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Preface

In one form or another, robots have been around for many hundreds of
years and have caught the fancy of nearly all segments of society including
but not limited to lay people, novelists, engineers, and computer scientists.
While sophisticated algorithms for intelligent integration of robotic systems
into society have abounded for many decades, it is only recently that the
explosion of computational speed and its cheap availability have made many
of these ideas implementable in real-time so that the benefit of robots can
now extend beyond the confines of automated assembly lines and impact
people directly. Our increasing understanding of human sensory systems
and how they play into our superior cognition have led to the development
of specialized hardware setups that locally process data at the site of its
acquisition and pass on low bandwidth information (in the form of features
or keywords) that can be processed at one or more central locations for
higher level decision making.

This book aims to describe possible frameworks for setting up nonlinear
control design problems that need to be solved in the context of robots
trying to understand, interact with, and manipulate their environments.
Of course, the environment considered could be static or dynamic, struc-
tured or unstructured. Similarly, the robot may suffer from kinematic or
dynamic uncertainties. Finally, the measurements available for controller
use could be limited (e.g., lack of velocity feedback on robots) or excessive
(e.g., video frames captured at a 640 x 480 resolution by a 30 Hz video cam-
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xii Preface

era) — interestingly, both these scenarios require extra preprocessing and
computation to extract the required information. All the aforementioned
factors can conspire to make for highly challenging control design scenarios.
As the title suggests, our preferred framework for addressing these issues
will be Lyapunov-based nonlinear control design. Robots are highly nonlin-
ear systems and even though they can be linearized under some restrictive
assumptions, most practical scenarios require the design of nonlinear con-
trollers to work around uncertainty and measurement-related issues. It has
been our experience over the years that Lyapunov’s direct method is an
extremely effective tool to both design and analyze controllers for robotic
systems.

Chapter 1 begins by providing a brief history of robotics. It is followed
by an introduction to the Lyapunov-based design philosophy — pros and
cons are discussed. The chapter ends on a practical note by describing the
evolution of real-time control design systems and the associated operat-
ing environments and hardware platforms that they are based upon. In
Chapter 2, we provide the reader with a quick introduction to a host of
standard control design tools available for robotic systems. In order to pre-
pare for the chapters ahead, all these techniques are analyzed in a common
Lyapunov-based framework. The chapter begins by discussing computed
torque methods, where the model nonlinearities are canceled through exact
model knowledge, and the system robustness to unmodeled disturbances is
discussed under PD control, continuous robust control, and sliding mode
control. Next, adaptive control techniques are discussed when the model is
uncertain. A variety of adaptive update laws are discussed including the de-
sign of a NN-based strategy when the model cannot be expressed as linear
in the unknown/uncertain parameters. The chapter closes by discussing the
challenges of designing control laws for redundant link robot manipulators
when the control objectives are stated in the task-space of the robot.

When robots need to navigate through and/or interact with unstruc-
tured or dynamically changing environments, camera-based vision systems
are utilized to provide adequate sensing of the environment. Chapter 3
discusses some problems in visual servoing control. The first problem ad-
dressed is that of a robot end-effector tracking a prerecorded time-varying
reference trajectory under visual feedback from a monocular camera —
the use of a single camera results in uncertainty in the depth parameter
which needs to be adaptively corrected. The next problem that we address
in this chapter is that of estimating the shape of a continuum robot. Tra-
ditional position sensing devices such as encoders cannot be used in this
situation since it is not easy to define links and joints for such robots —
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Preface xiii

instead, a vision based solution is proposed and then validated through
the design of kinematic controllers that regulate the pose of the robot end-
effector via feedback from a sequence of images from a fixed monocular
camera. The third problem dealt with in this chapter is that of design-
ing homography-based visual servo control methods for solving tracking
and regulation problems in the context of wheeled mobile robots. The fi-
nal problem addressed in Chapter 3 is the classic Structure from Motion
(SFM) problem, specifically the development of an adaptive nonlinear es-
timator in order to identify the Euclidean coordinates of feature points on
an object based upon relative movement between that object and a single
fixed camera.

Chapter 4 deals with the problems of path planning and control for
manipulator arms and wheeled mobile robots, both when the obstacle lo-
cations are known a priori and when they need to be determined in real
time using fixed or in-hand vision as an active feedback element. The first
problem addressed is path following using velocity field control (VFC) —
this technique can be applied when it is more critical to follow a contour
exactly than it is to track a desired time-varying trajectory (which inciden-
tally is the standard problem solved in most robotics literature). Another
application of path following is when a navigation function (NF) approach
is utilized to create a path around obstacles to a desired goal location. As
an extension, we also show how VFC- and NF-based techniques can be uti-
lized to solve the obstacle avoidance problem for mobile robots. We then
shift gears and address the problem of hybrid servoing control under visual
feedback, which may be required to manipulate a robot in unstructured
environments — the challenge here is the design of a desired trajectory in
the image space based on an image space NF that ensures that the features
on the object stay in the camera’s field-of-view through the course of the
robot’s motion. The final portion of this chapter deals with the design of
an image space extremum seeking path planner such that a singularity free
PBVS controller can be designed that works on visual feedback and is able
to reject lens distortion and uncertainties in the camera calibration.

In Chapter 5, we deal with the emerging research area of human-machine
interaction. While the primary control objective during human-machine
interaction is application specific, the secondary objective invariably is to
ensure the safety of the user — to this end, we illustrate the design of
control schemes based on passivity such that the machine is a net energy
sink. The chapter begins by exploring smart exercise machines that provide
optimal physical training for the user by altering the machine’s resistance
based on user performance. Steer-by-wire control of vehicles is discussed
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next, with the focus being on locking the steering response of the vehicle to
the user input as well as ensuring that the road feel experienced by the user
can be appropriately adjusted. The third problem addressed in this chapter
is that of teleoperator systems where the focus is on both facilitating the
application of desired motion and desired force in the remote environment
by the user, as well as ensuring that the system is safely able to reflect
desired forces back to the user. The final topic addressed in Chapter 5 is
that of a rehabilitation robot which is safely able to direct user limb motions
along selectable trajectories in space that optimize their rehabilitation after
disease or injury.

The material in this book (unless noted otherwise) has been derived from
the authors’ research work during the past several years in the area of con-
trols and robotics. This book is aimed at graduate students and researchers
who would like to understand the application of Lyapunov-based control
design techniques to emerging problems in robotics. This book assumes a
background in undergraduate level linear controls theory. Some knowledge
of nonlinear systems and Lyapunov-based design techniques for such sys-
tems may be desirable — however, the book contains adequate background
material in Chapter 2 and Appendix A as well as references to textbooks
that deal with these subjects should they be of interest to the reader.

The authors would like to thank our colleagues and collaborators for their
valuable assistance and counsel without which this work would not have
been possible. We are especially grateful to Dr. Jian Chen, whose work early
on as a graduate student at Clemson University and later as a collaborator
of the authors, has influenced many of the issues examined in this book. We
would also like to acknowledge the unselfish support of the following past
and present members of the Controls and Robotics group in the Department
of Electrical Engineering at Clemson University: Dr. Vilas Chitrakaran,
Dr. Michael McIntyre, Dr. Pradeep Setlur, Dr. Ximing Zhang, Dr. David
Braganza, Dr. Enver Tatlicioglu, and Mr. Abhijit Baviskar. Finally, we
would like to thank Mr. Jonathan Plant, Senior Editor at CRC Press for
his patience and counsel as well as Marsha Pronin, Project Coordinator,
and Karen Simon, Project Editor, for their help with reviewing samples
and assistance with preparation of the camera-ready manuscript.
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1

Introduction

1.1 History of Robotics

From time immemorial, human beings have been fascinated with building
and employing machines with human-like capabilities. As far back as 300
B.C., Greek philosophers, mathematicians, and inventors were postulating
or designing mechanical contraptions that had steam or water-based ac-
tuation as well as some level of autonomy. Around the middle of the last
millennium, Leonardo da Vinci and others built mechanical devices primar-
ily for amusement purposes. Cut to the industrial age, the great scientist
Nikola Tesla built and demonstrated a remote controlled submersible robot
boat at Madison Square Garden in the year 1898. The word “robot” (which
actually means “forced labor” in Czech) was introduced into our vocabu-
lary by playwright Karel Capek in a satirical 1920 play entitled Rossum’s
Universal Robots. Science fiction fans are, of course, very familiar with the
work of Isaac Asimov who first popularized the term “Robotics” and was
responsible for proposing the three fundamental laws of robotics.
Robotics has always attracted the fancy of moviemakers, and robots have
been an integral part of popular culture in the United States. The first
robot to appear on film was “Maria” in Fritz Lang’s 1926 movie named
Metropolis. In 1951, an alien and his robot appeared on the silver screen
in the movie The Day the Farth Stood Still. Arthur Clarke’s novel 2001:
A Space Odyssey was made into a movie in 1968 which featured a high
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2 1. Introduction

functioning robot named HAL that turns rogue and is eventually discon-
nected. A movie that received a great deal of acclaim was Ridley Scott’s
Blade Runner that was released in 1982 and which featured Harrison Ford
as a hunter of illegal mutinous androids known as Replicants. Other movies
like The Terminator and the Matrix series have dealt with sophisticated,
high-functioning humanoids. Most recently, Pixar produced the smash hit
animated robotics film WALL-E which features a sentimental robot of the
same name that is designed to clean up the pollution created by mankind.

Space exploration has advantageously employed manipulator arms and
mobile robots over the years. Lunokhod 1 and 2 were the first robotic ex-
ploration vehicles (rovers) to be launched to an extraterrestrial body, the
moon, by the Soviets in 1970. After a long gap, the rover Sojourner landed
on Mars in 1997 as part of the Pathfinder Mission; it had vision assisted
autonomous navigation and was successful at obtaining and analyzing rock
and soil samples. This was followed in 2004 by the rovers Spirit and Op-
portunity that are still active and continue to analyze the Martian geology,
as well as its environment, to assess the possibility that life may have been
supported on Mars in the past. Most recently, the Phoenixz lander executed
the first successful polar landing on the Martian surface and is currently
exploring the possibility of water existing or having existed on the red
planet.

The first commercial robotics company, named Unimation, was started
in 1956 by George Devol and J. Engelberger. As a result of this venture, the
first industrial robot was manufactured and marketed in the United States.
Unimate began work in a General Motors automobile plant in New Jersey
in 1961. This manipulator arm performed spot welding operations as well
as unloading of die casts. This was followed in 1978 by the Programmable
Universal Machine for Assembly, a.k.a. PUMA. Since that time, quite a few
other robot manufacturers have come and gone with only a few achieving
commercial success or longevity in the market. In recent years, personal and
professional service robots have picked up steam. For example, Lego has
achieved success with its Mindstorms Robotics Invention System as has
Sony with its AIBO robot pets. Most recently, Honda’s humanoid robot
ASIMO has hogged media limelight with its ability to perform a wide
variety of service and human interaction tasks.

Robotics in research settings has steadily continued to experience an up-
ward spiral since its inception. Robotics research got its academic start in
1959 with the inauguration of the Artificial Intelligence Laboratory at the
Massachusetts Institute of Technology by John McCarthy and Marvin Min-
sky. Other inaugurations of note were the establishment of the Artificial
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1.2 Lyapunov-Based Control Philosophy 3

Intelligence Laboratory at Stanford University in 1963, and the Robotics In-
stitute at Carnegie Mellon University in 1979. The first computer-controlled
mechanical hand was developed at MIT in 1961 followed by the creation of
the Stanford Arm in the Stanford Artificial Intelligence Laboratory by Vic-
tor Scheinman in 1969. Early flexible robots of note were Minsky’s octopus-
like Tentacle Arm (MIT, 1968) and Shigeo Hirose’s Soft Gripper (Tokyo
Institute of Technology, 1976). An eight-legged walking robot named Dante
was built at Carnegie Mellon University which was followed by a more ro-
bust Dante IT that descended into the crater of the volcano Mt. Spurr in
Alaska in 1994. Demonstrations of planning algorithms for robots began
in the late 1960s when Stanford Research Institute’s Shakey was able to
navigate structured indoor environments. A decade later, the Stanford cart
attempted navigation of natural outdoor scenes as well as cluttered indoor
environments. Modern robotics research is focused on higher dimensional
robots, modular robots, and the planning issues associated with these types
of devices. Simultaneously, robotics is making great strides in medicine and
surgery as well as assistance for individuals with disabilities.

1.2 Lyapunov-Based Control Philosophy

The requirements for increasing levels of autonomy and precision in robots
have necessitated the development of sophisticated control strategies. Mul-
tiple link robots have presented complex, coupled nonlinear dynamics that
have inspired the design of numerous output and state feedback control
designs, especially the global output feedback problem for robots has been
very challenging. Wheeled mobile robots have inspired the design of set-
point and tracking controllers for nonholonomic systems. Other applica-
tions that have challenged control designers have been rigid link flexible
joints in the late nineties as well as higher dimensional and continuum
robots of late.

Linear control design is often inadequate outside narrow operating regimes
where linearized system models are valid. Nonlinear control strategies can
take advantage of full or partial knowledge of the structure and/or pa-
rameters of the system in order to craft techniques that are robust to ex-
ogenous disturbances, measurement noise, and unmodeled dynamics. Re-
search investigators have utilized a variety of tools for analyzing nonlinear
systems arising from nonlinear controllers, nonlinear models, or a combina-
tion thereof — singular perturbation, describing functions, and phase plane
analysis are some of the popular tools. However, Lyapunov-based tech-
niques (in particular, the so-called direct method of Lyapunov) offer the
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4 1. Introduction

distinct advantage that they allow both design and analysis under a com-
mon framework with one stage motivating the other in an iterative fashion.
Lyapunov theory and its derivatives are named after the Russian mathe-
matician and engineer Aleksander Mikhailovich Lyapunov (1857-1918).

Lyapunov stability theory has two main directions — the linearization
method and the aforementioned direct method of Lyapunov. The method
of linearization provides the fundamental basis for the use of linear con-
trol methods [1]. It states that a nonlinear system is locally stable if all the
eigenvalues of its linear approximation (via a Taylor series expansion about
a nominal operating point) are in the open left half plane and is unstable if
at least one is in the open right half plane. Furthermore, the stability can-
not be determined without further analysis if the linearization is marginally
stable. The direct method of Lyapunov relies on the physical property that
a system whose total energy is continuously being dissipated must even-
tually end up at an equilibrium point [1, 2]. Given a scalar, non-negative
energy (or energy-like) function V' (¢) for a system, it can be shown that if
its time derivative V () < 0, the system is stable in the sense of Lyapunov
in that the system states (energy) can be constrained for all future time to
lie inside a ball that is directly related to the size of the initial states of the
system.

While a lot of results have been derived in the last fifty years in order to
deduce stability properties based on the structure of the Lyapunov function
V (t) and its time derivative, we are no closer to understanding how one
may choose an appropriate V (t), i.e., it is not clear how closely the scalar
function V (t) should mimic the physical (kinetic and potential) energy of
the system. What is clear is that the objectives of the control design and
the constraints on the measurements lead to the definition of system states
that often guide the development of the Lyapunov function. Furthermore,
the control design itself is impacted by the need to constrain the time
derivative of the Lyapunov function to be negative definite or semi-definite
along the closed loop system trajectories. Thus, the control design and
the development of the Lyapunov function are intertwined, even though
the presentation may tend to indicate a monotonic trajectory from control
design toward stability analysis. In the ensuing chapters, one will be able
to gain an insight into the variety of choices for Lyapunov functions as well
as the appearance of non-intuitive terms in the control input signals that
will likely indicate an influence of the Lyapunov-based analysis method on
the control design.

While Lyapunov’s direct method is good at characterizing the stability
of equilibrium points for autonomous and nonautonomous systems alike, it
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1.3 The Real-Time Computer Revolution 5

works equally well in showing the boundedness and ultimate boundedness
of solutions when no equilibrium points exist [3]. Furthermore, the analysis
not only provides a guarantee of stability and the type of stability result
(uniform asymptotic, exponential, semi-global ultimately bounded, etc.), it
is also able to point out bounds on the regions where the results are guaran-
teed to be valid. This is in sharp contrast to linearization based approaches
where regions of convergence are not easily obtained. Finally, Lyapunov-
based design leads to faster identifiers and stronger controllers that are
able to prevent catastrophic instabilities associated with traditional esti-
mation based methods such as certainty equivalence [4]. While traditional
methods work well with linear systems, they can lead to troubling results
such as finite escape times in the case of nonlinear systems. A shortcoming
of the Lyapunov-based analysis techniques is that the chosen parameters
(while guaranteed to produced closed-loop stability) may be too conserva-
tive, thereby compromising the transient response of the system. Moreover,
Lyapunov stability theorems only provide sufficient conditions for stability,
i.e., without further work, it is not possible to say which of those conditions
are also necessary [3].

1.3 The Real-Time Computer Revolution

As we will see in the ensuing chapters, the nonlinear control, estimation,
and observation schemes emanating from an application of Lyapunov’s di-
rect method tend to have a complex structure and are generally computa-
tionally intense compared to their linear counterparts [2]. Thus, there is a
requirement for the use of microprocessors, microcontrollers, and/or com-
puters to crunch the numbers. Furthermore, there is a requirement for fast
interface hardware for allowing the physical (generally analog) world to in-
teract bidirectionally with the digital domain without creating instabilities
and uncertainties due to factors such as phase lags from slow computation,
quantization noise due to finite precision, aliasing due to slow sampling,
uncertain order of execution of various computation modules, etc. In the
last decade, a multitude of control environments have been created in the
academic and industrial research and development communities to serve
this emerging need for reliable real-time computation.

A real-time implementation is different from a traditional implementa-
tion in that the worst-case performance of the hardware and the software is
the most important consideration rather than the average performance. In
real-time operation, the processing of external data arriving in the com-
puter must be completed within a predetermined time window, failing
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6 1. Introduction

which the results obtained are not useful even if they are functionally ac-
curate [5]. In real-time applications, two types of predictability have been
specified, namely, microscopic and macroscopic predictability [6]. Micro-
scopic predictability is the idea that each layer of the application from data
input to control output should operate deterministically and predictably
with failure at one layer dooming the entire application. However, a more
robust idea is macroscopic or overall or top-layer predictability which is
more suited for complex applications — here, failure to meet a deadline
for an internal layer is taken care of by specialized handling. As an exam-
ple, visual processing schemes generally aggregate data (inliers) to reach
a threshold of statistical significance, thus, the computation required may
vary substantially between different control cycles. Under such variation,
a robot running under an external visual-servoing control and an internal
encoder based control is normally programmed to extrapolate a setpoint
if a visual processing deadline is missed rather than shut down its entire
operation — a correction to the prediction (if necessary) is made in the
ensuing cycles when the visual information becomes available.

Traditionally, real-time prototyping has been performed on a heteroge-
neous system comprising a PC host and a DSP single-board computer
(SBC) system, where the control executes on the DSP SBC while the host
PC is used to provide plotting, data logging, and control parameter ad-
justments (online or offline) [7]. As explained in [8], the DSP board is de-
signed to very rapidly execute small programs that contain many floating
point operations. Moreover, since the DSP board is dedicated to executing
the control program, the host computer is not required to perform fast
and/or real-time processing — thus, in a heterogeneous architecture, the
host computer can run a non real-time operating system such as MS-DOS,
Windows, Linux, MacOS, etc. An example of such a system is the popu-
lar ASPACE™ Controller Board based on PowerPC technology that sits
in the PCI bus of a general purpose computer (GPC). Other examples
of Host/DSP systems include the MS-Windows based Winmotor and the
QNX based QMotor 1.0 that were developed by the Clemson University
Controls and Robotics group in the 1990s. While still enormously popular,
there are some disadvantages to the host/DSP architecture. As explained
in [7] and [8], these include hardware cost, limited system flexibility, and
complexity of the software.

Over the years, developments in hardware and software have taken the
edge off the two main reasons for the existence of the host/DSP combina-
tion architecture. Increases in computational power in general over the last
decade as well as innovations such as pipelining and multiple core CPUs
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have made it possible for GPCs to be able to execute complex control
strategies at rates in excess of tens of KHz. Today’s desktop computers
can not only run complex control algorithms in the background, they can
simultaneously render high-bandwidth data in one or more GUI windows.
Furthermore, the other advantage offered by multiprocessor architectures,
namely, deterministic response, has been eliminated by the emergence of
hard real-time operating systems such as RTLinux and QNX [7]. Examples
of systems that harness the PC’s computational ability include Opal-RT
Technologies” RT-LAB as well as QMotor 2.0 and its successor QMotor 3.0
both of which were developed by the Controls and Robotics group at Clem-
son University. All of these systems are based on QNX which is a real-time
microkernel operating system [9]. In particular, QMotor 3.0 [8] allows easy
incorporation of new hardware by employing a client-server architecture
where data from hardware can be accessed by the control program (client)
by talking to the server for that hardware — this communication is done
via message passing or by using shared memory.

Nearly all of the robot path planning and control algorithms derived
in the ensuing chapters have been validated through simulation or experi-
ments. While MATLAB™ and SIMULINK™ have been the primary envi-
ronments for running computer simulations, the experimental work shown
here has been performed via control code written in C and compiled and
executed in the QMotor environment running on QNX-based desktop com-
puters.
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2
Robot Control

2.1 Introduction

This chapter provides background on some established control methods
that are available for holonomic robotic systems. The goal is to describe
a number of common control strategies that are applied to robotic sys-
tems under a common Lyapunov-based analysis framework. The chapter is
divided into four technical sections. The first section presents the dynam-
ics for a robot manipulator and several assumptions/properties associated
with those dynamics. The second section focuses on feedback mechanisms
that yield ultimate boundedness or asymptotic stability of the tracking er-
ror. In general, the controllers presented in this section fall under a broad
class of methods known as computed torque controllers — these methods
are a form of feedback linearization [3, 6, 8] in the sense that an inner-loop
controller is used to cancel out (exactly or approximately) the nonlinear
dynamics of the robot, resulting in residual dynamics for which a variety of
classical (e.g., root-locus based lead/lag compensation, frequency response
methods, etc.) and modern control methods may be applied (e.g., loop
shaping, linear quadratic regulator, pole placement, etc.). A proportional
derivative (PD) controller is first presented and analyzed with respect to
robustness to unknown disturbances — it is shown that high gain feedback
suffices to reduce the tracking error to a small ball around the origin (i.e.,
uniform ultimate boundedness (UUB)). A continuous robust controller is
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10 2. Robot Control

then designed and analyzed to show that high frequency feedback can be
utilized in lieu of high gain feedback to damp out the disturbance uncer-
tainty. Finally, a discontinuous controller is also presented to work around
the issue of steady-state tracking error. Discontinuous controllers (e.g., slid-
ing mode control) provide a method to obtain an asymptotic/exponential
stability result in the presence of uncertainties in the dynamics, provided
the actuator is able to provide infinite bandwidth.

The problem with high gain and high frequency approaches is that they
can lead to reduced stability margins and are susceptible to noise. Adap-
tive controllers are utilized in conjunction with or as an alternative to
robust control methods. Adaptive controllers are feedforward controllers
with a self-adjusting mechanism to compensate for uncertainties in the sys-
tem parameters — this online adjustment of the system weights allows for
asymptotic tracking without needing high gain or high frequency actuation.
However, the price to be paid for this improved performance is an increase
in the order of the overall control design. The Adaptive Control Design
Section describes several types of adaptive control methods including: a di-
rect adaptive controller, a desired compensation extension that allows for
off-line computation of the regression matrix, and a neural network based
controller when a linear in the parameters model is not available for the
uncertainty.

