k) +
+  20Be)t,en | + 3KI(Br)ell - (91)

Note that, transforming the state realization (A, be, hT) of the transfer
function M L(s), described in (4) with output &y given by (24), into the
regular form, the complete state X. can be bounded by

[(Xe)t,er || < k2| Xe(t1)] + ksll(€0)t,t || - (92)

The upper bound (92) was obtained from the solution of the state equation
(in the regular form), with ¢; being the initial time. Thus, from (90) and
(91), one has

[(Xe)ter |l < kalXe(tr)| + 2k3Ra + ksax(k) +
+  2k3(|(Bu)e,ey || + 3kskl[(Bu)ell s (93)
where k4 := k1ks + ko. Now, from Proposition 1, one has
[(Xe)tl < ks|Xe(0)] + Wa(r), VE€[0,ta]. (94)

Adding (93) and (94) one can conclude that, V¢ € [0, tas)
l(Xe)ell < kelz(0)| + ksax (k) + Wa(r) +

+  2k3|(Bu)ell + 3k3kl| (Bu)ell (95)

where the facts that [|(Gue)e,e, | < [[(Beo)ell and [Xe(t1)] < [[(Xe)e, |l
were used. Note that the operators appearing in (34) and (57) are of order
O(7). Then, recalling that @ satisfies (11), f(t) satisfies (15), and from
Assumption (A7), one can conclude that

1Be)ells 1Be)ell < 78s(I(Xe)ell) + ke (96)

Now, from the proof of Proposition 1 one can conclude that YRy > 0,
there exist VR > Ro and some ¢* € (0, tas), which is independent of
(the time constant of the lead filter), such that | X.(¢)| < R for ¢t € [0,¢*).
Thus,

\Ij3(|X€|) S k§|X€‘7 V|X€‘ < R7

with the positive constant kgf possibly dependent on R. Now, from (95)
and (96), one has

[Xe(t)] < kol2(0)| + kroas (k) +
+  Uy(7) + kiikT + k127, (97)

; 1 ; ; T
if 7 € (0, 72], where o < (Y derETsE Finally, recalling that eg = h1 X,

then, from (30), follows the proposition result (62), i.e.,

[z(O)] < ki3|z(0)] + k1aas (k) +
4+ Us(7) + kiskT + k16T . (98)

D. Proof of Theorem 3

The switchings of the monitoring function stop at some index &*. Indeed,
since a(k) increases unboundedly as k — oo, there is a finite value of k1
such that for k& > k1 one has a(k) > (2Rye*2te) (see (56)). Let k* be
the smallest such k1. It is not difficult to conclude that k* can be related
to Ro := |2(0)|, through Ry, given by (44). In fact one can write

kE* < Vi (Ro) + ko (99)

where ko > 0 is a constant and Vo € K. Now, from Proposition 3, it
follows that, for = sufficiently small

|2(t)] < Vz(Ro) + c2 (100)

where, ¢ > 0 is a constant and V. € K. Thus, if R > V.(Ro) +
¢z, the system will stay within the ball of radius R for all ¢ > 0. Thus,
stability with respect to the ball of radius c. is therefore guaranteed for
initial conditions in the Rp-ball. Since Ry can be chosen arbitrarily large
provided that 7 is chosen sufficiently small, semi-global stability ensues .
We can also conclude that, either the switching of the monitoring function
o Stops at a correct sign or, if not, then the state = has to stay in a residual
set of order 7 for all future time after the last switching occurred. Indeed,
suppose that the latter is not true. Then, by a reverse time dynamics of the
case in which the correct control direction is used, for which a residual set of
order T was shown to be semi-globally attractive, the trajectories would have
to diverge beyond the bound (100), which is absurd. Thus, in the (highly
improbable) case of wrong final control direction decision, the system would
have already converged to a residual set of order 7, independent of the radius
Ryp. If the control direction is correctly found at the last switching (at k*),
then Theorem 2 applies. This demonstrates the Theorem 3. u