Finally, there are unique challenges that emerge when describing the
control objectives in the task-space of the robot. Given the fact that the
usefulness of robots is generally derived from establishing a desirable pose
(i.e., position and orientation) of the robot end-effector with respect to the
environment, it is often best to formulate control objectives for the robotic
system in the task-space. A potential exists for an over- or underdetermined
problem based on the task-space objective and the number of actuated
joints in the robot. A transformation is also required because the control
objective is formulated in the task-space while the control is implemented
in the joint-space. The last section in this chapter highlights these issues
and provides some typical solutions.

2.2 Modeling and Control Objective

2.2.1 Robot Manipulator Model and Properties

The system model for an n- link, revolute, direct-drive robot can be written
as

M(q)G+ Vin(q,4)q + G(q) + Fag+T1a =T (2.1)
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2.2 Modeling and Control Objective 11

where ¢(t), ¢(t), §(t) € R™ denote the link position, velocity, and accel-
eration vectors, respectively, M(q) € R™*™ represents the inertia matrix,
Vin(q, ¢) € R™*™ represents the centripetal-Coriolis matrix, G(q) € R™ rep-
resents the gravity vector, F; € R™*" is the constant, diagonal, positive-
definite, dynamic friction coefficient matrix, 74 € R™ is a bounded distur-
bance vector that represents other unmodeled dynamics (e.g., static fric-
tion), and 7(t) € R™ represents the torque input vector.

The dynamic equation of (2.1) is assumed to exhibit the following prop-
erties which are employed during the control development and stability
analysis in the subsequent sections.

Property 2.1: The inertia matrix M (q) is a symmetric, positive-definite
matrix that satisfies the following inequality

my ||€]? < M (q)€ <ma ||E]7 VEER™ (2.2)

where my, mg are known positive constants, and ||-|| denotes the
standard Euclidean norm. The induced infinity norm, denoted by
|-l;00, Of the inverse of the inertia matrix is assumed to be bounded
by a known positive constant (,, as
-1
137 oo < Car

Property 2.2: The inertia and centripetal-Coriolis matrices satisfy the

following skew symmetric relationship

(G0 -Vu@d)e=0  veerr  (23)

where M (¢) denotes the time derivative of the inertia matrix.

Property 2.3: The dynamic equation of (2.1) can be linear parameterized
as

Yi(qas da, Ga)0 = M(qa)da + Vin(qa,4a)da + G(qa) + Fada  (2.4)

where 6 € RP contains the unknown constant system parameters, and
the desired regression matriz Y4(qq, 44, Gs) € R™*P contains known
bounded functions of the desired link position, velocity, and acceler-
ation trajectory signals denoted by q4(t), Ga(t), Ga(t) € R™, respec-
tively. It is assumed that qq(t), ga(t), Ga(t), q4(t), Ya(-), and Yy(-) are
all bounded functions of time.
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12 2. Robot Control

Property 2.4: The centripetal-Coriolis, gravity, friction, and disturbance
terms of (2.1) can be upper bounded as

Vin (2 Dllice < Cealldll, G (DI < Cy,
[Fallioe < Cpar ITall < Cra

where (., gy Crgr Crqg denote known positive bounding constants,
and |||, denotes the infinity-norm of a matrix.

(2.5)

Property 2.5: The centripetal-Coriolis matrix satisfies the switching re-
lationship
Vi(q, v = Vin(q, ) VEv eR™ (2.6)

2.2.2  Control Objective

The objective in this chapter is to develop link position tracking controllers
for the robot manipulator model given by (2.1). To quantify the perfor-
mance of the control objective, the link position tracking error e(t) € R™
is defined as

e=qq—q (2.7)
where g4(t) € R™ denotes the desired link position trajectory. To facilitate
the subsequent control development and stability analysis, the order of the
dynamic expression given in (2.1) can be reduced by defining a filtered
tracking error-like variable r(t) € R™ as

r=¢é+ae (2.8)

where a € R is a positive constant control gain. Specifically, by defining the
filtered tracking error, the control objective can be formulated in terms of
r(t), because linear analysis tools (see Lemmas A.18 and A.16 in Appendix
A) can be used to conclude that if r(¢) is bounded then e(t) and é(t) are
bounded, and if 7(t) — 0 then e(t),é(t) — 0. The mismatch 6(t) € R?
between the actual parameter vector f and the estimate vector f(t) € RP
is defined as

0=060-—0. (2.9)

2.3 Computed Torque Control Approaches

2.3.1 PD Control
Control Development

After taking the second time derivative of (2.7), premultiplying the result-
ing expression by M(q), utilizing (2.1), and then performing some algebraic
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manipulation, the following expression can be obtained
Mé=MGg+N+714—7 (2.10)
where N(q,¢) € R™ is an auxiliary function defined as
N = V(g )q + G(q) + Fug.

Based on the open-loop error system in (2.10), a computed torque PD
controller can be developed as

T =M (g + kaé+ kpe) + N (2.11)

where k,, ks € R denote gains for the proportional and derivative errors,
respectively, where
kp =a (ks —a) + kpo (2.12)

where kp2 € R is an auxiliary proportional gain, and k; > «. The result-
ing closed-loop error system can be determined by substituting (2.11) into
(2.10) as

€+ kaé + kye = M7y, (2.13)

Based on the closed-loop system of (2.13) and the bounds prescribed in
(2.5), it is easy to see the UUB property of the tracking error.

Alternative Control Development and Analysis

The PD controller developed in (2.11) is written in a traditional manner
with explicit gains for the proportional and derivative feedback. An al-
ternative approach is provided in this section that makes greater use of
the filtered tracking error formulation and illustrates the advantages of us-
ing Property 2.2. To facilitate the alternative design, the open-loop error
system for r(¢) is formulated by taking the time derivative of (2.8), pre-
multiplying the resulting expression by M(q), and substituting (2.1) to
obtain

M7 = Mg+ Vin(q,4)q + G(q) + Fag + 74 — 7 + aMé. (2.14)

Motivated by the desire to use Property 2.2, the expression in (2.14) is
rewritten as
Mr=-Vy(q,¢)r —Fgr+7174—T+ N (2.15)

where N(q,¢,t) € R™ is now defined as

N = MGq+ Vin(q,4) (Ga + ae) + G(q) + Fa (4a + ae) + aMeé.
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14 2. Robot Control

Specifically, the computed torque PD controller developed in (2.11) is re-
designed as
T = (kil—i-kig)?“—i-N. (216)

where k1 and ko are control gains. To illustrate why the controller in (2.16)
can still be considered as a computed torque PD controller, consider the
alternate form

T=ké+ ake+ N

where k £ k; + ko denotes the derivative gain, and ok denotes the pro-
portional gain. After substituting (2.16) into (2.15) the closed-loop error
system can be determined as

M= -V, (q,4)r — Fgr + 74 — kr. (2.17)

Theorem 2.1 Given the open-loop error system in (2.15), the computed
torque PD controller given in (2.16) ensures that the tracking error is glob-
ally uniformly ultimately bounded in the sense that

Bl < VCoexp(—(it) + ¢ (2.18)

for some positive constants (y,(;,Cs-

Proof: Let V(t) € R denote the non-negative function
1
V= §TTM7’ (2.19)

By using (2.17) and Properties 2.1 and 2.2, the time derivative of (2.19)
can be expressed as

. 1 0.
vV = §TTM7‘ + 7T (=Vir — Fyr + 74 — kr)

= rT(—Fgr+74—kr)
2
< =R+ Gl

Completing the squares yields the following inequalities

. ¢ ¢ é;
Vo< kel -k [m T 1+ (51, +ﬁ
k1m1 C?d
ki G .
. iy, S (2.20)

where my is defined in Property 2.1. The inequality in (2.20) can be solved
using standard linear analysis tools (see Lemma A.20 in Appendix A) as

k;lml

V(t) < V(0) exp(——;

Ca kima
t) + 2m1k1k2(1 exp( 5 t)). (2.21)
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Based on (2.19), the inequality in (2.21) can be written as

2 ma 2 k1m, Chy kimy
t < — — t 1-— — t
[r@I° < p— [[7(0)]|” exp( 5 )+ m%kle( exp( )
2 2
ma 2 Ctd kimg Ctd
< — — — . (2.22
< (2 ro)1? - ) enpl-Ee) + L (222)

The inequality in (2.18) can be obtained from (2.22) by invoking Lemma
A.21 in Appendix A. Wl

2.5.2 Robust Control

The previous section illustrated how a PD controller can be used to yield
a UUB stability result in the presence of a bounded disturbance torque.
From the expression in (2.22), it is clear that by increasing the proportional
and derivative gains arbitrarily large (i.e., high gain feedback), the residual
steady state error (, can be decreased arbitrarily small. Yet, high gain
feedback can be problematic if noise is present in the system (e.g., feedback
from a vision system, use of backwards differencing to obtain velocities from
position measurements, etc.). Motivated by the desire to reduce the steady-
state error without increasing the gains arbitrarily large, an alternative
robust controller can be developed that relies on high bandwidth from the
actuator.

Control Development

Consider the following computed torque controller
T=kr+ugr+ N. (2.23)

that is designed the same as the PD controller in (2.16), with the addition of
a robustifying feedback component ur € R™. The high frequency (variable
structure) robustifying feedback term in (2.23) is defined as

2
7Cra

NPT (2.24)

UR
where € € R is an arbitrarily small positive design constant. After substi-

tuting (2.23) and (2.24) into (2.15), the following closed-loop error system
is obtained

2
. . r
M = =V (q,4)r — Fyr+ 74 — ||T|\Cc—td+e — kr. (2.25)
td
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Stability Analysis

Theorem 2.2 Given the open-loop error system in (2.15), the robust con-
troller given in (2.23) and (2.24) ensures that the tracking error is uni-
formly ultimately bounded in the sense that

le@®)l < v/Coexp(—C1t) + ¢, (2.26)

for some positive constants (g, (;,Cs-

Proof: By using (2.25) and Properties 2.1 and 2.2, the time derivative
of (2.19) can be expressed as

) 1 ) r¢?
V o= —rTMr++T <—Vm7‘—Fd’l“—|-Td——td—ki7“)
2 7l g + €
2
T 7Cra
= r(—-Fpo+179g— —7— —kr
( Cate ™)
7]l Cra
< —k||r|2+e<—
7/l g + €
< =k +e (2.27)

The inequality in (2.27) can be used along with the same stability analysis
developed for the PD controllers to conclude that

2 kml 2¢ km1
HT(t)HQ - m_1 HT(O)HQGXP(_Tt) + kmq (1 —exp(— 92 ~t))
< (T2 1) - 22 exp(-FM 1+ 2 m (2.28)
S L s ) &P kmy

The inequality in (2.26) can be obtained from (2.28) by invoking Lemma
A.21 in Appendix A. Comparing the results in (2.22) and (2.28) highlights
the benefits of the robust control design. Specifically, the steady state error
¢y in (2.28) does not depend on the upper bound on the disturbance term
(tq and the residual error can be made arbitrarily small by either increasing
the control gains (as in the PD controller) or by decreasing the design
parameter €. Decreasing the design parameter € increases the bandwidth
requirements of the actuator.

2.3.83 Sliding Mode Control
Control Development

The last section illustrates how the increasing the frequency of the con-
troller can be used to improve the steady state error of the system. Taken
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to the extreme, if the design parameter € is set to zero, then the controller
requires infinite actuator bandwidth (which is not practical in typical en-
gineering systems), and the state error vanishes (theoretically). This dis-
continuous controller is called a sliding mode controller. To illustrate the
sliding mode control, consider the control design in (2.23) and (2.24) with
e=0as

T =kr+ sgn(r)(;q + N. (2.29)

The corresponding closed-loop error system is given by

M = =V (q,4)r — Fgr + 74 — sgn(r)C,y — kr. (2.30)

Stability Analysis

Theorem 2.3 Given the open-loop error system in (2.15), the sliding mode
controller given in (2.29) and (2.30) ensures that the tracking error is glob-
ally exponentially stable.

Proof: By using (2.30) and Properties 2.1 and 2.2, the time derivative
of (2.19) can be expressed as

. 1

V = §rTMr + 17 (=Viur — Fyr + 74 — sgn(r)Cyq — kr)  (2.31)
= rT(—FdT + 74— sgn(r)Cq — kr)
< —k|r|?

The inequality in (2.31) can be used to conclude that

le()l < Ir(®) |<f rO)esp(- 200, (2.32)

2.4 Adaptive Control Design

Control designs in the previous section use high gain feedback or high
(or infinite) frequency to compensate for the bounded disturbances in the
robot dynamics. The previous approaches also exploit exact knowledge of
the dynamic model in computed torque design. Various estimation meth-
ods can be used for estimation of the feedforward terms, thereby reducing
the requirement for high gains and high frequency to compensate for the
uncertainties/disturbances in the dynamic model. This section focuses on
two popular feedforward methods: adaptive control for systems with linear
in the parameters uncertainty, and neural network (and fuzzy logic)-based
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controllers to compensate for uncertainty that does not satisfy the linear
in the parameters assumption (Property 2.3).

The controllers in the previous sections were based on the assumption
of exact model knowledge (i.e., N(-) was used in the control designs to
(partially) feedback linearize the system) with the exception of the added
disturbance. In this section, the assumption of exact model knowledge is
relaxed, but the added disturbance is neglected for simplicity and without
loss of generality in the sense that the previous robust and sliding mode
feedback methods can be used in conjunction with the methods in this
section to also compensate for added disturbances.

2.4.1 Direct Adaptive Control

Control Development

The open-loop error system in (2.14) (with 74 = 0) can be written as
Mr = -Vy(q,¢)r — Fyr+Y0 —1 (2.33)

where Y(q,q¢,t) € R"*P is a nonlinear regression matrix, and § € R? is
a vector of uncertain constant parameters (i.e., linear in the parameters
assumption) defined as

Y0 = Mjqg+ Vin(q,4) (4a + ce) + G(q) + Fa (4a + ce) + aMe.
Based on (2.33), an adaptive feedforward controller can be designed as
T=Y0+kr (2.34)

where 6(t) € RP denotes a time varying estimate of 6. There is significant
variation in how the adaptive update law is developed to generate 9(1&)
Typically, a tracking error based gradient update law is designed motivated
by the desire to cancel common terms in the Lyapunov analysis. Based on
the subsequent stability analysis, a gradient update law for the open-loop
error system in (2.33) is

g =TYTr (2.35)
where I' € RP*P is a diagonal matrix of adaptation gains. In practice,
the initial condition 6(0) are best-guess estimates of the parameters (e.g.,
information obtained from a manufacturer’s specification sheet, or results

from some off-line parameter estimation method, etc.). Substituting (2.34)
into (2.33) yields the closed-loop error system

M7= Vi (q,§)r — Fgr + Y0 — kr (2.36)
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where é(t) € RP denotes the mismatch between the unknown parameters
and the estimate vector as

0=0-190. (2.37)

Stability Analysis

Theorem 2.4 Given the open-loop error system in (2.33), the adaptive
controller given in (2.34) and (2.85) ensures global asymptotic tracking in
the sense that
e(t) =0 as t — 0. (2.38)
Proof: Let V(t) € R denote the non-negative function
1 1-
V= My 50 T

By using (2.36), the time derivative of (2.37), and Properties 2.1 and 2.2,
the time derivative of (2.39) can be expressed as

eyl

: (2.39)

V=T (Yé — Fyr — kr) —§'r 1. (2.40)
Substituting (2.35) into (2.40) and canceling common terms yields
V = —rT (Fyr+kr). (2.41)

Since the expression in (2.41) is always negative semi-definite, (2.39) can
be used to conclude that V(t),r(t),0(t) € Loo. Since 7(t) € Lo, linear
analysis methods [9] can be applied to (2.8) to prove that e(t), é(t) € Lo,
and since the desired trajectory ¢4(t) and its time derivatives are assumed
to be bounded, q(t),¢(t) € L. Given that ¢(t),¢(t) € Lo, then Proper-
ties 2.2 and 2.4 can be used to conclude that Y (q,§,t) € L. The fact
that 6(t) € Lo, can be used with (2.37) to conclude that 0(t) € L. Since

~

Y(q,q,t),0(t),r(t) € Lo, the control is bounded from (2.34) and the adap-

tation law 0(t) € Lo from (2.35). The closed-loop error dynamics in (2.36)
can be used to conclude that 7(¢t) € L; hence, r(¢) is uniformly continu-
ous from Lemma A.12 in Appendix A. Lemma A.14 in Appendix A can be
applied to (2.39) and (2.41) to conclude that r(t) is square integrable (i.e.,
r(t) € Ls). Since r(t),7(t) € Lo and r(t) € Ly, a corollary to Barbalat’s
Lemma given in Lemma A.1 in Appendix A can be used to conclude that

r(t) — 0 as t — oo. (2.42)

Based on (2.42), Lemma A.18 in Appendix A can be invoked to conclude
the result in (2.38). |
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The motivation for the tracking error-based gradient update given in
(2.35) is clear from (2.40). Through some control design and analysis mod-
ifications, additional update laws can also be used to obtain the result in
(2.38) including least squares update laws and composite adaptive update
laws based on both tracking and prediction (of the output) error. An ex-
ample of a least squares adaptation law based on the tracking error is given
by

0=PYyTr, P=—-PYTYP (2.43)

where P(t) € RP*P is a time-varying symmetric matrix, where P(0) is
selected to be a positive definite, symmetric matrix. Composite adaptive
update laws are updates based on combining information from both the
tracking and the prediction error

0 =PYfe+PY"r (2.44)

where Y} (-) denotes the regression matrix Y'(-) after it has been convolved
with a low-pass filter, while ¢(t) denotes the prediction error [12], [28].

DCAL Extension

The adaptive update laws in (2.35), (2.43), and (2.44) depend on ¢(t) and
G(t). This dependency means that the regression matrix must be computed
on-line and requires velocity feedback. For applications with demanding
sampling times or limited computational resources, the need to compute the
regression matrix on-line can be problematic. Moreover, velocity measure-
ments may only be available through numerical differentiation (and hence,
will likely contain noise), and some control designs require the derivative
of the regression matrix, thus requiring acceleration measurements. To ad-
dress these issues, this section describes the desired compensation adapta-
tion law (DCAL) first developed in [24]. DCAL control designs are based on
the idea of formulating a regression matrix that is composed of the desired
position and velocity feedback rather than the actual states. Therefore, the
regression matrix can be computed off-line (for an a priori given trajec-
tory) and does not require velocity measurements. Furthermore, even if
an adaptation law uses velocity feedback outside of the regression matrix
(e.g., such as r(t) in (2.35)), the DCAL-based desired regression matrix
can be integrated by parts so that the actual estimate (t) is only a func-
tion of position feedback. The following development illustrates how the
DCAL strategy can be applied along with a filter mechanism to develop
an adaptive output feedback controller (i.e., only ¢(¢) and hence e(t) are
measurable).
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To facilitate the development of a DCAL based controller, a filter ef(t) €
R" is defined as
ef =—ke+p (2.45)

where k € R is a positive filter gain, and p(t) € R™ is generated from the
following differential expression

p=—(k+1)p+ (k> +1e. (2.46)

The filter developed in (2.45) and (2.46) is included in the control design
by redefining the filtered tracking error r(t) in (2.8) as

r=¢é+e+es. (2.47)

The filtered tracking error in (2.47) is not measurable due to the dependence
on ¢é(t), but the definition of 7(¢) is useful for developing the closed-loop
error system and stability analysis. To develop the new open-loop error
system, time derivative of (2.47) is premultiplied by the inertia matrix,
and (2.1) (with 74 = 0), (2.7), and (2.45)—(2.47) are used to yield

Mi = M(q)ja+ Vin(a,4)q + G(q) + Fag — 7 (2.48)
+M(r—e—es)+M(—ké — (k+1)p+ (K + 1e).

After using Property 2.5, (2.7), (2.45), and (2.47), the open-loop dynamics
can be expressed as

M7 = Vi (q,q)r +Yab — kMr +x — 7 (2.49)

where Yy(q4, 4a,Ga)0 is defined in Property 2.3, and the auxiliary term (e,
T, q, G, gg) € R™ is defined as

X = M(q)da+ Vin(q,da) (a —7+e+er) + Vg, 4) (e + ef)(2.50)
+G(@)+Fag+M(r—e—ef)+M(e—es)— Yyl

By using the Mean Value Theorem, the term x(r, e, ef, ¢, ¢, qa, da, Ga)
can be upper bounded as

Ixll < ¢ llz )+ ¢ Nl (2.51)

where (;,(, € R are some positive bounding constants, and x(t) € R3" is
defined as

T
x = [ rT el e? } . (2.52)
Based on (2.49), an adaptive DCAL controller can be designed as

T =Yy —kes +e (2.53)
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where é(t) is generated from the following gradient-based DCAL adaptive
update law

0=TY]r. (2.54)

By integrating (2.54) by parts, the estimate 6(¢) can be expressed as
t
b(t) = 0(0)+TYTe[ ~T / YT (0)e(o)d(o)  (2.55)
0

+T / YT (0) (¢ (o) + 5 (0)) d (o).

From (2.53) and (2.55), the controller does not depend on velocity, and the
regression matrix can be computed off-line. Substituting (2.53) into (2.49)
yields the closed-loop error system

M7 =~V (g, §)r + Yab — kM7 + key — e + x. (2.56)

To facilitate the subsequent stability analysis, let k£ be defined as the con-
stant

1
k= — (Cikn1 + (Gkna + 1) (2.57)
mi

where ¢; and (, are the constants defined in (2.51), and k,; and k,2 € R
are positive constants selected (large enough) to satisfy the following initial
condition dependent sufficient condition

ba <1 1) 1max(1,vnz)||:r:(0)\|2+Amax(F*1)Hémax(O)H2 2.58)

_ > Z
4k, ) — 4 min(l,mh Amin(F—l))

where Apax () denotes the maximum eigenvalue of the argument, and O o (0)
denotes a known upperbound on the parameter estimate mismatch.

Stability Analysis

Theorem 2.5 Given the open-loop error system in (2.49), the adaptive
controller given in (2.53) and (2.54) ensures semi-global asymptotic track-
ing in the sense that

e(t) — 0 as t— o0 (2.59)
provided k is selected according to (2.58).

Proof: Let V(¢) € R denote the non-negative function

1 1 1 1- ~
V= §TTM7" + ieTe + §e?€f + §9TF_19 (2.60)
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that can be upper and lower bounded as

1 1
5 (L, 71, Anin (D7) [|2]* <V < 5 mas(1,ma, Amas (071) [121]°
(2.61)
for some positive constants A\;, Ao € R and 2(t) € R3"*P is defined as
T
z:{rT el e} éT}

By using Properties 2.1 and 2.2, (2.45)—(2.47), and (2.56), the time deriva-
tive of (2.60), can be expressed as

Vv = rT(Ydé—kMr—l—kef—e—l—X)+eT(r—e—ef) (2.62)

1 ~ .

t5ef (~k(r—e—eg) = (k+1) (ef +he) + (K + ) - §' 119,
Substituting (2.54) into (2.62) and canceling common terms yields

V=rT(—kMr+x) —ele - e?ef (2.63)

which, by using (2.51) can be upper bounded as
V< —km |7 + Gy 2l e+ Co Il ll® = llell® = llesl® (2.64)

where m; is introduced in (2.2). By using (2.57) and completing the squares
on the first three terms in (2.64), the following inequality can be developed

- L e 2
< (1-— = . 2.
Vs ( r e L (265
By using (2.61), the inequality in (2.65) can be further upper bounded as
. 1 0.5V 2
vV o<—(1- -
- < 4k, min(l,ml,Amin(F_l))kng) H$”
2 . 0.5V
< — f({1-— — >0
< el ( Ao min (L, ma, Amin(0—1))knz ) =

(2.66)
for some positive constant c. The second inequality in (2.66) illustrates a
semi-global stability result. That is, if the condition in (2.66) is satisfied,
then V' (¢) will always be smaller or equal to V' (0). Therefore, if the condition
in (2.66) is satisfied for V(0) then it will be satisfied for all time. As a result,
provided the sufficient condition given in (2.58) is satisfied (i.e., & is selected
large enough based on the initial conditions in the system), then (2.60) and
(2.66) can be used to conclude that V (t), z(t), z(t),e(t), ef(t),r(t),0(t) €
L. Similar boundedness arguments can now be used to conclude that all
closed-loop signals are bounded and that z(t) € L5, and Barbalat’s Lemma
given in Lemma A.1 in Appendix A can be used to conclude that

e(t) — 0 as t — oo. |
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2.4.2 Neural Network-Based Control

The adaptive control methods developed in the previous section are based
on the linear in the parameters assumption (see Property 2.3). Sometimes,
the system uncertainty contains unmodeled effects, or at least uncertainty
that does not satisfy Property 2.3. For these systems, function approxima-
tion methods (e.g., neural network (NN), fuzzy logic-based approximators,
genetic algorithms, etc.) can be used as a feedforward control method. The
advantage of function approximation is that the uncertainty does not need
to be modeled; however, function approximation methods have inherent
reconstruction errors that can degrade the steady-state performance of a
system (e.g., resulting in a UUB stability result). In this section, a NN-
based feedforward controller is developed (other function approximation
methods have a similar control structure).

Function Approximation

As a result of the universal approximation property, multilayer NNs can
approximate generic nonlinear continuous functions. Specifically, let S be
a compact simply connected set of RP1T1. With map f : S — R, de-
fine C™ (S) as the space where f is continuous. There exist weights and
thresholds such that some function f(£) € C" (S) can be represented by a
three-layer NN as [14], [15]

FE)=Wro (VTe) +e(¢), (2.67)

for some given input £(t) € RP1HL In (2.67), V € RP1+)Xp2 and W €
RP2TDX" are bounded constant ideal weight matrices for the first-to-
second and second-to-third layers respectively, where p; is the number of
neurons in the input layer, ps is the number of neurons in the hidden
layer, and n is the number of neurons in the output layer. The activation
function in (2.67) is denoted by o () € RP2*1 and ¢ (£) € R is the func-
tional reconstruction error. A variety of activation functions can be used
for o (). Some popular activation functions include sigmoid-based radial
basis functions and fuzzy logic-based triangle membership functions. Note
that augmenting the input vector £(¢) and activation function o (-) by “1”
allows thresholds to be included as the first columns of the weight matrices
[14], [15]. Thus, any tuning of W and V then includes tuning of thresh-
olds as well. The computing power of the NN comes from the fact that
the activation function o (-) is nonlinear and the weights W and V' can be
modified or tuned through some learning procedure [15]. Based on (2.67),
the typical three-layer NN approximation for f(¢) is given as [14], [15]

FEWTa(VTY), (2.68)
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where V() € R@r+Dxp2 and W (t) € RP2+1D%" are subsequently designed
estimates of the ideal weight matrices. The estimation errors for the ideal
weight matrices, denoted by V(t) € RP1+1)xP2 and W(t) € RP2+Dx7 are
defined as
VEV-V, Wa2W-W,

and the mismatch for the hidden-layer output error for a given z(t), denoted
by &(x) € RP2H1 is defined as

GE20—6=0VTE) —a(VTE). (2.69)

The NN estimate has several properties that facilitate the subsequent
development. These properties are described as follows.

Property 2.6 The Taylor series expansion for o (VT§) for a given £ may
be written as [14], [15]

c(VTE) =a(VTE) +0 (VTOVTE+ O(VTE)?, (2.70)

where o' (VT¢) = do (VT¢) Jd (VTE) lyre—yre, and O(VTE)? de-
notes the higher order terms. After substituting (2.70) into (2.69)
the following expression can be obtained:

G=6VTe+0(VTe)2, (2.71)
where 6 £ o (VTe).

Property 2.7 The ideal weights are assumed to exist and be bounded by
known positive values so that

IVIIE < Vs (2.72)

W[5 < W, (2.73)
where ||-|| 7 is the Frobenius norm of a matrix, and tr (-) is the trace

of a matrix.

Property 2.8 The estimates for the NN weights, W (t) and V (t), can be
bounded using a smooth projection algorithm (see [21]).

Property 2.9 The typical choice of activation function is the sigmoid

function
1

U(f):m7

where
lofl <1and [lof < o,

and o, € R is a known positive constant.
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Property 2.10 On a given compact set S, the net reconstruction error
(&) is bounded as

()l < en,

where ¢,, € R is a known positive constant.

Closed-Loop Error System
The open-loop error system in (2.14) can be written as
Mr=-Vylg,d)r+f+71a—7 (2.74)
where the function f(¢) € R™ is defined as
f 2 M(q)ga+ Vin(g,4) (da + ae) + G(q) + Fag + aMe. (2.75)

The auxiliary function in (2.75) can be represented by a three layer NN as
described in (2.67) where the NN input @1 (t) € R+ is defined as z; = [1,

qd? q’ q) e’ é]T'
Based on (2.33), a NN-based feedforward controller can be designed as
T=f+4kr (2.76)

where f(t) € R™ is the estimate for f(¢) and is defined as in (2.68), while
the update laws for W (t) and V' (¢) are designed (and generated on-line)
based on the subsequent stability analysis as

W =T16rT —T16 VTar”T  V =Toa(6 TWr)T (2.77)

where I'; € RP2+Dx(p241) and Ty € RE1+DXGn+1) gre constant, positive
definite, symmetric gain matrices. The closed-loop error system can be
developed by substituting (2.76) into (2.74) and using (2.67) and (2.68) as

Mi =~V (g, 9)r+Who (V) — WTo(VTxy)+e (x1)+7a—kr (2.78)

Simple algebraic manipulations as well as an application of the Taylor series
approximation in (2.71) yields

Mi = V(g )r+ W56 —W 6 Vi + W6 Vi) +x —kr—e, (2.79)

where the notations 61 and &1 were introduced in (2.69), and x(t) € R™ is
defined as

x=WT6' VT, + WOV z))? 4 ¢ (x1) +7a +e. (2.80)
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Based on Properties 2.4, 2.6-2.10, x(¢) can be bounded as
Ixll < er + ez llell +es[I7]], (2.81)

where ¢; € R, (i = 1,2, 3) are known positive bounding constants. In (2.79),
k € R is a positive constant control gain defined, based on the subsequent
stability analysis, as

k2 Ky + ket + knac (2.82)

where k1, kn1, kno € R are positive constant gains.

Stability Analysis

Theorem 2.6 Given the open-loop error system in (2.74), the NN-based
controller given in (2.76) ensures global uniformly ultimately bounded sta-
bility in the sense that

le(t)]] < o exp(—eit) + &2 (2.83)

where €, €1, 2 are some positive constants, provided k is selected according
to the following sufficient conditions

o > k1 > c3 (284)

4kn2
where c3 is defined in (2.81).

Proof: Let V(t) € R denote a non-negative, radially unbounded function
defined as

1 1 1 1 .
V= §rTMr + §eTe + §tr(WTF1_1W) + itr(VTFglv). (2.85)

It follows directly from the bounds given in Properties 2.1, 2.7, and 2.8,
that V(¢) can be upper and lower bounded as

Mzl® S V() < Az )zl + ¢, (2.86)

where A1, A2, ¢ € R are known positive bounding constants, and z(t) € R?"

is defined as .
z= [ rT el ] )

The time derivative of V(¢) in (2.85) can be determined as
. 1. - A c o~
Vo= TT(iMrf‘/m(Qa Q)T+WT(}*WT(} VT1'1 +WTET VTI’l + X

—kr —e) + el (r—ae) — tr(WITT W) — tr(VITS V) (2.87)
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By using Properties 2.1 and 2.2, (2.77), (2.79), (2.81), and (2.82) the ex-
pression in (2.87) can be upper bounded as

V < Jer il = kIl |+ [ea el Il = Fuac I717] +(es = Fa) lrll* —a el

(2.88)
where the fact that ¢tr(AB) = tr(BA) was used. After applying the non-
linear damping argument provided in Lemma A.19 of Appendix A on the
bracketed terms, one obtains

1 1 2 2
< — - — — (k1 — .
V<o (a0 ) 16l - G — o)

A further upperbound can be developed after using (2.84) and (2.85) as
follows .
V(1) < ==V(t) +ea, (2.89)
2

where ¢ € R and ¢, € R are positive constants defined as

¢ £ min {(k:1 —c3), (a - 4k1n2>} and o 47:711 +/c\—i (2.90)

The linear differential inequality in (2.89) can be solved as

V(t) < V(0)e 53 +5x)\ [17 (- %)t}. (2.91)

The inequalities in (2.86) can now be used along with (2.90) and (2.91) to
conclude that

oo < [ 22O +¢ exclew

gt 22 2.92
< )\1 27+ &g o ( )

In a similar approach to the one developed in the first section, it can be
shown that all signals remain bounded. H

2.5 Task-Space Control and Redundancy

The controllers developed in the previous sections are all based on a joint-
space-based control objective. Yet, the control objective for many robotic
applications is best described in the task-space or Cartesian-space where
the relationship between the robot and external objects is relevant. By us-
ing inverse kinematics, the desired task-space trajectory can be related to
the desired joint-space trajectory for all the controllers derived hitherto.
However, the problem becomes challenging when dealing with redundancy.
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A kinematically redundant manipulator is a robotic arm that has more
degrees of freedom (DOF) than required to perform an operation in the
task-space; hence, these extra degrees of freedom allow the robot manip-
ulator to perform more dextrous manipulation and/or provide the robot
manipulator system with increased flexibility for the execution of sophis-
ticated tasks. Since the dimension (i.e., n) of the link position variables is
greater than the dimension (i.e., m) of the task-space variables, the null
space of Jacobian matrix has a minimum dimension of n —m. That is, any
link velocity in the null space of the manipulator Jacobian will not affect the
task-space velocity. This motion of the joints is referred to as self-motion,
since it is not observed in the task-space. As stated in [7], [18], [19], and
[27], there are generally an infinite number of solutions for the inverse
kinematics of a redundant manipulator. Thus, given a desired task-space
trajectory, it can be difficult to select a reasonable joint-space trajectory
to ensure stability and boundedness of all signals along with satisfying the
mechanical constraints such as singularities and obstacle avoidance.

This section considers the nonlinear control of kinematically redundant
robot manipulators through the development of a computed torque expo-
nential link position and sub-task tracking controller. An adaptive full-state
feedback controller is also developed that achieves asymptotic link position
and sub-task tracking despite parametric uncertainty associated with the
dynamic model. The developed controllers do not require the computa-
tion of the inverse kinematics and do not place any restrictions on the
self-motion of the manipulator; hence, the extra degrees of freedom are
available for subtasks (i.e., maintaining manipulability, avoidance of joint
limits and obstacle avoidance). The reader is referred to [32] and [33] for
more details.

2.5.1 Kinematic Model

The end-effector position and orientation in the task-space, denoted by
z(t) € R™, is defined as follows

z = f(q) (2.93)

where f(q) € R™ denotes the forward kinematics, and ¢(t) € R™ denote
the link position. Based on (2.93), the differential relationships between the
end-effector position and the link position variables can be calculated as

& =J)q
Bo=Ji+ I 29
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where ¢(t), ¢(t) € R™ denote the link velocity and acceleration vectors,
respectively, and the manipulator Jacobian, denoted by J(q) € R™*" is
defined as

9f(a)

J(q) = 50 (2.95)

A pseudo-inverse of J(q), denoted by J*(q) € R"*™ is defined as
gt =" (7"~ (2.96)
where J7T(q) satisfies the following equality
JJt =1I,. (2.97)

where I,,, € R™*™ denotes the mxm identity matrix. As shown in [18], the
pseudo-inverse defined by (2.96) satisfies the Moore-Penrose Conditions

JITT=1J JtJJt = Jt

Jrnt=utg i =gJ+ (2.98)

In addition to the above properties, the matrix (I,, — JJ) satisfies the
following useful properties

(In—JY ) Iy —Jt ) =1, —J*J  J(I,—J*J)=0

(I, — J* )" = (I, — J+J) (I, —J+tJ)Jt =0" (299)

The control development in this section is based on the assumption
that the minimum singular value of the manipulator Jacobian, denoted
by o, is greater than a known small positive constant § > 0, such that
max {||J"(q)||} is known a priori and all kinematic singularities are always
avoided. For revolute robot manipulators, the Jacobian and its pseudo-
inverse are bounded for all possible ¢(t) (i.e., these kinematic terms only
depend on ¢(t) as arguments of trigonometric functions).

2.5.2  Control Objective and Error System Formulation
The task-space position error, denoted by e(t) € R™, is defined as
e=Tq— (2.100)

where 24(t) € R™ denotes the desired task-space trajectory, where the
desired trajectory terms z4(t), £4(t), and Z4(t) are assumed to be bounded
functions of time. As in [7], a sub-task tracking error, denoted by en(t) €
R™, can also be defined as

en = (L= T ) (g - d) (2.101)
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where I, € R™*" denotes the n x n identity matrix, and g(¢t) € R™ is
an auxiliary signal that is constructed according to the sub-task control
objective (e.g., joint-limit avoidance, or obstacle avoidance). The subse-
quent stability analysis mandates that the sub-task control objective be
formulated in such a manner that both g(¢) and ¢(t) are bounded signals.
To provide motivation for the definition of the sub-task control objective
given by (2.101), take the time derivative of (2.100) and then substitute
(2.94) for %(t) to obtain

é=1Iq+ae—ae—Jq (2.102)

where the term e has been added and subtracted to right-hand side of
(2.102) to facilitate the control formulation, and o € R™*™ denotes a
diagonal, positive definite gain matrix. Using the properties of the pseudo-
inverse of the manipulator Jacobian defined in (2.97), the relationship in
(2.102) can be rewritten as

é=—ae+J(J" (Gat+ae)+ (I, —J T)g—q). (2.103)

Based on the structure of (2.103) and the subsequent analysis, the filtered
tracking error signal, denoted by r(t) € R™, is defined as

r=JV(ig+ae)+ ([, —J g — ¢ (2.104)

hence, the closed-loop task-space position tracking error system can now
be written as
é€=—ae+ Jr. (2.105)

In the following control development, the structure of (2.105) is used to
ensure that the task-space error and the filtered tracking error defined by
(2.100) and (2.104), respectively, are both regulated. To illustrate how the
regulation of the filtered tracking error also ensures regulation of the sub-
task tracking error defined by (2.101), the filtered tracking error in (2.104)
is pre-multiplied by (I,, — J"J) and then the properties given in (2.99) are
applied to obtain

en = (I, —JTJ)r (2.106)

where (2.101) was used. From (2.106), if r(¢) is regulated then ey (t) is
regulated, and hence, the sub-task control can also be achieved.

The structure of (2.105) also provides motivation to regulate r(¢) in order
to regulate e(t). Taking the time derivative of (2.104), pre-multiplying by
the inertia matrix M(q), and then substituting (2.1) yields the open loop
dynamics

Mi=-Vor+Yé—r (2.107)
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where the regression matrix/parameter vector formulation Y'¢ is defined as

Yo = M% {Jt (2q + ae) + (I, — JTJ)g}
Vi {JF (6g + ) + (I, — J*T)g} (2.108)
+G(q) + F(q)

where Y (%4, %4,2,q,4,3,9) € R™*" denotes a regression matrix, and ¢ €
R"™ denotes the constant system parameters (e.g., mass, inertia, friction
coefficients).

2.5.8 Computed Torque Control Development and Stability
Analysis

Based on the above error system development and the subsequent stability
analysis, the control torque input 7(¢) is designed as

r=Y¢+Kr+Je (2.109)

where K € R™*™ is a constant, positive definite, diagonal gain matrix. After
substituting (2.109) into (2.107), the closed-loop error system for r(¢) can
be determined as

Mi = ~Vyr — J'e — K. (2.110)

Theorem 2.7 The control law described by (2.109) guarantees global ex-
ponential task-space and sub-task tracking in the sense that both signals e(t)
and ey (t) are bounded by an exponential envelope.

Proof: Let V(t) € R denote a non-negative, radially unbounded function
defined as

1 1
V= §eTe + §TTM’I“. (2.111)

After taking the time derivative of (2.111), substituting (2.105) and (2.110),
using Properties 2.1 and 2.2, and then canceling common terms, yields

min(c, Amin (K))
max (1, Amax (M))

V=—clae—rTKr < -2 V. (2.112)
The structure of (2.111) and (2.112) indicate that e(t) and r(t) € Le.
All signals can be shown to remain bounded by employing standard sig-
nal chasing arguments, utilizing assumptions that x4(t), £q(t), Za(t), g(t),
g(t) € Lo, and using the fact kinematic and dynamic terms denoted by
M(q), Vin(q,4), G(q), J(q), and J*(q) are bounded for all possible g(t). Yet,
a standard problem associated with redundant manipulators is that the self
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motion limits the ability to show that ¢(¢) remains bounded; however, all
signals in the manipulator kinematics/dynamics and the control remain
bounded independent of the boundedness of ¢(t) because ¢(t) only appears
as the argument of trigonometric functions. The structure of (2.111) and
(2.112) indicates that e(t) and r(t) are bounded by an exponential enve-
lope, and hence, due to the boundedness of J*(¢q) and J(q), (2.106) can be
used to conclude that ey (t) is also bounded by an exponential envelope.

2.5.4 Adaptive Control Extension

The computed torque controller in (2.109) can also be developed as an
adaptive controller as

T=Yo+Kr+J%e (2.113)
where qA[)(t) € R” denotes the parameter estimate vector that is generated
based on the following update law

p=TyYTr (2.114)

where I'y € R™" is a constant, positive definite, diagonal gain matrix.
After substituting (2.113) into (2.107), the closed loop dynamics for r(t)
can be obtained as

Mi=-Vyr+Y¢—J"e— Kr. (2.115)
where ¢(t) = ¢ — @(t) € R” denotes the parameter estimation error.

Theorem 2.8 The control law given by (2.113) and (2.114) guarantees
global asymptotic task-space and sub-task tracking in the sense that

lim e(t), en(t) = 0. (2.116)

t—oo

Proof: Let V(t) € R denote a non-negative, radially unbounded function
defined as

1 1 11 -
Va=5e"e+3rMr+ §¢TF;1¢. (2.117)

After taking the time derivative of (2.117), substituting (2.105), (2.114),
and (2.115), using Properties 2.1 and 2.2, and then canceling common

terms, yields
Vo= —elae—rTKr. (2.118)

The structure of (2.117) and (2.118) indicates that e(t), r(t), ¢(t) € Loo. All

signals remain bounded by noting that ¢(t) = —¢(t) (i.e., ¢ is a constant
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References

vector) and employing similar arguments to those used in the previous
proof. Since all signals are bounded, (2.105) and (2.115) that é(¢) and
7(t) are bounded (i.e., e(t) and r(¢) are uniformly continuous). From the
structure of (2.118), standard arguments can be utilized to show that e(t),
r(t) € L. Since e(t), r(t) € L2 and uniformly continuous, Lemma A.1 in
Appendix A can be invoked to conclude that lim;_, [[e(t)]], ||r(¢)]] = O;
hence, (2.116) follows directly from (2.106). H
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3

Vision-Based Systems

3.1 Introduction

Often robots are required to inspect, navigate through, and/or interact with
unstructured or dynamically changing environments. Adequate sensing of
the environment is the enabling technology required to achieve these tasks.
Given recent advances in technologies such as computational hardware and
computer vision algorithms, camera-based vision systems have become a
popular and rapidly growing sensor of choice for robots operating in un-
certain environments.

Given some images of an environment, one of the first tasks is to de-
tect and identify interesting features in the object. These features can be
distinguished based on attributes such as color, texture, motion, and con-
trast. Textbooks such as [4, 32, 52, 88, 90, 94, 98, 109] provide an excellent
introduction and discussion of methods to find and track these attributes
from image to image. This chapter assumes that some attributes can be
used to identify an object of interest in an image, and points on the object,
known as “feature points,” can be tracked from one image to another. By
observing how these feature points move in time and space, control and
estimation algorithms can be developed. The first section of this chapter
describes image geometry methods using a single camera. The development
of this geometry enables the subsequent sections of the chapter to focus on
the control and estimation of the motion of a plane attached to an object.
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38 3. Vision-Based Systems

The terminology wvisual servo control refers to the use of information
from a camera directly in the feedback loop of a controller. The typical ob-
jective of most visual servo controllers is to force a hand-held camera to a
Euclidean position defined by a static reference image. Yet, many practical
applications require a robotic system to move along a predefined or dynam-
ically changing trajectory. For example, a human operator may predefine
an image trajectory through a high-level interface, and this trajectory may
need to be modified on-the-fly to respond to obstacles moving in and out
of the environment. It is also well known that a regulating controller may
produce erratic behavior and require excessive initial control torques if the
initial error is large. The controllers in Section 3.3 focus on the more gen-
eral tracking problem, where a robot end-effector is required to track a
prerecorded time-varying reference trajectory. To develop the controllers,
a homography-based visual servoing approach is utilized. The motivation
for using this approach is that the visual servo control problem can be
incorporated with a Lyapunov-based control design strategy to overcome
many practical and theoretical obstacles associated with more traditional,
purely image-based approaches. Specifically, one of the challenges of this
problem is that the translation error system is corrupted by an unknown
depth-related parameter. By formulating a Lyapunov-based argument, an
adaptive update law is developed to actively compensate for the unknown
depth parameter. In addition, the presented approach facilitates: i) transla-
tion/rotational control in the full six degree-of-freedom task-space without
the requirement of an object model, ii) partial servoing on pixel data that
yields improved robustness and increases the likelihood that the centroid
of the object remains in the camera field-of-view [85], and iii) the use of
an image Jacobian that is only singular for multiples of 27, in contrast to
the state-dependent singularities present in the image Jacobians associated
with many of the purely image-based controllers. The controllers target
both the fixed camera and the camera-in-hand configurations. The control
development for the fixed camera problem is presented in detail, and the
camera-in-hand problem is included as an extension.

Conventional robotic manipulators are designed as a kinematic chain of
rigid links that bend at discrete joints to achieve a desired motion at its
end-effector. Continuum robots [92] are robotic manipulators that draw
inspiration from biological appendages like elephant trunks and squid ten-
tacles, and can bend anywhere along the length of their body. In theory,
they have infinite mechanical degrees-of-freedom so that their end-effector
can be positioned at a desired location while concurrently satisfying work-
space constraints such as tight spaces and the presence of obstacles. How-
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ever, from an engineering perspective, an important implication of such a
design is that although such devices have a high kinematic redundancy,
they are infinitely underactuated. A variety of bending motions must be
generated with only a finite number of actuators. While there has been con-
siderable progress in the area of actuation strategies for such robots [92],
the dual problem of sensing the configuration of such robots has been a
challenge. From a controls perspective, a reliable position controller would
require an accurate position sensing mechanism. However, internal motion
sensing devices such as encoders cannot be used to determine either the
shape or the end-effector position of a continuum robot, since there is no
intuitive way to define links and joints on such a device.

A literature survey reveals that a few indirect methods have been pro-
posed by researchers to estimate the shape of continuum robots, such as
models [31, 56] that relate internal bellow pressures in fluid filled devices,
or change in tendon length in tendon driven devices, or position of the
end-effector. However, these methods do not have accuracies comparable
to position sensing in rigid link robots because of the compliant nature of
continuum devices. For example, in a tendon driven continuum robot, due
to coupling of actuation between sections, various sections of the robot can
potentially change shape without the encoders detecting a change in tendon
length or tension. Motivated by a desire to develop an accurate strategy
for real-time shape sensing in such robots, Hannan et al. [57] implemented
simple image processing techniques to determine the shape of the Elephant
Trunk robotic arm, where images from a fixed camera were used to recon-
struct the curvatures of various sections of the robot. This technique was
only applicable to the case where the motion of the arm was restricted to a
plane orthogonal to the optical axis of the camera. However, the result in
[67] demonstrated conclusively that there is a large difference in curvature
measurements obtained from indirect cable measurements as compared to
a vision-based strategy, and hence, the information obtained from ad hoc
indirect shape measurement techniques is indeed questionable. Section 3.4
addresses this issue through a visual servo control approach. From a decom-
position of the homography and from the equations describing the forward
kinematics of the robot [68], the curvatures that define the shape of vari-
ous sections of the robot can be fully determined. Various kinematic control
strategies for hyperredundant robots [73, 97, 115] are then used to develop
a kinematic controller that accurately positions the robot end-effector to
any desired position and orientation by using a sequence of images from a
single external video camera.

© 2010 by Taylor and Francis Group, LLC
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Homography-based visual servo control methods can also be used to de-
velop relative translation and rotation error systems for the mobile robot
regulation and tracking control problems. By using a similar approach as in
the previous applications in this chapter, projective geometric relationships
are exploited to enable the reconstruction of the Euclidean coordinates of
feature points with respect to the mobile robot coordinate frame. By de-
composing the homography into separate translation and rotation com-
ponents, measurable signals for the orientation and the scaled FEuclidean
position can be obtained. Full Euclidean reconstruction is not possible due
to the lack of an object model and the lack of depth information from the
on-board camera to the target; hence, the resulting translation error system
is unmeasurable. To accommodate for the lack of depth information, the
unknown time-varying depth information is related to a constant depth-
related parameter. The closed loop error systems are then constructed us-
ing Lyapunov-based methods including the development of an adaptive
estimate for the constant depth related parameter. Both the setpoint and
tracking controllers are implemented on an experimental testbed. Details
of the testbed are provided along with experimental results that illustrate
the performance of the presented controllers.

In addition to visual servo control, the recovery of Euclidean coordinates
of feature points of a moving object from a sequence of images (i.e., image-
based motion estimation) is a mainstream research problem with signifi-
cant potential impact for applications such as autonomous vehicle/robotic
guidance, navigation, and path planning. Motion estimation bears a close
resemblance to the classical problem in computer vision, known as “Struc-
ture from Motion (SFM),” which is the determination of 3D structure of a
scene from its 2D projections on a moving camera. In the motion estimation
section of this chapter, a unique nonlinear estimation strategy is presented
that simultaneously estimates the velocity and structure of a moving object
using a single camera. By imposing a persistent excitation condition, the
inertial coordinates for all the feature points on an object are determined.
A homography-based approach is then utilized to develop the object kine-
matics in terms of reconstructed Euclidean information and image-space
information for the fixed camera system. The development of object kine-
matics requires a priori knowledge of a single geometric length between
two feature points on the object. A novel nonlinear integral feedback esti-
mation method is then employed to identify the linear and angular velocity
of the moving object. Identifying the velocities of the object facilitates the
development of a measurable error system that can be used to formulate
a nonlinear least squares adaptive update law. A Lyapunov-based analy-
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sis is then presented that indicates if a persistent excitation condition is
satisfied then the time-varying Euclidean coordinates of each feature point
can be determined. While the problem of estimating the motion and Eu-
clidean position of features on a moving object is addressed in this chapter
by using a fixed camera system, the development can also be recast for
the camera-in-hand problem where a moving camera observes stationary
objects. That is, by recasting the problem for the camera-in-hand, the de-
velopment in this chapter can also be used to address the Simultaneous
Localization and Mapping (SLAM) problem [36], where the information
gathered from a moving camera is utilized to estimate both the motion of
the camera (and hence, the relative position of the vehicle/robot) as well
as position of static features in the environment.

3.2  Monocular Image-Based Geometry

This section focuses on the image geometry obtained between images taken
by a single camera at different points in time and space. The geometry ob-
tained from observing four coplanar and non-colinear feature points from a
fixed camera is initially described. Euclidean reconstruction of the feature
points from image coordinates is then described. The geometry is then ex-
tended to the more popular camera-in-hand scenario, where the observed
object is stationary and the camera is moving. For both the fixed camera
and the camera-in-hand, the relative motion between the viewed object and
the camera is encoded through the construction of a homography that re-
lates two spatiotemporal images. Development is provided that summarizes
a well known decomposition algorithm that can be used to extract scaled
translation and rotation information from the homography construction.
Details are also provided that illustrate how a virtual parallax method en-
ables the homography-based techniques to be applied for problems where
the observed feature points do not lie in a plane.

3.2.1 Fized-Camera Geometry

To make the subsequent development more tractable, four feature points
located on an object (i.e., the end-effector of a robot manipulator) denoted
by O; Vi = 1, 2, 3, 4 are considered to be coplanar and not colinear (It
should be noted that if four coplanar target points are not available, then
the subsequent development can exploit the classic eight-points algorithm
[84] with no four of the eight target points being coplanar or the subse-
quently described Virtual Parallax method). Based on this assumption,
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consider a fixed plane, denoted by 7*, that is defined by a reference image
of the object. In addition, consider the actual and desired motion of the
plane containing the end-effector target points, denoted by 7 and g, re-
spectively (see Figure 3.1). To develop a relationship between the planes,
an inertial coordinate system, denoted by Z, is defined where the origin co-
incides with the center of a fixed camera. The Euclidean coordinates of the
target points on 7, 74, and 7* can be expressed in terms of Z, respectively,
as "

mi(t) = [zt wt) w(t) ]

ma(t) 2 [ zait) vast) zat) ] (3.1)

;= [ a7 v 27 ]

under the standard assumption that the distances from the origin of Z to
the target points remains positive (i.e., z; (t), zq:(t), 27 > € where £ denotes
an arbitrarily small positive constant). Orthogonal coordinate systems F,
Fa, and F* are attached to the planes 7, w4, and 7%, respectively (see Figure
3.1). To relate the coordinate systems, let R (t), Rq (t), R* € SO(3) denote
the rotation between F and Z, 4 and Z, and F* and Z, respectively, and let
zf (), zya (t), x5 € R® denote the respective translation vectors expressed
in the coordinates of Z. As also illustrated in Figure 3.1, n* € R? denotes
the constant unit normal to the plane 7* expressed in the coordinates of
T, and s; € R3 denotes the constant coordinates of the i — th target point.

m.;:

The constant distance from the origin of Z to 7* along the unit normal is
denoted by d* € R and is defined as

d* 2 n*Tm; . (3.2)

The subsequent development requires that the constant rotation matrix
R* be known. The constant rotation matrix R* can be obtained a prior:
using various methods (e.g., a second camera, Euclidean measurements).
The subsequent development is also based on the assumption that the
target points do not become occluded.

From the geometry between the coordinate frames depicted in Figure
3.1, the following relationships can be developed

Mq; = Tpq + Ras; (3.3)
m; =a%+ R's; .
After solving the third equation in (3.3) for s; and then substituting the

resulting expression into the first and second equations, the following rela-
tionships can be obtained

m; = Zf + Rin} Mai = T fq + Ram, (3.4)
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Fixed camera

FIGURE 3.1. Coordinate Frame Relationships between a Fixed Camera and the
Plane Defined by the Current, Desired, and Reference Feature Points (i.e., 7, 7q,
and 7*).

where R (), Rq(t) € SO (3) and % (t), T4 (t) € R? are new rotational and
translational variables, respectively, defined as

R=R(R""  Ry=Rq(R")"

_ _ 3.5
:ffZI’f*R.’L';Z S_CdeI’fd*RdSC}. ( )

From (3.2), the relationships in (3.4) can be expressed as
g = (R+ %n*T) mE g = (Rd 4 %n*T) . (3.6)

Geometric insight into the structure of R (t) and Z; (t) defined in (3.5)
can be obtained from Figures 3.1 and 3.2. Consider a fictitious camera that
has a frame Z* attached to its center such that Z* initially coincides with Z.
Since Z and Z* coincide, the relationship between Z* and F* can be denoted
by rotational and translational parameters (:10}, R*) as is evident from Fig-
ure 3.1. Without relative translational or rotational motion between Z* and
F*, the two coordinate frames are moved until F* aligns with F, resulting
in Figure 3.2. It is now evident that the fixed camera problem reduces to
a stereo vision problem with the parameters (z; — R(R*)" z}, R (R
denoting the translation and rotation between Z and Z*.
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(xf’ R)
™
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(xj" - RR *Txf*, RR *T)
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FIGURE 3.2. Geometric relationships for R (t) and Z (¢) .

3.2.2 FEuclidean Reconstruction

The relationship given by (3.6) provides a means to quantify a translation
and rotation error between F and F* and between F; and F*. Since the
Euclidean position of F, F4, and F* cannot be directly measured, a Eu-
clidean reconstruction is developed in this section to obtain the position and
rotational error information by comparing multiple images acquired from
the fixed, monocular vision system. Specifically, comparisons are made be-
tween the current image, the reference image obtained a priori, and the a
priori known sequence of images that define the trajectory of Fy. To facili-
tate the subsequent development, the normalized Euclidean coordinates of
the points on 7, 74, and 7* can be respectively expressed in terms of 7 as
m; (t), ma; (t), m; € R3, as

- o
miéﬂ:{ﬂﬂl} (3.7)
7 . ) . T
mg & Do ] (3.8)
2di Zdi  Zdi
m* ZC* y* T
e TR O :
mio s HeE 8 (39

From the expressions given in (3.6)—(3.9), the rotation and translation be-
tween the coordinate systems can now be related in terms of the normalized
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coordinates as

i, N —— (3.10)
(673 H
Ma; = Z—’ (Rd + Ehdn*T) m},
di, —— (3.11)
Qg Hy

where «; (t), aq (t) € R denote invertible depth ratios, H (t), Hg(t) €
R3*3 denote Euclidean homographies [46], and Zj, (t) , Zna (t) € R denote
scaled translation vectors that are defined as
_ Ty _ ZTfd
= -_— = . 3-12
Th == Tha = — (3.12)

Each target point on 7, w4, and 7* will have a projected pixel coordinate
expressed in terms of Z, denoted by w; (t), v; (t) € R for 7, ug; (t), va; (t) € R
for 74, and uj, v € R for 7*, that are defined as

}T pai = [ uai vai 1]T

* *

p; 2 [uf of 1
(3.13)
In (3.13), pi (t), pai (t), p; € R3 represent the image-space coordinates of

}T

the time-varying target points, the desired time-varying target point trajec-
tory, and the constant reference target points, respectively. To calculate the
Euclidean homography given in (3.10) and (3.11) from pixel information,
the projected pixel coordinates of the target points are related to m; (1),
ma; (t), and m] by the following pinhole camera models [46]

p; = Am; pai = Amyg; p; = Am], (3.14)

where A € R3%3 is a known, constant, and invertible intrinsic camera cali-
bration matrix that is explicitly defined as [84]

fky —fEkycot(0) wu,
fhe vy | . (3.15)

sin(0)
0 0 1

In (3.15), ue,v, € R denote the pixel coordinates of the principal point
(i.e., the image center that is defined as the frame-buffer coordinates of the
intersection of the optical axis with the image plane), k,, k, € R represent
camera scaling factors, 6 € R is the angle between the axes of the imaging
elements (CCD) in the camera, and f € R denote the focal length of
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the camera. After substituting (3.14) into (3.10) and (3.11), the following
relationships can be developed

pi=o; (AHA™ ) p;  pai = oai (AH A™Y) p},
G Ga

where G (t) = [gi;(t)], Ga(t) = [94i;(t)] Vi,j = 1,2,3 € R¥*? denote
projective homographies. From the first relationship in (3.16), a set of 12
linearly independent equations given by the 4 target point pairs (p}, p; (t))
with 3 independent equations per target pair can be used to determine the
projective homography up to a scalar multiple (i.e., the product «;(¢)G(¥)
can be determined). From the definition of G(t) given in (3.16), various
techniques can then be used (e.g., see [47, 116]) to decompose the Euclidean
homography, to obtain «;(t), G(t), H(t), and the rotation and translation
signals R(t) and Zj(t), and n*. Likewise, by using the target point pairs
(p¥, pai (t)), the desired Euclidean homography can be decomposed to ob-
tain ag;(t), Ga(t), Ha(t), and the desired rotation and translation signals
Ry(t) and Zp4(t). The rotation matrices R(t) and Ry(t) can be computed
from R(t) and R,(t) by using (3.5) and the fact that R* is assumed to
be known. Hence, R(t), R(t), Ra(t), Ra(t), Zn(t), Zra(t), and the depth
ratios «; (t) and «ag;(t) are all known signals that can be used for control
synthesis.

3.2.8 Camera-in-Hand Geometry

Based on the development provided for the fixed camera problem in the
previous sections, the geometry for the camera-in-hand problem can be de-
veloped in a similar manner. Consider the geometric relationships depicted
in Figure 3.3, where the camera is held by a robot end-effector (not shown).
The coordinate frames F, F4, and F* depicted in Figure 3.3 are attached to
the camera and denote the actual, desired, and reference locations for the
camera, respectively. From the geometry between the coordinate frames,
m} can be related to m;(t) and mg;(t) as

m; = x5+ Rm; Mgi = T¢q + Ramy, (3.17)

where m;(t), ma;(t), and m} now denote the Euclidean coordinates of O;
expressed in F, Fy, and F*, respectively. In (3.17), R (t), Rq (t) € SO(3)
denote the rotation between F and F* and between F; and F*, respec-
tively, and x s (t), z¢q (t) € R? denote translation vectors from F to F* and
Fq to F* expressed in the coordinates of F and Fy, respectively. By utiliz-
ing (3.2), (3.7)—(3.9), and a relationship similar to (3.12), the expressions
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in (3.17) can be written as

m; = o; (R + zpn™ " )m] (3.18)
——
H

mg; = Od; (Rd + xhdn*T) ’I’I’L:K (3.19)
Hg
In (3.18) and (3.19), zp, (t), zha (t) € R? denote the following scaled trans-
lation vectors
— 2 Thd = mv
d* d*

a;(t) and ag;(t) are introduced in (3.10) and (3.11), and m;(t), ma;(¢), and
m} now denote the normalized Euclidean coordinates of O; expressed in
F, Fa, and F*, respectively. Based on the development in (3.17)—(3.19),
the Euclidean reconstruction and control formulation can be developed in
the same manner as for the fixed camera problem. Specifically, the signals
R(t), R4(t), zn(t), Tpa(t), and the depth ratios a;(t) and ag;(t) can be
computed. The error systems for the camera-in-hand problem are defined
the same as for the fixed camera problem (i.e., see (3.36)—(3.39)); however,
u(t), ua(t), 0(t), and 04(¢) are defined as in (3.45) in terms of R(t) and
R4(t), respectively, for the camera-in-hand problem.

Ty,

3.2.4  Homography Calculation

The previous development was based on the assumption that four cor-
responding coplanar but non-collinear feature points could be determined
and tracked between images. This section presents methods to estimate the
collineation G(t) and the scaled Euclidean homography by solving a set of
linear equations (3.16) obtained from the four corresponding coplanar and
non-collinear feature points.

Based on the arguments in [60], a transformation is applied to the projec-
tive coordinates of the corresponding feature points to improve the accuracy
in the estimation of G(t). The transformation matrices, denoted by P(t),
P* € R3*3 are defined in terms of the projective coordinates of three of
the coplanar non-collinear feature points as

P£[p po p3] P 2 pi ps vy ] . (3.20)
From (3.16) and (3.20), it is easy to show that

PG = GP*, (3.21)
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FIGURE 3.3. Coordinate frame relationships between the fixed feature point
plane and the camera-in-hand at the current, desired, and reference position and
orientation (i.e., F, Fq4, and F*).

where
G = P7'GP* = diag (al_l, s, a;l) 2 diag (g1, G2, J3) - (3.22)

In (3.22), diag(.) denotes a diagonal matrix with arguments as the diagonal
entries. Utilizing (3.22), the relationship in (3.16) can be expressed in terms
of G(t) as

q; = aiéqi*, (3.23)
where
-1
¢ = Py (3.25)

define the new transformed projective coordinates. Note that the transfor-
mation normalizes the projective coordinates, and it is easy to show that

(a0 @ wl=[ld & ¢l=LecR>,

where I3 is the 3 x 3 identity matrix. The transformed image coordinates
of a fourth matching pair of feature points

Q4(t) é[ Q4u(t) Q4v(t) Q4w(t) ]T € RB qZ = [ QZu qu qu ]T € Rg
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can be expressed as

qs = a;;éqj{, (3.26)
where it can be shown that
aw 4 O3 aw 4 Q3 Gaw Qy
Qiv = Q40— Qiv = Qo= -
q4w aq q4w Q2 q4w ag

The above set of equations can be solved for

as(t) as(t)
a1 (t) ’ (6%) (t) ’

and as(t)G(t) = diag(

Since the camera intrinsic calibration matrix is assumed to be known, the
scaled Euclidean homography can be calculated as

as(t)H(t) = as() A"'G(t)A.

As noted before, H(t) can be decomposed into its constituent rotation
matrix, unit normal vector, scaled translation vector, and the depth ratio

t
a3 (t). With the knowledge of a3(t) and a4Et;
as

and a4 can be calculated for all of the feature points.

, the depth ratios oy, as, as,

If some noncoplanar points are also tracked between images, the depth
ratios for those feature points can also be determined. Consider a feature
point O; on the object that is not on the plane 7*. The expressions in
(3.3)—(3.6) can be used to conclude that

j

my =L (ﬁ + Rm;> . (3.27)
J

Multiplying both sides of the equation with the skew-symmetric form of
Zp(t), denoted by [Z4(t)],, € R3*3, yields [84]

[:f'h}x m; = ([S_Ch]x $—ic + [jh]x ij) =qj [jh]x ij (3.28)

The signal Z,(t) is directly obtained from the decomposition of Euclidean
homography matrix H(t). Hence, the depth ratios for feature points O; not
lying on the plane 7* can be computed as

(3.29)
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3.2.5 Virtual Parallax Method

In general, all feature points of interest on the moving object may not
be coplanar. In such a case, the virtual parallax method may be used to
develop a virtual plane from noncoplanar points. Based on the development
in [84], any three feature points on an object may be selected to define the
plane 7* shown in Figure 3.4. All feature points O; on a plane satisfy (3.16).
Consider a feature point O; on the object that is not on the plane 7*. Let us
define a virtual feature point O}, on 7*, defined at the point of intersection
of the vector from the optical center of the camera to O; and the plane 7*.
Let p} be the projective image coordinates of the point O; (and Oj) on the
image plane when the object is at the reference position denoted by F*.
As shown in Figure 3.4, when the object is viewed from a different pose,
resulting from either a motion of the object or a motion of the camera, the
actual feature point O; and the virtual feature point O; projects to p;(t)
and pg (t), respectively, on the image plane of the camera. For any feature
point Oj, both p;(t) and p(t) lie on the same epipolar line [; [84] that is
given by

lj = pj X P} (3.30)

where x denotes the cross product of the two vectors. Since the projective
image coordinates of corresponding coplanar feature points satisfy (3.16),
then

lj = pj x Gpj. (3.31)

Based on the constraint that all epipolar lines meet at the epipole [84], a
set of any three non-coplanar feature points can be selected such that the
epipolar lines satisfy the constraint

| b L] =0 (3.32)

| pj xGp; puxGp;, pxGp; | = 0. (3.33)

The transformation matrices, denoted by P(t), P* € R3*3, and defined in
(3.20), are constructed using the image coordinates of the three coplanar
feature points selected to define the plane n*. After coordinate transfor-
mations defined in (3.24) and (3.25), the epipolar constraint of (3.33) now

becomes
| @ xGq; ¢; xGq; ax x Gq;, | =0, (3.34)

where G(t) € R3*3 is defined in (3.22). As shown in [84], the set of homo-
geneous equations in (3.34) can be written in the form

CiuX =0, (3.35)
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where X = 32, §133. G205, 9393, 9195, G293 9192J3] € R7, and the ma-
trix Cjp € R™*7 is of dimension m x 7 where m = e(nn—ls)' and n is the
number of epipolar lines (i.e., one for image coordinates of each feature
point). Hence, apart from three coplanar feature points that define the
transformation matrices in (3.20), at least five additional feature points
(i.e., n = 5) are required in order to solve the set of equations given in
(3.35). As shown in [84], G(t) can be determined and used to calculate
the scale factors, rotation matrix and normal to the plane as previously

explained.

Reference view

FIGURE 3.4. Virtual parallax.

3.3 Visual Servo Tracking

3.83.1 Control Objective

The objective in this section is to develop a visual servo controller for the
fixed camera problem that ensures that the trajectory of F tracks Fy (i.e.,
m;(t) tracks mq;(t)), where the trajectory of Fy is constructed relative to
the reference camera position/orientation given by F*. To ensure that m;(t)
tracks mg;(t) from the Euclidean reconstruction given in (3.10) and (3.11),
the tracking control objective can be stated as: R(t) — Rq(t), mi(t) —
ma1(t), and 2z1(t) — zq1(t) (and hence, Zp(t) — Zna(t)). Any point O;
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can be utilized in the subsequent development, so to reduce the notational
complexity, the image point O, is used without loss of generality; thus, the
subscript 1 is utilized in lieu of ¢ in the subsequent development. The 3D
control objective is complicated by the fact that only 2D image information
is measurable. That is, while the development of the homography provides
a means to reconstruct some Euclidean information, the formulation of
a controller is challenging due to the fact that the time varying signals
z1(t) and 241 (t) are not measurable. In addition, it is desirable to servo on
actual pixel information (in lieu of reconstructed Euclidean information)
to improve robustness to intrinsic camera calibration parameters and to
increase the likelihood that the object will stay in the camera field-of-view.

To reformulate the control objective in light of these issues, a translation
tracking error, denoted by e, (t) € R3, is defined as follows:

€y = Pe — Ped (3.36)

where p. (1), peq (t) € R? are defined as

pe=[ur v —In(m) ]T Ped=[ uar var —In(aa) }T,
(3.37)
and In (-) denotes the natural logarithm. A rotation tracking error, denoted
by e, (t) € R3, is defined as

ew 20— 0y (3.38)

where O(t), ©4(t) € R? denote the axis-angle representation of R(t) and
Ry4(t) as [105)]
© =u(t)0(t) Og4=uq(t)0a(t). (3.39)

For the representations in (3.39), u (t), ug (t) € R? represent unit rotation
axes, and 0 (t),04 (t) € R denote the respective rotation angles about u(t)
and ug (t) that are assumed to be confined to the following regions

—T<O(t) <7 —m<Og(t)<m. (3.40)

Based on the error system formulations in (3.36) and (3.38), the control
objective can be stated as the desire to regulate the tracking error signals
e,(t) and e, (t) to zero.

If the tracking error signals e,(t) and e, (t) are regulated to zero then
the object can be proven to be tracking the desired trajectory. Specifically,
to ensure that m;(t) tracks mg;(t) from the Euclidean reconstruction given
in (3.1), the tracking control objective can be stated as R(t) — Ry(t),
mq(t) — ma1(t), and z1(t) — 2z41(t). The expressions in (3.13) and (3.37)
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can be used to conclude that if |le,(¢)]| — 0 then p1(t) — pa1(t) and the
ratio aq (t)/aq1(t) — 1; hence, (3.14) and the definition of the depth ratios
in (3.10) and (3.11) can be used to show that m(t) — ma1(t) and z1(t) —
zq1(t). Given that mq(t) — mg1(t) and z1(t) — z41(¢), (3.7) and (3.8) can
be used to prove that mq(t) — mq(t). To examine if R(t) — Rq4(t), the
difference between the expressions defined in (3.5) can be determined as
(see Lemma B.1 in Appendix B)

R — Ry = sinf [u]

. —sinfg [ug], + 2sin® g[u}i — 25sin? a—g[ud}i . (3.41)
If |lew (¢)|| — O, then (3.38) and (3.39) can be used to show that
u(t)0(t) — uq(t)fq(t) as t — oo, (3.42)
which implies that
(0@ * = llua(®)0a(t)l|* as t — oo,

and
0*(t) u(®)lI* — 03(t) [ua(®)|* as t — oo. (3.43)

Since [|u(t)|| = [|uq(t)]] = 1, (3.43) can be used to conclude that
0(t) — +04(t) as t — oo.
The result in (3.42) indicates that
Case 1) u(t) — uq(t) when 6(t) — 04(t) (3.44)
Case 2) u(t) — —uq(t) when 0(t) — —04(t) .

After substituting each case given in (3.44) into (3.41) and then passing
the limit, it is clear that R(t) — Ry4(t). Based on the results that m () —
mq1(t) and that R(t) — Rg(t), it is clear that m;(t) — mg;(t). A particular
solution for 6 (t) and u(t) can be determined as [105]
1 _ R—RT
_ -1 _
0 = cos (5 (tr (R) — 1)) [u], = 25n(0) (3.45)

where the notation tr(-) denotes the trace of a matrix, and [u], denotes
the 3x3 skew-symmetric expansion of u(t).

To develop a tracking control design, it is typical that the desired tra-
jectory is used as a feedforward component in the control design. Hence,
for a kinematic controller the desired trajectory is required to be at least
first order differentiable and at least second order differentiable for a dy-
namic level controller. To this end, a sufficiently smooth function (e.g., a
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spline function) is used to fit the sequence of target points to generate the
desired trajectory pg;(t); hence, it is assumed that p.q(t) and peq(t) are
bounded functions of time. From the projective homography introduced in
(3.16), pai(t) can be expressed in terms of the a priori known functions
aqi(t), Hy(t), Rq(t),and Zp4(t). Since these signals can be obtained from
the prerecorded sequence of images, sufficiently smooth functions can also
be generated for these signals by fitting a sufficiently smooth spline function
to the signals. In practice, the a priori developed smooth functions a;(t),
Ry(t), and Zpg4(t) can be constructed as bounded functions with bounded
time derivatives. Based on the assumption that R4(t) is a bounded first
order differentiable function with a bounded derivative, (3.45) can be used
to conclude that uq(t) and 64(t) are bounded first order differentiable func-
tions with a bounded derivative; hence, ©4(t) and O4(t) can be assumed to
be bounded. In the subsequent tracking control development, the desired
signals peq(t) and O4(t) will be used as a feedforward control term.

3.3.2 Control Formulation

To develop the open-loop error system for e, (t), the time derivative of
(3.38) is determined as (see Lemma B.1 in Appendix B)

¢y = LyRw. — Oy4. (3.46)

In (3.46), the Jacobian-like matrix L, () € R3*3 is defined as

>
V2l
<.
3
o
—
>
~—

Lo=1Is—=[u], + [1- —— | [u>, (3.47)
21X ) 0 x
sinc? (5)
where 8 (s
sinc (0 (t)) £ Slg (tg ),

and w.(t) € R? denotes the angular velocity of the object expressed in
F. By exploiting the fact that u(t) is a unit vector (i.e., [ul|> = 1), the
determinant of L, (¢) can be calculated as [83]

1

9 )
ime2 | —
sinc <2)

where det () signifies the determinant operator. From (3.48), it is clear
that Ly, (t) is only singular for multiples of 27 (i.e., out of the assumed
workspace); therefore, L, (t) is invertible in the assumed workspace.

det (L) = (3.48)
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To develop the open-loop error system for e,(t), the time derivative of
(3.36) is determined as (see Lemma B.2 in Appendix B)

ziéy = a1 ALy R [ve + [we] 31} — 2] Deds (3.49)

where v, (t) € R? denotes the linear velocity of the object expressed in F.
In (3.49), A, € R3*3 is defined as

0 0 (')
Ac=A—10 0 vy |, (3.50)
0 0

o

where uy and vy were introduced in (3.15), and the auxiliary Jacobian-like
matrix L,(t) € R3*3 is defined as

10 -2
21
Ly=10 1 -2 |. (3.51)
Z1
001

The product A.L,(t) is an invertible upper triangular matrix from (3.50)
and (3.51).

Based on the structure of the open-loop error systems and subsequent
stability analysis, the angular and linear camera velocity control inputs for
the object are defined as

we = RTL;Y (04 — K,e.,) (3.52)

1 - s .
Ve = _a_RT (AcLy) ! (Kypey — 21 Ded) — [wely 51 - (3.53)
1
In (3.52) and (3.53), K., K, € R3*3 denote diagonal matrices of posi-
tive constant control gains, and 2;(t) € R, 31(t) € R® denote parameter
estimates that are generated according to the following adaptive update
laws

21 (t) = =716 Ped (3.54)

8 = —aily [w.], RTLT ATe,, (3.55)

where 7, € R denotes a positive constant adaptation gain, and 'y € R3*3
denotes a positive constant diagonal adaptation gain matrix. After substi-
tuting (3.52) into (3.46), the following closed-loop error dynamics can be

obtained
e, = —Ke,. (3.56)
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After substituting (3.53) into (3.49), the closed-loop translation error dy-
namics can be determined as

2y = —Kyey + a1 AcLy R [wel,, 51 — ZDed, (3.57)

where the parameter estimation error signals Z}(t) € R and 3 (t) € R? are
defined as

ZT = ZT — 2;( 51 = 851 — §1 . (358)
From (3.56) it is clear that the angular velocity control input given in
(3.52) is designed to yield an exponentially stable rotational error system.
The linear velocity control input given in (3.53) and the adaptive update
laws given in (3.54) and (3.55) are motivated to yield a negative feedback
term in the translational error system with additional terms included to
cancel out cross-product terms involving the parameter estimation errors
in the subsequent stability analysis.

3.8.8 Stability Analysis

Theorem 3.1 The control inputs designed in (3.52) and (3.53), along with
the adaptive update laws defined in (3.54) and (8.55), ensure that e, (t) and
e, (t) are asymptotically driven to zero in the sense that

A e, (], fles(®)] =0 (3.59)

Proof: To prove Theorem 3.1, a non-negative function V(t) € R is de-
fined as
yalr, +£6Te + i2*2+1§TP*1§ (3.60)
9 “wtw 9 “vtv 2711 97172 1 :

After taking the time derivative of (3.60) and then substituting for the
closed-loop error systems developed in (3.56) and (3.57), the following ex-
pression can be obtained

V = —elKie,+el (~Kuep + a1AcLyR[we)y 51 — Z{Peq) (3.61)

1 .
Sk Ak ~T1r—
——z121 — 811
71

1A
51,

where the time derivative of (3.58) was utilized. After substituting the
adaptive update laws designed in (3.54) and (3.55) into (3.61), the following
simplified expression can be obtained

V =—elK,e, — el K,e,, (3.62)

where the fact that [we]z = — [we],, was utilized. Based on (3.58)
and (3.62), it can be determined that e, (t), e, (t), 25 (t), 25 (t), 51(t)

3.60),

 (
,81(t) €
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Lo and that e, (t), e,(t) € L. Based on the assumption that ©4(t) is
designed as a bounded function, the expressions given in (3.38), (3.47),
(3.48), and (3.52) can be used to conclude that we(t) € L. Since e,(t) €
Lo, (3.7), (3.13), (3.14), (3.36), (3.37), and (3.51) can be used to prove that
my(t), Ly(t) € Loo. Given that peq(t) is assumed to be bounded function,
the expressions in (3.53)~(3.57) can be used to conclude that 27 (), 81(¢),
Ve(t), €y(t), €u(t) € Loo. Since e, (t), e,(t) € Lo and ey (t), €,(t), en(t),
éy(t) € Loo, Barbalat’s Lemma [102] can be used to prove the result given
in (3.59). W

Remark 3.1 The result in (3.59) is practically global in the sense that it is
valid over the entire domain with the exception of the singularity introduced
by the exponential parameterization of the rotation matriz (see (3.40)) and
the physical restriction that z;(t), z7(t), and zq(t) must remain positive.
Although the result stated in Theorem 3.1 indicates asymptotic convergence
for the rotation error e, (t), it is evident from (3.56) that

€w (t) <ey (0> exp(_)‘min(Kw)t)

where Amin(K,,) denotes the minimum eigenvalue of the constant matric
K,,. However, the fact that e, (t) < e,(0) exp(—Amin(K,)t) does not sim-
plify the control development or stability analysis and the overall result-
ing control objective of tracking a desired set of prerecorded images is still
asymptotically achieved.

3.3.4 Camera-in-Hand Extension
The open-loop error dynamics for the rotation system can be derived as
bw = —Lowe — Oy (3.63)

where the fact that
[we], = —RRT (3.64)

is used, and w.(t) denotes the camera angular velocity expressed in F. After
taking the time derivative of (3.17), the following expression for m;(¢) can
be derived for the camera-in-hand [43]

ml = —v. + [ml]x We, (365)

where v.(t) denotes the linear velocity of the camera expressed in terms of
F. After utilizing (3.65), the open-loop dynamics for e, (t) can be deter-
mined as

ziéy = —a1AcLyve + (AcLy [ma], we — Pea) 27, (3.66)
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where e,(t), pe(t), ped(t) are defined in (3.36) and (3.37).
Based on the open-loop error systems in (3.63) and (3.66), the following
control inputs and adaptive update law are designed

Y (Kwew - ed) (3.67)
s 1 -1 ks 1 .
Ve = — (AeLv) (Kvev - Z1ped) + — [ml]x WeZq (3.68)
a1 (o751
21 £ ’Yleg (AeLv [ml]x We — ped) (369)

resulting in the following closed-loop error systems
éw = —K,e, (3.70)

2iey = —Kyey + (AeLy M), we — Pea) 21 (3.71)

The result in (3.59) can now be proven for the camera-in-hand problem
using the same analysis techniques and the same nonnegative function as
defined in (3.60) with the term containing 5, (¢) eliminated.

3.8.5 Simulation Results

Simulation studies were performed to illustrate the performance of the con-
troller given in (3.52)—(3.55). For the simulation, the intrinsic camera cal-
ibration matrix is given as in (3.15) where uy = 257 [pixels], vy = 253
[pixels|, k, = 101.4 [pixelssmm~?] and k, = 101.4 [pixels-mm~!] represent
camera scaling factors, ¢ = 90 [Deg] is the angle between the camera axes,
and f = 12.5 [mm] denotes the camera focal length. The control objective
is defined in terms of tracking a desired image sequence. For the simula-
tion, the desired image sequence was required to be artificially generated.
To generate an artificial image sequence for the simulation, the Euclidean
coordinates of four target points were defined as

0.1 0.1 —0.1 —0.1
s1= | —0.1 so = | 0.1 S3 = 0.1 sy = | —0.1
0 0 0 0
(3.72)

and the initial translation and rotation between the current, desired, and
reference image feature planes were defined as

-0.3 0.2 0.2
xf(O) = —0.1 xfd(()) = 0.1 33; = 0.1 (3.73)
3.7 4 4
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—0.4698 —0.8660 —0.1710
R(0)= | —0.6477 0.4698  —0.5997 (3.74)
0.5997  —0.1710 —0.7817

0.9568  —0.2555 —0.1386
R4(0)= | —0.2700 —0.9578 —0.0984 (3.75)
~0.1077 0.1316  —0.9854

0.9865  0.0872 —0.1386
R*=| 0.0738 —0.9924 —0.0984 | . (3.76)
—0.1462 0.0868  —0.9854

The initial pixel coordinates can be computed from (3.72)—(3.76) as

p(0)=[170 182 1] p(0)=[110 213 1]
ps(0)=[138 257 1] pa(0)=1[199 224 1]

par (0) =359 307 1] pa(0)=][343 246 1]
pas (0)=1[ 282 263 1]" pas(0)=1[208 324 1]"

pi=1[349 319 1] p3=[ 355 256 1]T
ps=1[202 251 1] p;=[28 314 1] .

The time-varying desired image trajectory was then generated by the kine-
matics of the target plane where the desired linear and angular velocities
were selected as

vea(t) = [ 0.2sin(t) 0.3sin(t) 0 | [m/sec] (3.77)
wea(t) = [0 0 0.52sin(t) | [rad/sec].

The desired translational trajectory is given in Figure 3.5, and the desired
rotational trajectory is depicted in Figure 3.6. The generated desired image
trajectory is a continuous function; however, in practice, the image trajec-
tory would be discretely represented by a sequence of prerecorded images
and would require a data interpolation scheme; hence, a spline function
(i.e., the MATLAB spline routine) was utilized to generate a continuous
curve to fit the desired image trajectory. For the top two subplots in Fig-
ure 3.5, the pixel values obtained from the prerecorded image sequence are
denoted by an asterisk (only select data points were included for clarity of
illustration), and a cubic spline interpolation that was used to fit the data
points is illustrated by a solid line. For the bottom subplot in Figure 3.5
and all the subplots in Figure 3.6, a plus sign denotes reconstructed Eu-
clidean values computed using the prerecorded pixel data, and the spline
function is illustrated by a solid line.
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The control gains K, and K, and the adaptation gains v; and I'y were
adjusted through trial and error to the following values

K, = diag {6,8,5} K, = diag{0.6,0.8,0.7} (3.78)
v, =3x107% Ty =10"% x diag{4.2,5.6,2.8} .

The resulting errors between the actual relative translational and rotational
of the target with respect to the reference target and the desired transla-
tional and rotational of the target with respect to the reference target are
depicted in Figure 3.7 and Figure 3.8, respectively. The parameter estimate
signals are depicted in Figure 3.9 and Figure 3.10. The angular and linear
control input velocities (i.e., we(t) and v.(t)) defined in (3.52) and (3.53)
are depicted in Figure 3.11 and Figure 3.12.
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FIGURE 3.5. Desired Translational Trajectory of the Manipulator End-Effector
Generated by a Spline Function to Fit Prerecorded Image Data.

While the results in Figure 3.7-Figure 3.12 provide an example of the
performance of the tracking controller under ideal conditions, several issues
must be considered for a practical implementation. For example, the per-
formance of the tracking control algorithm is influenced by the accuracy
of the image-space feedback signals and the accuracy of the reconstructed
Euclidean information obtained from constructing and decomposing the
homography. That is, inaccuracies in determining the location of a feature
from one frame to the next frame (i.e., feature tracking) will lead to errors
in the construction and decomposition of the homography matrix, leading
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FIGURE 3.6. Desired Rotational Trajectory of the Manipulator End-Effector
Generated by a Spline Function to Fit Prerecorded Image Data.
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FIGURE 3.7. Error between the Actual Translation Trajectory and the Desired
Translation Trajectory given in Figure 3.5 for the Noise-Free Case.
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FIGURE 3.8. Error between the Actual Rotation Trajectory and the Desired
Rotation Trajectory given in Figure 3.6 for the Noise-Free Case.
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FIGURE 3.12. Linear Velocity Control Input for the Noise-Free Case.

to errors in the feedback control signal. Inaccuracies in determining the
feature point coordinates in an image is a similar problem faced in nu-
merous sensor-based feedback applications (e.g., noise associated with a
force/torque sensor). Practically, errors related to sensor inaccuracies can
often be addressed with an ad hoc filter scheme or other mechanisms (e.g.,
an intelligent image processing and feature tracking algorithm, redundant
feature points and an optimal homography computation algorithm).

In light of these practical issues, another simulation was performed where
random noise was injected with a standard deviation of 1 pixel (i.e., the
measured feature coordinate was subject to + 4 pixels of measurement
error) as in [84]. As in any practical feedback control application in the
presence of sensor noise, a filter was employed. Specifically, ad hoc third
order Butterworth low pass filters with a cutoff frequency of 10 rad/sec
were utilized to preprocess the corrupted image data. The control gains K,
and K, and the adaptation gains v, and I's were tuned through trial and
error to the following values

K, = diag{17,11,9} K, = diag{0.4,0.4,0.4} (3.79)
v, =5x 1077 Ty =10"5 x diag{2.4,3.2,1.6} .
The resulting translational and rotational errors of the target are depicted

in Figure 3.13 and Figure 3.14, respectively. The parameter estimate signals
are depicted in Figure 3.15 and Figure 3.16. The control input velocities
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we(t) and v (t) defined in (3.52) and (3.53) are depicted in Figure 3.17 and
Figure 3.18.

Another simulation was also performed to test the robustness of the
controller with respect to the constant rotation matrix R*. The constant
rotation matrix R* in (3.5) is coarsely calibrated as diag{l, —1,—1}. The
resulting translational and rotational errors of the target are depicted in
Figure 3.19 and Figure 3.20, respectively.
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FIGURE 3.13. Error between the Actual Translation Trajectory and the Desired
Translation Trajectory given in Figure 3.5 for the Noise-Injected Case.

3.4 Continuum Robots

This section explores the problem of measuring the shape of a continuum
robot manipulator using visual information from a fixed camera. The mo-
tion of a set of fictitious planes can be captured by an image of four or
more feature points defined at various strategic locations along the body
of the robot. Using expressions for the robot forward kinematics and the
decomposition of a homography relating a reference image of the robot
to the actual robot image, the three dimensional shape information can
be continuously determined. This information can be used to demonstrate
the development of a kinematic controller to regulate the manipulator end-
effector to a constant desired position and orientation.
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FIGURE 3.14. Error between the Actual Rotation Trajectory and the Desired
Rotation Trajectory given in Figure 3.6 for the Noise-Injected Case.
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FIGURE 3.18. Linear Velocity Control Input for the Noise-Injected Case.
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FIGURE 3.19. Error between the Actual Translation Trajectory and the Desired

Translation Trajectory given in Figure 3.5 for the Noise-Injected Case with a
Coarse Calibration of R*.
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FIGURE 3.20. Error between the Actual Rotation Trajectory and the Desired
Rotation Trajectory given in Figure 3.6 for the Noise-Injected Case with a Coarse
Calibration of R*.

3.4.1 Continuum Robot Kinematics

The kinematics of a conventional, rigid-link, industrial robot can be con-
veniently described as a function of joint angles and link lengths using the
standard Denavit-Hartenberg convention [105]. This is a systematic method
of assigning orthogonal coordinate frames to the joints of the robot such
that the relative position and orientation between frames along the kine-
matic chain can be obtained as a product of homogeneous transformation
matrices. In comparison, continuum robots resemble snakes or tentacles in
their physical structure, and due to their continuous and curving shape,
there is no intuitive way to define links and joints on them. The concept
of curvature [20, 53, 58, 59] is a natural way to describe the kinematics of
a continuum robot. One such continuum robot is the Clemson Elephant
Trunk [58] which is composed of sixteen two degrees-of-freedom joints di-
vided into four sections, each section designed to bend with a constant
planar curvature. Every section is cable driven, and can be actuated such
that it defines a different orientation of the plane of its curvature relative
to its preceding section. Due to the rigid nature of the joints, torsion is not
possible within a section.
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FIGURE 3.21. A Planar Curve.

Based on the concept pioneered in [58], and further refined in [68], the
fundamental idea behind development of kinematics for an individual sec-
tion of this robot is to fit a virtual conventional rigid-link manipulator to
its continuous curvature, and develop relationships utilizing the well estab-
lished Denavit-Hartenberg procedure. Consider the st section of the robot.
Using basic geometry, the kinematics of a 2D planar curve of arc length [
and curvature ks can be described by three coupled movements — rotation
by an angle 6, followed by a translation z, and a further rotation by angle
0 as shown in Figure 3.21. In Figure 3.21, z, € R3 is the position vector
of the endpoint of the curve relative to its initial point, and

ksls
0, = = (3.80)
lesll = 5 sin0,) (381)

After treating the two rotations in the curve as discrete rotational joints and
the translation as a coupled discrete prismatic joint, the standard Denavit-
Hartenberg procedure [105] can be applied to obtain the forward kinematics
for the curve. Thus, the homogeneous transformation matrix for the planar
curve, denoted by Ay, € R¥*4, can be obtained as [58]

1
cos(ksls) —sin(ksls) 0 k—{cos(ksls)—l}

. 1 :
Ay = sin(ksls) cos(ksls) 0 T sin(ksls) ) (3.82)
0 0 1 0
0 0 0 1

The out-of-plane rotation of the section relative to the preceding plane
can be modelled as an additional rotational joint with rotation of angle ¢,
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about the initial tangent of the curve (see Figure 3.21). As discovered in
[68], this results in incorrect orientation of the frame defined at the other
end of the curve, since the body of the robot cannot experience torsion.
Therefore, in order to cancel out this torsion, the frame defined at the
distal end of the curve is finally rotated by —¢,. Hence, for the 3D case,
the forward kinematics for the s section of the continuum robot can be
obtained from the following homogeneous transformation matrix

_ | B B
As = [ 0 1 } , (3.83)
where
1+cos?(¢, )k, sin(¢,)cos(¢,)ck, —cos(¢, )sin(ksls)
51 = | sin(¢,)cos(o,)ck, cos(ksls)—cosQ((zbs)ckS —sin(¢,)sin(ksls) | ,
sin(ksls)cos(g,)  sin(ksls)sin(g,) cos(ksls)
(3.84)

Lcos(9,)ck,

S

1
2—1 = k_Sin(¢s)Cks ) (385)

S

kissin(ksls)

and cks(t) = cos(ksls) — 1. The matrix Ay in (3.83) transforms the coor-
dinates of a point defined in the coordinate frame Fy at the end of the
st curved section to the coordinate frame F,_; defined at the end of the
(s — 1) section. In the above equations, RS, € SO(3) and ¢, € R?
define, respectively, the rotation matrix and translation vector between the
frames Fs and Fs_q. Thus, for the entire robot with four sections, the

homogeneous transformation matrix can be calculated as
Ty = Aj A Az Ay, (3.86)

From (3.86) the end-effector position and orientation in the task-space of
the robot, denoted by p(t) € R, can be written as

x = f(a), (3.87)

where f(g) € RS denotes the forward kinematics, and ¢(t) € R® denotes
the joint space variables for the robot defined as

T

at)=[é1 ki ¢y ks ¢35 ks ¢y ka |, (3.88)

where ¢,(t) and k;(t) are the out-of-plane rotation and the curvature, re-
spectively, for the i*" section.
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Based on (3.87), a differential relationship between the end-effector po-
sition and the joint space variables can be defined as [68]

x =J(2)4, (3.89)

where J(q) = ag—(j)

denotes the joint space velocity vector. Note here that the determination

€ R5*® is called a Jacobian matrix, and ¢(¢) € R®

of the Jacobian matrix requires knowledge of the joint space vector ¢(t). In
the following section, we describe how ¢(t) can be constructed from images
of feature points along the manipulator as obtained from the fixed camera.

3.4.2  Joint Variables Extraction

The development in Section 3.2 can now be used to relate the feedback from
the video camera to the Euclidean coordinates of the sections of the robot.
An inertial coordinate system Z is defined with an origin that coincides with
the center of the fixed camera (see Figure 3.22). For the sake of simplicity,
the origin of the inertial frame 7 is also assumed to coincide with the origin
of the robot base frame. At the end of s*" section of the robot, consider a
transverse plane 7, defined by four non-collinear target points denoted by
Og; Vi =1,2,3,4 such that the origin of the previously defined coordinate
system F; lies in ms. Also consider a fixed transverse plane denoted by 7%
with four non-collinear target points denoted by O}, Vi = 1,2,3,4, and a
coordinate system F, which are defined when the end of the s section
is at a reference position and orientation relative to the fixed camera (i.e.,
7%’s and F}’s are defined by a reference image of the robot). This reference
image doesn’t necessarily represent the desired position to which we want
to regulate the end-effector of the robot. The 3D coordinates of the target
points Og;, O%;, denoted by mg;(t), m?; € R® in 7, and 7%,
can be expressed in the inertial coordinate system Z as in (3.1). The points
Os; and OF; represent the same features at different geometric locations,
and when expressed in the object reference frames F, and F;, they have
the same coordinates. Likewise, the normalized coordinates, denoted by
msi(t), m* € R® in mg and 7%, respectively, can be defined as in (3.7)
and (3.9). The pixel coordinates expressed in terms of Z are denoted by

Usi (1), vs; (t) € Rand u¥;, v¥; € R, and are respectively defined as elements

respectively,

of psi(t),p:; € R® as in (3.13), where the pixel coordinates are related to
their normalized Euclidean coordinates by the pinhole camera model given
in (3.14).

To develop a relationship between the coordinate system Z and the co-
ordinate system F, defined at the end of the s** section of the robot,
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FIGURE 3.22. Coordinate Frame Relationships.

the rotation matrix between F, and 7 is defined as Rs(t) € SO(3), and
x4(t) € R3 as the translation vector between F, and Z for s = 1,2,3,4.
Similarly, let =% € R®be a constant translation vector between F: and Z,

and R: € SO(3) be the constant rotation matrix between F and Z. The
constant rotation matrix R is assumed to be known, since the robot can
be set to a known reference configuration, or that the constant rotation
can be obtained a priori using various methods such as a second camera
or calibrated Euclidean measurements. As also illustrated in Figure 3.22,
n} € R3denotes a constant normal to the reference plane 7% expressed in
the coordinates of Z, and the constant distance d¥ € R from Z to plane
7% along the unit normal as in (3.2). By using the fact that Oy; and OF;
represent the same feature point at different geometric locations and the
geometry between the coordinate frames Fs, F; and Z depicted in Figure

3.22; the following relationships can be developed

msi = Ty + RsOsi (390)
mt, = @+ RO, (3.91)

After solving (3.91) for Og; and substituting the resulting expression into
(3.90), the following relationships can be obtained

Mei = Ts + R (3.92)

S%9

where R (t) € SO (3) and Z; (t) € R? are the new rotational and transla-
tional variables, respectively, defined as

Ry =R, (R)"  Z,=ux,— Ry’ (3.93)
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After utilizing (3.2), the relationship in (3.92) can be expressed as in (3.10)
as . -

Mg = Zsi (Rs + x—inzT) mk;,

Zsi d; (3.94)

Ag; Hs

where ag;(t) € R is the depth ratio, and H,(t) € R3*3 denotes the Eu-
clidean homography between the coordinate systems F; and F;. The rela-
tionships in (3.14) can be used to rewrite (3.94) in terms of the projective
homography as in (3.16).

By utilizing the methods described in Section 3.2 (see also [47, 116]),
H, (t) can be decomposed into rotational and translational components as
in (3.94). Specifically, the rotation matrix R; () can be computed from the
decomposition of H(t). The rotation matrix Rs(t), defining the orientation
of the end of the s section of the robot relative to the camera fixed frame
T, can then be computed from R (t) by using (3.93) and the fact that
R} is known a priori. Since Rs(t) is a rotation matrix between Z and
Fs, it can be viewed as a composition of two rotational transformations;
a rotational transformation from frame Z to Fs;_; followed by a second
rotational transformation from Fs_; to Fs. Hence, RS_(t) in (3.84) can
be progressively computed (i.e., the rotation matrix from one section of the
robot to the next) as [105]

1= (Re)'Ry VWs=1,2,3,4. (3.95)

From (3.83), the joint space variables for the s section can hence be
determined as

1
T cos ' ([RS_]33)

6, = sin ! (%) , (3.96)

ks

where [; € R is the known arc length of the section and the notation []zy
denotes a matrix element at row x and column y. With the knowledge
of all the joint variables g(t) as computed from (3.96), T of (3.86), and
consequently, the Jacobian J(g) of (3.89) can be calculated online.

3.4.8 Task-Space Kinematic Controller

The control objective is the regulation of the end-effector of the manipula-
tor to a desired position and orientation denoted by x, € R®. This desired
configuration of the robot may be available as an image, and the technique
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described in the previous sections may be applied to compute x,. The mis-
match between the desired and actual end-effector Cartesian coordinates
is the task-space position error, denoted by e(t) € R®, as

e X — Xg- (3.97)

Utilizing the velocity kinematics in (3.89), and the fact that x; = 0, the
open loop error dynamics for e(t) can be expressed as

¢ = Jg. (3.98)
The kinematic control input ¢(¢) can be designed [115] as
q=—J" e+ (Is = J"J)g, (3.99)

where 3 € R%%6 is a diagonal, positive definite gain matrix, I,, € R"*"
denotes the n x n identity matrix, and J*(g) denotes the pseudo-inverse
[6] of J(q), defined as

JHEJTgIT (3.100)

In (3.99), g(t) € R® is a bounded auxiliary signal that is constructed accord-
ing to a sub-task control objective such as obstacle avoidance. For example,
if the joint-space configuration that avoids an obstacle in the manipulator’s
work-space is known to be ¢, then g(¢) can be designed as

9=(ar —q), (3.101)

where v € R is a positive gain constant. In designing ¢ (t) as in (3.99), an
inherent assumption is that the minimum singular value of the Jacobian,
denoted by o,,, is greater than a known small positive constant § > 0,
such that maz {||J*(¢)||} is known a priori, and all kinematic singularities
are avoided. Note that J*(q) satisfies the following equalities

JJt = 1, (3.102)
J(Ig—JTJ) = 0. (3.103)

Substituting the control input of (3.99) into (3.98) yields
é = —fe, (3.104)

where (3.102) and (3.103) have been used. Hence, e(t) is bounded by the
following exponentially decreasing envelope

le@)]l < [le(0)[| exp(=At), (3.105)

where A € R is the minimum eigenvalue of f3.

© 2010 by Taylor and Francis Group, LLC



76 3. Vision-Based Systems

From (3.97) and (3.105), it is clear that x(t) € Loo. Based on the assump-
tion that kinematic singularities are avoided, J(t) is always defined and
bounded. Hence, the control input ¢(t) is bounded since J(gq) is bounded
for all possible ¢(t), and g(¢) is bounded by assumption. We make the as-
sumption that if x(t) € Lo, then ¢(t) € Loo. From (3.98), é(t), x(t) € L.

3.4.4 Sitmulations and Discussion

The primary contribution in this section is the development of a vision-
based technique for the measurement of shape of a continuum robot, given
the expressions for the forward kinematics. For the sake of demonstration,
a simple task-space kinematic controller is formulated as

jg=—J"ge. (3.106)

Substituting (3.106) into the error dynamics of (3.98) results in the same
exponential stability result as (3.105), except that A is now the minimum
eigenvalue of JJ” 3. The desired task-space position of the end-effector was
selected as

]T

X¢=[030 001 0769 0.0 04 0.0 (3.107)

The initial configuration of the manipulator, denoted by ¢(to) was selected
as

q(to) =001 01 001 0.1 0.01 01 001 0.1 }T, (3.108)

which is close to the relaxed configuration of the manipulator where all
sections lie extended along the principal axis. The diagonal elements of
feedback gain matrix S were set to 30. Based on calibration parameters
from an actual camera, the internal camera calibration matrix A was set

to
1268.16 0 257.49
A=10 1267.51 253.10 | . (3.109)
0 0 1

The reference image of the robot was constructed from a configuration
where the robot is fully extended along its backbone. The position error
and joint variable trajectories from the resulting simulations are shown in
Figures 3.23 and 3.24.

In a physical implementation, multiple cameras at known positions rel-
ative to the base frame of the robot will be required to successfully track
all visual markers on the robot and avoid problems of occlusion. Utilizing
the technique in this section, it is possible to accomplish more than just
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end-effector regulation. Since all joint variables are recovered from process-
ing the images, a joint level controller may also be implemented which will
enable complete shape control of the robot (i.e., the manipulator may be
servoed to any desired shape given an image of the manipulator at that
configuration). The result may be further extended to shape tracking, if a
video sequence of the desired trajectory of the robot body is available.

3.5 Mobile Robot Regulation and Tracking

A monocular camera-based vision system attached to a mobile robot (i.e.,
the camera-in-hand configuration) is considered in this section. By compar-
ing corresponding target points of an object from two different camera im-
ages, geometric relationships are exploited to derive a transformation that
relates the actual position and orientation of the mobile robot to a reference
position and orientation for the regulation problem. For the tracking prob-
lem, a prerecorded image sequence (e.g., a video) of three target points is
used to define a desired trajectory for the mobile robot. By comparing the
target points from a stationary reference image with the corresponding tar-
get points in the live image (for the regulation problem) and also with the
prerecorded sequence of images (for the tracking problem), projective ge-
ometric relationships are exploited to construct Euclidean homographies.
The information obtained by decomposing the Euclidean homography is
used to develop kinematic controllers. A Lyapunov-based analysis is used
to develop an adaptive update law to actively compensate for the lack of
depth information required for the translation error system. Experimental
results are provided to illustrate the performance of the controller.

Va / x*
Current Position

& Orientation Reference Position
& Orientation

FIGURE 3.25. Mobile Robot Coordinate Systems.
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3.5.1 Regulation Control

The objective of this section is to regulate the position/orientation of a
mobile robot based on image-feedback of a fixed target. As illustrated in
Figure 3.25, the origin of the orthogonal coordinate system F attached to
the camera is coincident with the center of mass of the mobile robot. As also
illustrated in Figure 3.25, the xy-axes of F define the mobile robot plane of
motion where the x-axis of F is aligned with the front of the mobile robot,
and the y-axis is parallel to the wheel axis. The z-axis of F is perpendicular
to the mobile robot plane of motion and is located at the center of the wheel
axis. The linear velocity of the mobile robot along the x-axis is denoted by
v.(t), and the angular velocity w.(t) is about the z-axis. In addition to F,
another fixed orthogonal coordinate system, denoted by F*, is defined to
represent the desired fixed position and orientation of the camera relative
to a target. Hence, the goal is to develop a controller that will regulate the
position and orientation of F to F*.

Camera Model

A target viewed by a camera attached to the mobile robot is assumed to be
distinguished by three points O;, i = 1,2, 3 that compose a plane, denoted
by 7. The Euclidean position of point O; expressed in the coordinate frames
F and F* is denoted by m;(t), m; € R3, respectively, and is defined as in
(3.1) (see Figure 3.26). The normalized position vectors are defined as

T _mui(t) a [ 1 yz(t) Zz(t) :|T

. s . LT vz "
mi:[lmiy miz]* {137_1*;:(]7

(3.110)
where the standard assumption is made that x; (¢) and x} are positive [85]
(i.e., the target is always in front of the camera). In addition to the nor-
malized Euclidean position, each point has an image-space representation,
denoted by p;(t), p; € R3

T N

21w v ]" pra[1 w o]

(3.111)
where w;(t), v;(t) € R denote the pixel coordinates of the point O;. The
image-space coordinates given in (3.111) are related to the normalized co-
ordinates given in (3.110) by the pinhole camera model given in (3.14).
Since the camera is assumed to be calibrated (i.e., the matrix A is assumed
to be known), m;(t) and m} can be calculated using (3.14) from the known
camera pixel-space vectors p;(t) and p}.
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n*

R(0)

FIGURE 3.26. Geometric Relationship of the Mobile Robot System

In Figure 3.26, 0(t) € R is the angle between the axes * and z, the unit
vectors n(t), n* € R are normal to the plane 7 expressed in F and F*,
respectively, and d(t), d* € R are the unknown, positive distances from the
origin of F and F* to the plane 7 along n and n*, respectively. Based on
Figure 3.26, the following relationship can be determined

in; = Rinf +q . (3.112)

In (3.112), R(t) € SO(3) denotes the rotation matrix from F* to F as

cos(f) —sin(d) 0
R= | sin(@) cos(d) 0 |, (3.113)
0 0 1

and ¢(t) € R? is the translation vector from F to F* given by
T
q(t) = [ ¢:(t) qy(t) O] (3.114)

Since d* is the projection of m} along n*, the relationship given in (3.2)
can be used to write (3.112) as

m; = Him? (3.115)

where the Euclidean homography H (t) € R3*3 is defined as

«T

an

H:R :
+

(3.116)
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By using (3.113)-(3.116), the Euclidean homography can be rewritten as

* mn* n *
cos 6 + qz;z’ —sinf + qd’iy %
H=[Hp]= | g4 B0 cosf 4 1" @n: |, (3.117)
dr d* d*
0 0 1
where n* = [n} n nj}T By examining the terms in (3.117), it is clear

that H(t) contains signals that are not directly obtained from the vision
system (e.g., 6(t), q(t), and d* are not directly available from the camera
image). However, the six unknown elements of H;,(t) Vj = 1,2, k=1,2,3
can be determined indirectly from the image coordinates by solving a set of
linear equations. Specifically, by using the definition given in (3.110), the
expression given in (3.115) can be rewritten as

m; = (ar_z> Hm},
£
(3.118)
Qg

where «;(t) € R denotes a depth ratio. By expanding (3.118), the following
expressions can be obtained

1 = (673 (Hll + ngm;‘y + ngmfz) (3119)
miy = o (Hy + Hagmj, + Hazmj,) (3.120)
Miz = Qimg,. (3.121)

Given that (3.119)—(3.121) will be generated for each of the three target
points, a total of nine independent equations will result. Given the nine
independent equations, the nine unknown parameters (i.e., H;,(t) Vj =
1,2, k=1,2,3 and o;(t) Vi = 1,2, 3) can be determined. Based on the fact
that the elements of the homography matrix and the depth ratio can be
determined, the methods described in Section 3.2 (see also [47, 116]) can be

t *
used to decompose H (t) to obtain R(t), a;(t), and atin” hence, 0(t) and

a;(t) can be calculated and used in the subsequent control development.
To compute 6(t) from R(t) the following expression can be utilized [105]

0 = cos™! <% (tr (R) — 1)) ;

where
0<0() <m.
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In practice, caution has to be given to determine a unique solution for ()
from the homography decomposition. To determine the unique solution
for 6(¢t) from the set of possible solutions generated by the homography
decomposition, a best-guess estimate of the constant normal n* can be
selected from the physical relationship between the camera and the plane
defined by the object feature points. Of the possible solutions generated for
n* by the decomposition algorithm, the solution that yields the minimum
norm difference with the initial best-guess can be determined as the correct
solution. The solution that most closely matches the best-guess estimate
can then be used to determine the correct solutions for 6(¢). The robustness
of the system is not affected by the a priori best-guess estimate of n* since
the estimate is only used to resolve the ambiguity in the solutions generated
by the decomposition algorithm.

Problem Formulation

The control objective is to ensure that the coordinate frame attached to the
mobile robot is regulated to the fixed coordinate frame F*. This objective
is naturally defined in terms of the Euclidean position/orientation of the
mobile robot. Yet, the position and orientation of the mobile robot is not
required to be known; rather, only relative translation and orientation in-
formation between two corresponding images is required to be computed as
previously described. The two required images consist of the current image
and an a priori acquired image (i.e., the desired image). The requirement
for an a priori desired image of a target is mild. For example, a mobile
robot could be guided (e.g., via a teach pendent) to a desired relative posi-
tion and orientation with respect to a (indoor or outdoor) target where the
desired image is then taken. For future tasks, the mobile robot can compare
the current image to the previously acquired image to autonomously return
to the desired relative position and orientation, based on the subsequent
control development.

To quantify the control objective in terms of the Euclidean position and
orientation, the translation error between F and F*, denoted by e;(t) € R?,
can be written for any target point O;, i = 1,2,3 as

][5 ] e
ety ay Ys sin (0)  cos(0) Yy

where (3.112)—(3.114) have been used. The orientation error between F
and F*, denoted by e, (t) € R, can be written as

eo(t) 2 0(t), (3.123)
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where 6 was defined in (3.113). Based on the definitions of (3.122) and
(3.123), the control objective is to regulate e:(t) and e,(t) to zero. The
open-loop error system for e;(t) and e,(t) can be determined by taking the
time derivative of (3.122) and (3.123) and then utilizing the fact that the
time derivative of the Euclidean position given in (3.1) can be determined
as [34, 85]

Mmi = —v —w X My, (3.124)

where v(t),w(t) € R denote the linear and angular velocity of the mobile
robot expressed in F as
1" w®2[0 0 w® ] =0 0 —b@)]"
(3.125)

respectively. From the expression given in (3.1), (3.124) and (3.125), the

v(t) £ [ v(t) 0 0

Euclidean mobile robot velocity can be written in terms of the linear and
angular velocity as
*’ti = —Vc + YiWe
Ui = —TiWe.

After utilizing (3.122), (3.125), and (3.126) the open-loop error system can
be obtained as

(3.126)

€ty = —Vc + WeCty
éty = —WcEty (3127)
o = —We.

Control Development

The structure of the resulting open-loop error system developed in (3.127)
has been extensively examined in mobile robot control literature. However,
unlike the typical mobile robot control problem, the Euclidean translation
error signals e;,(t) and ey, (t) are unmeasurable, and hence, new analytical
development is required. To address this issue, an adaptive controller is
developed in this section that actively compensates for the unknown depth
information through a gradient-based adaptive update law.

To facilitate the subsequent control design, a composite translation and
rotation error signal, denoted by 7(t) € R3, is defined as

r2[n o no]=| e - 2] e

By utilizing the relationship introduced in (3.122), the following expressions
can be developed for ro(t) and r3(t)

ry = — {i — cos (0) + my, sin (0)} (3.129)

Q;
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r3 = imiy — sin (0) —m;, cos (0)] . (3.130)
From the expressions given in (3.128)-(3.130), it is clear that r(t), r2(t),
and r3(t) can be computed from (3.119)-(3.121) and the decomposition of
the homography matrix. After taking the time derivative of (3.128) and
utilizing (3.127), the resulting simplified open-loop dynamics for r(t) can
be determined as

Fo= we (3.131)
’77;2 = Ve — YWT3
r3 = Wel2,

where (3.128) has been utilized, and v € R denotes the following positive
constant

v & . (3.132)

To further facilitate the subsequent control design and analysis, an auxiliary
signal n(t) € R is designed as

n =1y — r3sin(t), (3.133)

where the following open-loop dynamics for n(¢) can be determined by using
(3.131)

Y = Ve — Yr3we — ¥ Sin () were — yr3 cos (t). (3.134)

Based on the open-loop dynamics of (3.131), (3.134), and the subse-
quently stability analysis, an adaptive kinematic controller can be designed
as

Ve = —kon 4+ Ars cos () + Aw,rs (3.135)

We = _kl (Tl + X), (3136)

where k1, k2 € R denote positive control gains, and x(¢) € R is an auxiliary
signal defined as

X = (n+rgsin(t)) (r3 — nsin (¢)). (3.137)

In (3.135), 4(t) € R denotes a dynamic estimate of v generated by the
following differential expression

';y =T (—rgncos (t) —wenrs), (3.138)
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where I' € R denotes a positive adaptation gain. After substituting the
control inputs given in (3.135) and (3.136) into (3.131) and (3.134), respec-
tively, the following closed-loop error system is obtained

= k) (3130
7 = —kan — 7 (rgcos(t) + wers) + ykira sin (¢) (r1 + x)
73 = —kira(r1+Xx),

where 4(t) € R denotes the following parameter estimation error
F=v-4. (3.140)
Stability Analysis

Theorem 3.2 The control law given in (5.185) and (5.156) ensures that
the position and orientation of the mobile robot coordinate frame F is reg-
ulated to the desired position/orientation described by F* in the sense that

tlim er(t), eo(t) = 0. (3.141)
Proof. To prove (3.141), a non-negative function V (¢) is defined as
1 1
Ve 37 (r?+n*+73) + §F*1a2. (3.142)

After taking the time derivative of (3.142) and substituting for the closed-
loop system of (3.139), the following expression is obtained
V. = —kiyri (r1+x) — kiyrars (r 4+ x) — T794 (3.143)
+n[—kan — 7 (15 cos (t) + wers) + ykira sin (¢) (r1 + x)].
Substituting (3.138) into (3.143) and cancelling common terms yields
V= —kon® — vk (r1 +x)° (3.144)

where (3.133) and (3.137) have been used. From (3.142) and (3.144), 1 (¢),
r3(t), n(t), &t ) € Lo and n(t), [r1(t) + x(t)] € L2. Based on the previous
facts, (3.133)—(3.137), (3.139), and (3.140) can be used to determine that
x(t), a(t), we(t), ve(t), r2(t), 71(t), 73(t), 7(t) € L. Based on the facts
that 7 (¢), r2(t), r3(t) € Lo and that x} is a positive constant, (3.128)
can be used to prove that e, (1), et (1), ety( ) € L. The expressions in
(3. 138) and (3.140) can be used to prove that 7( ) ( ) € L. Since 73(¢)

and 'y( ) € Loo, then 73(¢), 4(¢) are uniformly continuous (UC). After tak-
ing the time derivative of (3.137), the following expression can be obtained

X = (f+r3sin(t) 4+ rzcos(t)) (rs — nsin(t)) (3.145)
+ (n+rgsin (t)) (f3 — Nsin (t) — ncos ().
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From the previous facts and (3.145), x(t) € L. Based on the facts that

n(t), (), [r1(t) + x(@)], [F1(2) + X(#)] € Loo and that 7(t), [r1(t) + x(8)] €
Lo, Barbalat’s lemma [102] can be employed to conclude that

lim n(¢), [r1(t) + x(t)] = 0. (3.146)

t—oo

The result in (3.146) can be used in conjunction with the closed-loop dy-
namics for 1 (¢) and r3(t) given in (3.139) and the control input of (3.136),
to determine that

lim 71 (), we(t), #5(t) = 0. (3.147)

t—o0

By utilizing (3.136), the second equation of (3.139) can be rewritten as
v = [—kan — Awers — yra sin () we] — Yrs cos (¢) . (3.148)

The results in (3.146) and (3.147) can be used to determine that the brack-
eted term of (3.148) goes to zero as t — oo; therefore, since a(t), r3(t) are
UC and 7n(t) has a finite limit as ¢ — oo, the Extended Barbalat’s Lemma
(see Lemma A.2 of Appendix A) can be invoked to prove that

lim #(t) = 0. (3.149)

t—oo

After taking the time derivative of [rq(¢) 4+ x(t)], substituting (3.139) and
(3.145) for 7 (t) and x(t), respectively, the following resulting expression
can be obtained

% [r1(8) + X(B)] = [k (r1 + X) + 9(8)] + 12 cos(t), (3.150)

where the auxiliary signal ¥(¢) € R is defined as

V() 2 (n+rasin(t)) (73 — fsin (£) — neos (t)) + r3 (13 sin (£)

. . A 3.151
+7n) — nsin (¢) (7 + f3sin () + r3cos (¢)) . ( )
Based on (3.146), (3.147), and (3.149), it can be shown that

lim 9(t) = 0. (3.152)

t—o0

From (3.146) and (3.152), the bracketed term of (3.150) also goes to zero
as t — o0o. Since r3(t) is UC and [ri(t) + x(t)] has a finite limit as t — oo,
the Extended Barbalat’s Lemma (see Lemma A.2 of Appendix A) can be
utilized to conclude that

lim 73 cos(t) = 0. (3.153)

t—oo
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The result in (3.153) implies that

lim 75(t) = 0. (3.154)
Based on the previous facts, (3.137) and (3.146) can now be utilized to
prove that

lim r(t) = 0. (3.155)

t—o00

By utilizing (3.146), (3.154), (3.155) and the definitions introduced in
(3.128) and (3.133), the result in (3.141) can be obtained. Specifically, given
that

lim 74 (t)’ TS(t)’ U(t) =0,

t—o0

then it can be determined that

lim e;(t),e,(t) =0. W

t—oo

Experimental Verification

FIGURE 3.27. Mobile Robot Testbed.

The testbed depicted in Figure 3.27 was constructed to implement the
adaptive regulation controller given by (3.135), (3.136), and (3.138). The
mobile robot testbed consists of the following components: a modified K2A
mobile robot (with an inclusive Pentium 133 MHz personal computer (PC))
manufactured by Cybermotion Inc., a Dalsa CAD-6 camera that captures
955 frames per second with 8-bit gray scale at a 260x260 resolution, a
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Road Runner Model 24 video capture board, and two Pentium-based PCs.
In addition to the mobile robot modifications described in detail in [38],
additional modifications particular to this experiment included mounting
a camera and the associated image processing Pentium IV 800 MHz PC
(operating under QNX, a real-time micro-kernel based operating system) on
the top of the mobile robot as depicted in Figure 3.27. The internal mobile
robot computer (also operating under QNX) hosts the control algorithm
that was written in “C/C++,” and implemented using Qmotor 3.0 [76]. In
addition to the image processing PC, a second PC (operating under the
MS Windows 2000 operating system) was used to remotely log in to the
internal mobile robot PC via the QNX Phindows application. The remote
PC was used to access the graphical user interface of Qmotor for execution
of the control program, gain adjustment, and data management, plotting,
and storage. Light-emitting diodes (LEDs) were rigidly attached to a rigid
structure that was used as the target, where the intensity of the LEDs
contrasted sharply with the background. Due to the contrast in intensity,
a simple thresholding algorithm was used to determine the coordinates of
each LED.

The mobile robot is controlled by a torque input applied to the drive and
steer motors. As subsequently described, to facilitate a torque controller the
actual linear and angular velocity of the mobile robot is required. To ac-
quire these signals a backwards difference algorithm was applied to the
drive and steering motor encoders. Encoder data acquisition and the con-
trol implementation were performed at a frequency of 1.0kHz using the
Quanser MultiQ I/O board. For simplicity the electrical and mechanical
dynamics of the system were not incorporated in the control design (i.e.,
the emphasis of this experiment is to illustrate the visual servo controller).
However, since the developed kinematic controller is differentiable, stan-
dard backstepping techniques could be used to incorporate the mechanical
and electrical dynamics. See [37] and [38] for several examples that incor-
porate the mechanical dynamics. Permanent magnet DC motors provide
steering and drive actuation through a 106:1 and a 96:1 gear coupling, re-
spectively. The dynamics for the modified K2A mobile robot are given as

follows
me 0 1.}1
.1
Brnllal o e

where 71(t), 72(t) € R denote the drive and steering motor torques, re-
spectively, m, = 165 [kg] denotes the mass of the robot, I, = 4.643 [kg-m?]
denotes the inertia of the robot, r, = 0.010 [m] denotes the radius of the
wheels, and L, = 0.667 [m] denotes the length of the axis between the
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wheels. Using the Camera Calibration Toolbox for MATLAB (Zhengyou
Zhang’s data) [5] the intrinsic calibration parameters of the camera were
determined. The pixel coordinates of the principal point (i.e., the image
center that is defined as the frame buffer coordinates of the intersection of
the optical axis with the image plane) were determined to be ug = vy = 130
[pixels], the focal length and camera scaling factors were determined to be
fky = 1229.72 [pixels] and fk, = 1235.29 [pixels].

Based on (3.128)—(3.130), (3.133), (3.135), (3.136), and (3.138), the sig-
nals required to implement the controller include mj,, ai(t), 6(t), and
miy(t). As previously described, to obtain these signals, an image is re-
quired to be obtained at the desired relative position and orientation of the
camera with respect to a target. As also previously described, the subscript
i =1, is used to indicate that the signal corresponds to the first target point
(without loss of generality). The mobile robot was driven by a joystick to
a desired position and orientation relative to the target, the desired im-
age was acquired, and the coordinates of the target features were saved on
the image processing PC. From the coordinates of the target features and
knowledge of the intrinsic calibration parameters, (3.15) was used to de-
termine mj,. The constant value for mj, was included in the control code
hosted by the internal mobile robot PC.

After obtaining the desired image, the mobile robot was driven away from
the target by a joystick approximately 6 [m] along the x-axis, with some
small offset along the y-axis, and with approximately 34 [deg] of orientation
error. Before the control program was executed, the image processing PC
was set to acquire the live camera images at 955 frames/sec, to determine
the pixel coordinates of the target points, to construct and decompose the
homography, and to transmit the signals oy (t), 6(t), and m,(t) that are
computed from the homography decomposition via a server program over
a dedicated 100Mb/sec network connection to the internal mobile robot
computer. A camera with an image capture rate of 955 frames/sec is not
required for the experiment. The high speed camera was utilized to enable
a higher closed-loop control frequency.

A client program was executed on the internal mobile robot computer
to receive av(t), 0(t), and mq,(t) from the server program and write the
information into a shared memory location. When the control program
was executed, the values for o (t), 0(t), and m1,(t) were acquired from the
shared memory location (rather than directly from the network connection
to maintain a near deterministic response and for program stability). The
values for mj,, ai(t), 0(t), and my,(t) were utilized to determine (¢) and
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n(t) as described by (3.128)—(3.130) and (3.133), and to compute the control
signals.
To execute a torque level controller, a feedback loop was implemented as

7= Kui), (3.157)

where 7 =[71(t), T2(t)]T € R? denotes a vector of the drive and steering
motor torques, respectively, K;, € R?*2 is a diagonal scaling term, and
7(t) € R? is a velocity mismatch signal defined as

7_7:[1)5 wc]Tf[va Wa }T, (3.158)

where v.(t) and w.(t) denote the linear and angular velocity inputs com-
puted in (3.135) and (3.136), and v, (t) and w,(t) denote actual linear and
angular velocity of the mobile robot computed from the time derivative of
the motor encoders.

The control and adaptation gains were adjusted to reduce the posi-
tion/orientation error with the initial adaptive estimate set to zero. In
practice, the adaptive estimate would be initialized to a best-guess value.
In this experiment, the adaptive estimate was initialized to zero to illus-
trate the ability of the estimate to converge in the presence of a large initial
error. The final feedback and adaptation gain values were recorded as

ki =55.35, ky=21.25, T =015, K, =diag{8, 0.185}.

The resulting orientation error is provided in Figure 3.28, and the unitless
planar position regulation errors s (t) and r3 (t), are depicted in Figure
3.29. Figure 3.30 illustrates that the adaptive estimate for the depth pa-
rameter d* approaches a constant. From Figures 3.28 and 3.29, it is clear
that some steady state errors exist in the orientation and the translation
along the lateral mobile robot axis, previously defined as e,(t) and ey (t),
respectively. The steady-state error in e,(t) is due, in large part, to the fact
that as the mobile robot approaches the target, changes in the image-space
orientation are magnified (i.e., a one pixel difference from a far distance
has less orientation error than a one pixel difference at a close distance).
The steady-state error in e,(t) is propagated in e, (t). That is, the lateral
position of the mobile robot is directly influenced by the orientation error.
The computed unitless depth ratio v, (t) is provided in Figure 3.31. The
control torque inputs at the wheels of the mobile robot (i.e., after the 106:1
and 96:1 gear coupling) that is applied by the steer and drive motors is
depicted in Figure 3.32.
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FIGURE 3.28. Orientation Error, e,(t) = r1(t).
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FIGURE 3.29. Position Error, r2(t) and r3(t).
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FIGURE 3.30. Adaptive Estimate.
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FIGURE 3.31. Computed Depth Ratio.
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FIGURE 3.32. Computed Torque Inputs.

3.5.2  Tracking Control

The tracking problem can be described as in Figure 3.25 with the addition
of a desired “phantom” robot as illustrated in Figure 3.33. The phantom
robot is used to generate a prerecorded desired time-varying trajectory of
Fq that is assumed to be second-order differentiable. The desired trajec-
tory is obtained from a prerecorded set of images of a stationary target
viewed by the on-board camera as the mobile robot moves. For example,
the desired mobile robot motion could be obtained as an operator drives
the robot via a teach pendant, with the on-board camera capturing and
storing the sequence of images of the stationary target. For this scenario,
the fixed orthogonal coordinate system, denoted by F*, enables the current
and desired image trajectories to be compared to a constant reference im-
age. The use of a constant reference image also facilitates the development
of a constant parameter that can be related to the time-varying depth from
the mobile robot to the target. Relating the time-varying depth information
to a depth related parameter facilitates adaptive control methods. Based
on the definition of these coordinate frames, the goal in this section is to
develop a homography-based visual servo controller that will force F to
track the position and orientation trajectory provided by Fj .

From a practical standpoint, numerous applications can be represented
by the described problem formulation. For example, the mobile robot could
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FIGURE 3.33. Mobile Robot Coordinate Systems.

be navigated via a teach pendant, while the camera records a desired set
of images that represent the trajectory of the mobile robot relative to the
target. Then in subsequent tasks, the mobile robot will be able to track
the same relative trajectory independent of the possibility that the target
has moved between the time the image sequence was recorded and the
autonomous task execution. A simple practical example is if the mobile
robot is taught a path (via the set of images) to a docking station to
recharge the batteries. The mobile robot will be able to track this path to
achieve successful docking with the charging station even if the station has
been moved from the original location (or likewise, if the initial position
and orientation of the mobile robot is different), provided obstacles have
not been placed in the path of the mobile robot that would inhibit the
mobile robot trajectory. See [101] for further discussion and motivation for
the problem formulation.

Geometric Model

In this section, geometric relationships are developed between the coordi-
nate systems F, Fy, and F*, and a reference plane 7 that is defined by
three target points O; Vi = 1, 2, 3 that are not collinear. The 3D Euclidean
coordinates of O; expressed in terms of F, Fy, and F* as m; (t), ma; (t),
m; € R3, respectively, are defined as in (3.1). The rotation from F* to F
is denoted by R (t) € SO(3), and the translation from F to F* is denoted
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by zf(t) € R? where x (t) is expressed in F. Similarly, Ry4(t) € SO(3)
denotes the desired time-varying rotation from F* to Fy, and zf4(t) € R3
denotes the desired translation from Fy to F* where x4 (t) is expressed
in Fy. Since the motion of the mobile robot is constrained to the xy-plane,
x¢ (t) and zfq(t) are defined as

B (3.159)

zr(t) £ [azp wp2 0O
T
wpa(t) £ [ w1 xpaz O ]
From the geometry between the coordinate frames depicted in Figure 3.34,
m; can be related to m;(t) and mg;(t) as

m; = x5+ Rm; Mai = Tfqa + Ram; . (3.160)

In (3.160), R (t) and R,(t) are defined as in (3.113), where 6(t) € R denotes
the right-handed rotation angle about z;(¢) that aligns the rotation of F
with F7*, and 64(t) € R denotes the right-handed rotation angle about
z4i(t) that aligns the rotation of F; with F*. From the definition of the
coordinate systems

0=-w, 04=—-weq (3.161)

where wq(t) € R denotes the desired angular velocity of the mobile robot
expressed in Fy. The rotation angles are assumed to be confined to the
following regions

—T<f(t)<m —mT<Oq(t)<m. (3.162)

Based on the definition of d* in (3.2) and the fact that n* and m* do not
change, it is clear that d* is a constant. From (3.2), the relationships in
(3.160) can be expressed as

;= (R + %n*T> e (3.163)
Mg = (Rd + Zﬂdn*T) .

Euclidean Reconstruction

The relationship given in (3.160) provides a means to quantify the trans-
lational and rotational error between F and F* and between F; and F*.
Since the position of F, Fy, and F* cannot be directly measured, this
section illustrates how the normalized Euclidean coordinates of the target
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FIGURE 3.34. Coordinate Frame Relationships.

points can be reconstructed by relating multiple images. Specifically, com-
parisons are made between an image acquired from the camera attached to
F, the reference image, and the prerecorded sequence of images that define
the trajectory of F,. To facilitate the subsequent development, the normal-
ized Euclidean coordinates of O; expressed in terms of F, Fy, and F* are
denoted by m; (t), ma; (t), m} € R3, respectively, and are explicitly defined
in (3.110). In addition to having a Euclidean coordinate, each target point
O; will also have a projected pixel coordinate denoted by w; (t),v; (£) € R
for F, uf,vf € R for F*, and ug; (t),vq4; (t) € R for Fy, that are defined
as elements of p; (t) € R? (i.e., the actual time-varying image points),
pai (t) € R? (i.e., the desired image point trajectory), and p; € R? (i.e.,
the constant reference image points), respectively, as in (3.111). The nor-
malized Euclidean coordinates of the target points are related to the image
data through the pinhole model as in (3.14).

Given that m; (), mg; (t), and m} can be obtained from (3.14), the
rotation and translation between the coordinate systems can be related in
terms of the normalized Euclidean coordinates as

m; = m—l (R4 zpn™) m}
Ti | ez (3.164)
(073 H
CL':( *T *
Ma; = 4 (Rd + Tpan ) my,
Tdi, e O (3.165)
o Hy
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where «; (t), ag; () € R denote the depth ratios, H (t), Hy(t) € R3*3
denote Euclidean homographies, and zy, (t), zpq (t) € R® denote scaled
translation vectors that are defined as
r_7Ts
==
T Tfd
Tha = [ That Thae 0] = df*

e & [ am mpe 0] (3.166)

By using (3.113) and (3.12), the Euclidean homography in (3.164) can be
rewritten as

H = [Hj (3.167)
cosf +xpiny  —sind +xping TR
= sinf 4+ zpan’  cosf + Tpany — Tpan}
0 0 1

By examining the terms in (3.167), it is clear that H (¢) contains signals that
are not directly measurable (e.g., 8(t), z1(t), and n*). By expanding H ;(t)
Vi =1,2,k=1,2,3, the expressions given in (3.119)—(3.121). Following the
development for the regulation problem, R(t), Rq(t), zn(t), and zpq(t) can
all be computed from (3.119)—(3.121) and used for the subsequent control
synthesis. Since R(t) and R,4(t) are known matrices, then (3.113) can be
used to determine 6(t) and 64(t).

Control Development

The control objective is to ensure that the coordinate frame F tracks the
time-varying trajectory of Fy (i.e., m;(t) tracks mg;(t)). This objective is
naturally defined in terms of the Euclidean position/orientation of the mo-
bile robot. Specifically, based on the previous development, the translation
and rotation tracking error, denoted by e(t) £ [ e1 ey e3 ]T € RS, is
defined as

A
€1 = Thl — Thdl

A
€2 = Th2 — Thd2 (3.168)
€3 £ 0 — oda

where xp1(t), Zpa(t), Tha1(t), and xpge(t) are introduced in (3.166), and
0(t) and 04(¢t) are introduced in (3.113). Based on the definition in (3.168),
it can be shown that the control objective is achieved if the tracking error
e(t) — 0. Specifically, it is clear from (3.12) that if e1(¢) — 0 and ex(t) — 0,
then z¢(t) — zq(t). If e3 — 0, then it is clear from (3.113) and (3.168)
that R(t) — Rq(t). If ¢(t) — xf4(t) and R(t) — Rq(t), then (3.160) can
be used to prove that m;(t) — mg;(t).
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As described in Section 3.3.1, it is typical that the desired trajectory is
used as a feedforward component in tracking control designs. As described
previously, the functions ag;(t), Hq(t), Ra(t), and xpq(t) can be obtained
from a sufficiently smooth function derived from the prerecorded sequence
of images. Given 64(t) and the time derivative of Ry(t), 84(t) can be deter-
mined. In the subsequent tracking control development, dpq1(t) and 04(t)
will be used in feedforward control terms.

Open-loop Error System

As a means to develop the open-loop tracking error system, the time deriva-
tive of the Euclidean position z (t) is determined as [85]

Tr=—v+[zf]xw, (3.169)

where v(t), w(t) € R3 denote the respective linear and angular velocity of
the mobile robot expressed in F as
T T

vE[v. 0 0] wE[0 0 we | (3.170)
and [zf], denotes the 3x3 skew-symmetric form of 2 (). After substituting
(3.166) into (3.169), the time derivative of the translation vector xy, (t) can
be written in terms of the linear and angular velocity of the mobile robot
as

dn = —% + [zn]w - (3.171)

After incorporating (3.170) into (3.171), the following expression can be
obtained

. Ue +

Thi = ——— + ThoWe

T g e (3.172)
Th2 = —Th1We,

where (3.166) was utilized. Given that the desired trajectory is generated
from a prerecorded set of images taken by the on-board camera as the
mobile robot was moving, an expression similar to (3.169) can be developed
as

1"+l [0 0 wea |7, (3.173)
where v.4(t) € R denotes the desired linear! velocity of the mobile robot
expressed in Fy. After substituting (3.166) into (3.173), the time derivative
of the translation vector x4 (t) can be written as

ifpa=—[vea 0 0

. Ved
Thdl = T + ThdoWed (3.174)
Thd2 = —ThdlWed-

INote that v.q(t) is not measurable.
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After taking the time derivative of (3.168) and utilizing (3.161) and (3.172),
the following open-loop error system can be obtained

d*é1 = —ve + d* (Thowe — Tha1)
€y = — (Thiwe + whd16d> (3.175)
é3 =—|Wwe+ ed) ;

where the definition of ez(f) given in (3.168), and the second equation of
(3.174) was utilized. To facilitate the subsequent development, the auxiliary
variable &; () € R is defined as

€9 £ €2 — Thdl1€3- (3.176)

After taking the time derivative of (3.176) and utilizing (3.175), the follow-
ing expression is obtained

ég = — (61&]0 + -'thd163) . (3177)

Based on (3.176), it is clear that if es(t), e3(t) — 0, then es(t) — 0.
Based on this observation and the open-loop dynamics given in (3.177),
the following control development is based on the desire to prove that
e1(t),es (t),es(t) are asymptotically driven to zero.

Closed-Loop Error System

Based on the open-loop error systems in (3.175) and (3.177), the linear and
angular velocity kinematic control inputs for the mobile robot are designed
as

Ve £ kyep — Eawe + d*(mhgwc — Tha1) (3.178)

we & kyes — 04 — Zpgiés, (3.179)

where k,, k, € R denote positive, constant control gains. In (3.178), the
parameter update law d*(t) € R is generated by the following differential
equation

d* = yye1(Thawe — Ehar); (3.180)
where 7; € R is a positive, constant adaptation gain. After substituting
the kinematic control signals designed in (3.178) and (3.179) into (3.175),
the following closed-loop error systems are obtained

d*é; = —kyeq + ésw,. + CZ* (:chgwc — i’hdl)
€y = — (elwc + i’hdleg) (3181)
e3 = —kye3 + Tpa1€2,
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where (3.177) was utilized, and the depth-related parameter estimation
error d*(t) € R is defined as

d 2 d —d . (3.182)

Stability Analysis

Theorem 3.3 The adaptive update law defined in (3.180) along with the
control input designed in (3.178) and (3.179) ensure that the mobile robot
tracking error e (t) is asymptotically driven to zero in the sense that

lim e(t) =0 (3.183)

t—oo

provided the time derivative of the desired trajectory satisfies the condition
lim Zp41 # 0. (3.184)
t—o0

Proof: To prove Theorem 3.3, the non-negative function V(t) € R is
defined as

1., 1_ 1 1 -,
= 74 e§+§e§+§e§+2—%d 2. (3.185)
The following simplified expression can be obtained by taking the time
derivative of (3.185), substituting the closed-loop dynamics in (3.181) into
the resulting expression, and then cancelling common terms

. ~ 1 ~ =z
V = —kye3 + erd* (zhawe — Thar) — kwes — Td*d*. (3.186)
1

Substituting (3.180) into (3.186) yields
V = —kye? — k€3 . (3.187)

From (3.185) and (3.187), it is clear that e; (), & (t), e3 (t), d*(t) € Loo and
that e; (t), ez (t) € La. Since d*(t) € Lo and d* is a constant, the expression
in (3.182) can be used to determine that d*(t) € L. From the assumption
that 2nq1(t), Thai(t), Thaz(t), O4(t), and 04(t) are constructed as bounded
functions, and the fact that és (t), e3 (t) € Lo, the expressions in (3.168),
(3.176), and (3.179) can be used to prove that es (t), zp1(t), xna(t), 0(t),
wc(t) € Loo- Based on the previous development, the expressions in (3.178),

(3.180), and (3.181) can be used to conclude that v.(t), d*(t), é1(t), & (£),
é3(t) € L. Based on the fact that eq(t), es (t), €1(t), é3(t) € Lo and that
e1(t), e (t) € Lo, Barbalat’s lemma [102] can be employed to prove that

Jim e (1), es(t) = 0. (3.188)
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From (3.188) and the fact that the signal 41 (t)é2(t) is uniformly continu-
ous (i.e., Tpa1(t), ina1(t), ea(t), €2 (t) € L), Extended Barbalat’s Lemma
(see Lemma A.2 of Appendix A) can be applied to the last equation in
(3.181) to prove that

75lim és3(t)=0 (3.189)
and that
tlim Zha1(t)ea(t) =0. (3.190)
— 00

If the desired trajectory satisfies (3.184), then (3.190) can be used to prove
that

lim &,(t) =0 . (3.191)

t—o0

Based on the definition of &5(¢) given in (3.176), the results in (3.188) and
(3.191) can be used to conclude that

lim ey(t) =0 (3.192)

t—o0
provided the condition in (3.184) is satisfied. W

Remark 3.2 The condition given in (3.184) is in terms of the time deriva-
tive of the desired translation vector. Typically, for WMR tracking prob-
lems, this assumption is expressed in terms of the desired linear and an-
gular velocity of the WMR. To this end, (3.174) can be substituted into
(8.184) to obtain the following condition

. Ved (t)
tll>rgo d*

# Thao (t)wcd(t). (3.193)

The condition in (3.193) is comparable to typical WMR tracking results that
restrict the desired linear and angular velocity. For an in-depth discussion
of this type of restriction including related previous results see [38].

Ezxperimental Results

The adaptive tracking controller given by (3.178)—(3.180) was implemented
on the same mobile robot testbed as described for the regulation problem.
To acquire the desired image trajectory, the mobile robot was driven by
a joystick while the image processing PC acquired the camera images at
955 frames/sec, determined the pixel coordinates of the feature points, and
saved the pixel data to a file. The last image was also saved as the refer-
ence image. The desired image file and the reference image were read into a
stand-alone program that computed xp4(t) and 04(t) offline. To determine
the unique solution for xp4(t) and 0,4(t) (and likewise for xp(t) and 6(¢))
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from the set of possible solutions generated by the homography decom-
position, a best-guess estimate of the constant normal n* was selected as
nf=[110 0 ]T (i.e., from the physical relationship between the cam-
era and the plane defined by the object feature points, the focal axis of the
camera mounted on the mobile robot was assumed to be roughly perpendic-
ular to 7). Of the possible solutions generated for n* by the decomposition
algorithm, the solution that yielded the minimum norm difference with the
initial best-guess was determined as the correct solution. The solution that
most closely matched the best-guess estimate was then used to determine
the correct solutions for zpq(t) and 04(¢t) (or zx(t) and 6(¢)). The robust-
ness of the system is not affected by the a priori estimate of n* since the
estimate is only used to resolve the ambiguity in the solutions generated by
the decomposition algorithm, and the n* generated by the decomposition
algorithm is used to further decompose the homography. A Butterworth
filter was applied to zpq(t) and 64(t) to reduce noise effects. A filtered
backwards difference algorithm was used to compute d,4(t) and 84(t). Fig-
ure 3.35 and Figure 3.36 depict the desired translation and rotation signals,
respectively.

Desired Translation

2 T

Xna2t)

0.9 1 1 1 1 1
0 5 10 15 20 25 30

Time [sec]

FIGURE 3.35. Desired Translation.
The desired trajectory signals 5q(t), Zna1 (t), 0a(t), and O4(t) were stored

in a file that was opened by the control algorithm and loaded into memory
when the control algorithm was loaded in Qmotor. After determining ay, (¢)
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Desired Rotation
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FIGURE 3.36. Desired Rotation.

and 0(t) from the homography decomposition, comparisons with zpq(t)
and 04(t) were made at each time instant to compute the error signal e; (¢),
€2(t), and e3(t), which were subsequently used to compute v.(t), w.(t), and

d*(t) given in (3.178)—(3.180). The torque level controller given in (3.157)
was implemented as described in the regulation experimental section.

The control gains were adjusted to reduce the position/orientation track-
ing error with the adaptation gains set to zero and the initial adaptive
estimate set to zero. After some tuning, the position/orientation tracking
error response could not be significantly improved by further adjustments
of the feedback gains. The adaptation gains were then adjusted to allow
the parameter estimation to reduce the position/orientation tracking error.
After the tuning process was completed, the final adaptation and feedback
gain values were recorded as

ky =415, k, =068, ~v=40.1, K, = diag{99.7, 23.27}.

The unitless position/orientation tracking errors e; (¢) and es (t), are de-
picted in Figure 3.37 and Figure 3.38, respectively. Figure 3.39 illustrates
that the adaptive estimate for the depth parameter d* approaches a con-
stant. Figure 3.40 illustrates the linear and angular velocity of the mobile
robot. The control torque inputs are presented in Figure 3.41 and represent
the torques applied after the gearing mechanism.
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FIGURE 3.37. Translation Error.

Rotation Error
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FIGURE 3.38. Rotation Error.
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Parameter Estimate
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FIGURE 3.39. Parameter Estimate.

Velocity Inputs
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FIGURE 3.40. Linear and Angular Velocity Control Inputs.
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Torque Inputs
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FIGURE 3.41. Drive and Steer Motor Torque Inputs.

From Figure 3.37 and Figure 3.38, it is clear that es(t) is relatively un-
changing in the first 8 seconds, whereas e; (t) and e3(t) are changing signif-
icantly. This phenomena is due to the nonholonomic nature of the vehicle.
Specifically, since there is an initial position and orientation error, the con-
troller moves the vehicle to minimize the error and align the mobile robot
with the desired image trajectory. Since the mobile robot can not move
along both axes of the Cartesian plane simultaneously while also rotating
(i.e., due to the nonholonomic motion constraints), the mobile robot ini-
tially moves to minimize e;(¢) and ez(t). Likewise, when ey(t) undergoes
change between 8 and 10 seconds, e; (¢) remains relatively unchanged. While
performing the experiment, slightly different responses were obtained each
run due to variations in the initial position and orientation of the mobile
robot and variations in the control parameters as the gains were adjusted.
With a constant set of control gains, the transient response still exhibited
some variations due to differences in the initial conditions; however, the
steady state response remained constant for each trial.

Note that e;(t) and ex(t) depicted in Figure 3.37 are unitless. From
(3.12) and (3.168), it is clear that e (t) and eq(t) are unitless because both
the translation x;(t) and the depth related constant d* have units of me-
ters. That is, zp(t) and zp4(t) are unitless translation terms computed
from the homography decomposition (note that no units are provided in
Figure 3.35). In practice, the mobile robot traversed an arc than approx-
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imately spanned a 6 X 1 meter space, with an approximate speed of 0.22
meters/second (i.e., approximately the same speed as the numerous mobile
robot experiments presented in [38]).

Based on the outcome of this experiment, several issues for future re-
search and technology integration are evident. For example, the problem
formulation has a number of practical applications in environments where
the reference object may not be stationary between each task execution.
However, the result does not address cases where an obstacle enters the
task-space and inhibits the mobile robot from tracking the prerecorded tra-
jectory. To address this issue, there is a clear need for continued research
that targets incorporating image-space path planning with the control de-
sign as in [28], [29], [50], and [87]. Additionally, the result does not address
a method to automatically reselect feature points. For example, methods to
automatically determine new feature points if they become nearly aligned,
or if a feature point leaves the field-of-view (e.g., becomes occluded), could
add robustness to the implemented control system. Of course, an ad hoc
approach of simply continuously tracking multiple redundant feature points
could be utilized, but this approach may excessively restrict the image pro-
cessing bandwidth.

3.6 Structure from Motion

In this section, an adaptive nonlinear estimator is developed to identify
the Euclidean coordinates of feature points on a moving object using a
single fixed camera. No explicit model is used to describe the movement of
the object. Homography-based techniques are used in the development of
the object kinematics, while Lyapunov design methods are utilized in the
synthesis of the adaptive estimator. An extension of this development to
the dual case of camera-in-hand is also presented. The performance of the
estimator is demonstrated by simulation and experimental results.

3.6.1 Object Kinematics

The development in this section is based on the image geometry for a
fixed camera viewing a moving target as described in Section 3.2.1. To
quantify the translation of F relative to the fixed coordinate system F*
(see Figure 3.1), a translation error e,(t) € R3 is defined in terms of the
image coordinates of the feature point O; as

1", (3.194)

evé[ulfuf vy — vy —In(ay)
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where In(-) € R denotes the natural logarithm. As stated in previous sec-
tions, any point O; on 7 could have been utilized; however, O is used to
reduce the notational complexity. The signal e, (t) is measurable, since the
first two elements of the vector are obtained from the images and the last
element is available from known signals. The translational kinematics for
the fixed-camera problem can be expressed as

by = AR [0, — [s1], we] (3.195)

*

1

where the notation [sq],, denotes the 3 x 3 skew symmetric form of s, the
unknown linear and angular velocity of the object expressed in the local
coordinate frame F are defined as v (t), we(t) € R3, respectively, and A.(t)
is introduced in (3.50). The rotation error e, (t) € R? is defined to quantify
the rotation of F relative to F*, using the axis-angle representation [105],
where the open-loop error system can be developed as in (3.46) as

éy = Lo, Rw, . (3.196)

From (3.195) and (3.196), the kinematics of the object under motion can
be expressed as
¢ = Ju (3.197)

where e(t) £ [ el el ]T ERS, v(t) £ [ o] Wl ]T € RS and J(t) €

v w
R6%6 is a Jacobian-like matrix defined as

BAR —ZARs),
J = 21 21 (3.198)
03 L, R

where 03 € R3*3 denotes a zero matrix. In the subsequent analysis, it is
assumed that a single geometric length s; € R? between two feature points
is known. With this assumption, each element of J(¢) is known with the
possible exception of the constant z] € R; however, 2} can also be computed
given s;. In the subsequent development, it is assumed that the object
never leaves the field of view of the camera; hence, e(t) € L. It is also
assumed that the object velocity, acceleration, and jerk are bounded, i.e.,
v(t),v(t), 8(t) € Loo; hence the structure of (3.197) indicates that é(t), é(t),
€(t) € Loo.

3.6.2 Identification of Velocity

In [22], an estimator was developed for online asymptotic identification of
the signal é(¢). Designating é(t) as the estimate for e(t), the estimator was
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designed as

e £ / (K + Ig)é(r)dr + / psgn (&(7)) dr

to to

+(K + I6)é(t) (3.199)

where é(t) = e(t) — é(t) € RS is the estimation error for the signal e(t),
K, p € R6%6 are positive definite constant diagonal gain matrices, I € R6*6
is the 6 x 6 identity matrix, ¢ is the initial time, and sgn(é(t)) denotes the
standard signum function applied to each element of the vector é(t). The
reader is referred to [22] and the references therein for analysis pertaining
to the development of the above estimator. In essence, it was shown in [22]
that the above estimator asymptotically identifies the signal é(¢) provided
the following inequality is satisfied for each diagonal element p; of the gain
matrix p,

pi = &+ [e;] Vi=1,2,..6. (3.200)

Hence, ¢;(t) — ¢(t) as t — 00,Vi = 1,2,..6. Since J(t) is known and
invertible, the six degree-of-freedom velocity of the moving object can be
identified as

d(t) = J~H(t)é(t), and hence §(t) — v(t) as t — oo. (3.201)

Euclidean Reconstruction of Feature Points

This Section is focused on the identification of Euclidean coordinates of the
feature points on a moving object (i.e., the vector s; relative to the object
frame F, m;(t) and m} relative to the camera frame 7 for all ¢ feature
points on the object). To facilitate the development of the estimator, the
time derivative of the extended image coordinates introduced in (3.37) are
expressed as

Pei = %AeR [ve + [we . 5i]

K3

= WVyub; (3.202)
where W;(.) € R3*3 V,,,(t) € R***and 6; € R* are defined as

Wi = OéiAeiR (3203)

Vow = [ ve [we]y | (3.204)
I

6, 2 [—* il ] . (3.205)
z; z;

The elements of W;(.) are known and bounded, and an estimate of Vi, (%),
denoted by Vi, (t), is available by appropriately re-ordering the vector 9(t)
given in (3.201).
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The objective is to identify the unknown constant 6;in (3.202). To fa-
cilitate this objective, a parameter estimation error signal, denoted by
0;(t) € R, is defined as

0;(t) £ 0; — 04(t), (3.206)

where 6;(t) € R* is a subsequently designed parameter update signal. A
measurable filter signal Wp;(¢t) € R3*4, and a non-measurable filter signal
n;(t) € R? are also introduced as

Wyi —BiWri + WiV (3.207)
i = =B + WiVoubi, (3.208)

where 3, € R is a scalar positive gain, and Vi (t) £ Vi () — Vi (t) € R3*4
is an estimation error signal.

Motivated by the subsequent stability analysis, an estimator, denoted by
Pei(t) € R3, is designed for the extended image coordinates as

f)ei = Biﬁt?i + Wfléz + Winu)éi, (3209)

where Pe;(t) £ pei(t) — Pei(t) € R denotes the measurable estimation error
signal for the extended image coordinates of the feature points. The time
derivative of this estimation error signal is computed from (3.202) and
(3.209) as

Pei = —Bibei — Wribi + WiVoui + WiV, 0;. (3.210)
From (3.208) and (3.210), it can be shown that

Pei = Wflez +n;- (3211)
Based on the subsequent analysis, the following least-squares update law
[102] is developed for 6;(¢)
0; = LiW}ipes, (3.212)
where L;(t) € R***is an estimation gain that is recursively computed as

d

E(L;l) = WiWy,. (3.213)

The subsequent analysis requires that L; 1(0) in (3.213) be positive definite.
This requirement can be easily satisfied by selecting the appropriate non-
zero initial values.
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Analysis

Theorem 3.4 The update law defined in (3.212) ensures that 0;(t) — 0
as t — oo provided that the following persistent excitation condition [102]
holds

to+T
Y1l < / WHi(T)Wii(r)dr <514 (3.214)
to
and provided that the gains B; satisfy the following inequality
By > ki + ko Wil 2 (3.215)

where to, Y1, 7o, T, k1i, koi € R are positive constants, I, € R*>** is the 4 x 4
identity matriz, and ki; is selected such that

kq; > 2. (3216)

Proof: Let V(t) € R denote a non-negative scalar function defined as

1- ~ 1
VA ianglei + 50l (3.217)
After taking the time derivative of (3.217), the following expression can be
obtained
y 1 12 sl 2 T
V. = 3 HWfiei = 0; Weimi — Byl ™ +mi WiV
Ll 5|12 ) .
< 5 ||| = Bilmall + 0ol 1Wall Vel
7 2 2
| Wl | Il = v il + s e )
2 2 2 2
Fhaoi [Will oo Imall™ — Fai [IWillSg [lmall” - (3.218)

After using the nonlinear damping argument [75], the expression in (3.218)
can be further simplified as

v os - (3-2) wel -

~ 2
va

9
o0

(8 = Fas = ks W2, ) ]

1
el L2118 ’ (3.219)
21

where ki;,ko; € R are positive constants as previously mentioned. The
gains ki;, k2;, and [3; must be selected to ensure that

Lo S 5o (3.220)
9 kli = M1 .
Bi — k1 — Koy ||W1Hio > g >0 (3.221)
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where fi1;, to; € R are positive constants. The gain conditions given by
(3.220) and (3.221) allow us to formulate the conditions given by (3.215)
and (3.216), as well as allowing us to further upper bound the time deriva-
tive of (3.217) as

. ~ 2
V < —py W0 Vo ‘ . (3.222)
(oo}

2 1
2 2
— o Imal1® + 10411 |
2%

In the analysis provided in [22], it was shown that a filter signal r(t) € R®
defined as r(t) = é(t)+ é(t) € Lo NLa. From this result it is easy to show
that é(t), é(t) € Ly [35]. Since J(t) € Lo and invertible, it follows that

J7L(t)é(t) € La. Hence 9(t) 2 v(t) — 6(t) € La, and it is easy to show that
. 2
‘ va(t)H € Ly [71]. Therefore, the last term in (3.222) is Ly, and

o 2
| oo

where € € R is a positive constant. The expressions in (3.217), (3.222), and
(3.223) can be used to conclude that

e ~

The inequality in (3.224) can be used to determine that Wp;(¢)0;(t),n,(t) €
Ls. From (3.224) and the fact that V' (¢) is non-negative, it can be concluded
that V(t) < V(0) + € for any ¢, and hence V(t) € L. Therefore, from
(3.217), n;(t) € Lo and éj(t)Li_l(t)éi(t) € L. Since L; '(0) is positive
definite, and the persistent excitation condition in (3.214) is assumed to be
satisfied, (3.213) can be used to show that L; !(t) is always positive definite.
It must follow that 0;(t) € Leo. Since 6(t) € Loy as shown in [22], it follows
from (3.204) that Vi (t) € Loo. From (3.207), and the fact that W;(.)
defined in (3.203) are composed of bounded terms, Wp;(t), Wyi(t) € Lo

[35], and consequently, W;(t)0;(t) € L. Therefore, (3.211) can be used
to conclude that pe;(t) € Loo. It follows from (3.212) that éi(t) € L, and
hence, é, (t) € Loo. From the fact that Wy, (), él(t) € Lo, it is easy to show
that < (sz(t)él(t)) € Loo. Hence, Wy;(t)0;(t) is uniformly continuous.

Since Wy;(t)0;(t) € Lo, then

va(T)H2 dr <e, (3.223)

o0

W)+ o ||m<¢>|2) dr < V(0) = V(o0) +=. (3.224)

Wi(t)8;(t) — 0 as t — oco. (3.225)

It can be shown that the output Wy;(t) of the filter defined in (3.207)
is persistently exciting if the input W;(t)V,L (¢) to the filter is persistently
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exciting [96]. Hence, the condition in (3.214) is satisfied if

to+T v>T T 9
Vi ()W (T)Wi(T) Voo (T) dT - < yyl4,
to (MW (T)Wil(T) Vow(T) Yala (3.226)
w

Y3la <

where 73,7, € Rare positive constants. It can be shown upon expansion of
the integrand W (t) € R*** of (3.226) that even if only one of the compo-
nents of translational velocity is non-zero, the first element of 6;(t) (i.e. %),
will converge to the correct value. It should be noted that the translational
velocity of the object has no bearing on the convergence of the remaining
three elements of 6; (t), and unfortunately, it seems that no inference can
be made about the relationship between convergence of the three remain-
ing elements of él(t) and the rotational velocity of the object. If the signal
Wyi(t) satisfies the persistent excitation condition [102] given in (3.214),
then it can be concluded from (3.225) that (see Lemma B.3 in Appendix
B)

0;(t) — 0 as t — co. W (3.227)

As previously stated, the estimation of object velocity requires the knowl-
edge of the constant rotation matrix R* € R3*3 and a single geometric
length s; € R? on the object. After utilizing (3.110), (3.14), (3.205) and
(3.212), the estimates for m}, denoted by m;(t)€ R?, can be obtained as

m;(t) = ——=A7'p}, (3.228)

o],

where the term in the denominator denotes the first element of the vector
0, (t). Similarly, the estimates for the time varying Euclidean position of
the feature points on the object relative to the camera frame, denoted by
m;(t)€ R3, can be calculated as

m;(t) = ———A7pi(2). (3.229)

3.6.3 Camera-in-Hand Extension

The fixed camera problem can be extended to the case where the camera
can move relative to the object (i.e., the camera-in-hand problem). For
example, as shown in Figure 3.42, a camera could be mounted on the end-
effector of a robot and used to scan an object in its workspace to determine
its structure, as well as determine the robot’s position. Let three feature
points on the object, denoted by O1, O and O3 define the plane 7* in Figure
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3.42. The time derivative of e(t) introduced in (3.197) can be expressed as
follows for the camera-in-hand problem [16]

= Jw (3.230)
where J.(t) € R6%6 is given by
aq
——Ac Acalm
Jo= e o ] (3.231)
03 _Lw

where 03 € R3*3 is a zero matrix, L, (t) € R**3 has exactly the same form

as for the fixed camera case in (3.47), and v(t) = [ vl w7 ]T € RS now
denotes the velocity of the camera expressed relative to Z. Terms from the
rotation matrix R(t) are not present in (3.231), and therefore, unlike the
fixed camera case, the estimate of the velocity of the camera, denoted by
©(t), can be computed without knowledge of the constant rotation matrix
R*.

With the exception of the term zf € R, all other terms in (3.231) are
either measurable or known a priori. If the camera can be moved away from
its reference position by a known translation vector s, € R?, then 2} can
be computed offline. Decomposition of the Euclidean homography between
the normalized Euclidean coordinates of the feature points obtained at the
reference position, and at Z s, away from the reference position, respectively,

. T )
can be used to calculate the scaled translation vector % € R3, where

d* € R is the distance from the initial camera position, denoted by Z*, to
the plane 7*. Then, it can be seen that
dr dr

* p— p— . 3-232
“1 wTm;  nTA1p; ( )

From (3.230) and (3.231), any feature point O; can be shown to satisfy

. 673
DPei = _;Aeivc + Aei [mz] % We
i

= Wivb; + Wowe, (3.233)

where pe;(t) € R? is defined in (3.37), and Wy;(.) € R3¥3, Wo;(t) € R3X3
and 0; € R are given as

Wh‘ = _aiAei (3234)

Wa = Aei[mi], (3.235)
1

0 - (3.236)
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The matrices Wy;(.) and Wa,;(t) are measurable and bounded. The objective
is to identify the unknown constant 6; in (3.236). With the knowledge of z}
for all feature points on the object, their Euclidean coordinates m relative
to the camera reference position, denoted by Z*, can be computed from
(3.110)—(3.14). As before, the mismatch between the actual signal 6; and
the estimated signal 6,(t) is defined as 6(t) € R where 0(t) £ 0 — 6(t).

(Reference Position)

FIGURE 3.42. Coordinate Frame Relationships for the Camera-in-Hand Case.

To facilitate the subsequent development, a measurable filter signal (; () €
R? and two non-measurable filter signals &;(t),n;(t) € R? are introduced
as

(i = =B+ Wi, (3.237)
ki = —Biki + Wiitcbs, (3.238)
;= =B+ Wawe, (3.239)

where 3; € R is a scalar positive gain, 9.(t),0.(t) € R3 are the estimates
for the translational and rotational velocity, respectively, obtained from the
velocity observer in Section 3.6.2, ¥.(t) £ v.(t) — ¥.(t) is the mismatch in
estimated translational velocity, and @, (t) £ we(t) — @.(t) is the mismatch
in estimated rotational velocity. The structure of the velocity observer and
the proof of its convergence are exactly identical to the fixed camera case.
Likewise, an estimator for the p.;(t) can be designed as

Doi = Bibei + Ci0i + Wit 0; + Waydo,. (3.240)
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The following expression can then be developed from (3.233) and (3.240)
as _
Pei = —Bibei — (i + Wiibehi + Writeh; + Waid. (3.241)

From (3.238), (3.239), and (3.241), it can be shown that
Pei = Cifi + ki + ;. (3.242)
Based on the subsequent analysis, a least-squares update law for 92 (t) can
be designed as
0; = LiCl pes, (3.243)
where L;(t) € R is an estimation gain that is determined as

d

S =d (3.244)

and initialized such that L;*(0) > 0.

Theorem 3.5 The update law defined in (3.243) ensures that 0; — 0 as
t — oo provided that the following persistent excitation condition [102]
holds

t0+T
%s/ T ()¢ (r)dr < 7 (3.245)

to
and provided that the gains 3; satisfy the following inequalities
By > ki ka | Wil (3.246)
Bi > ksi+ ke ||VV21'||iO (3.247)
where to vs, Ve, Ty k3i, kai, ksi, kei € R are positive constants, and ks;, ks;

are selected such that
(3.248)

Proof: Similar to the analysis for the fixed camera case, a non-negative
function denoted by V(¢) € R is defined as

- -~ 1 1
= 9?L;19¢ + 5/{:‘% + §U;W¢- (3.249)

1
2
After taking the time derivative of (3.249), the following expression can be
obtained

2
IGl® = i llwill* = B; sl

—éiTCiT/ﬂ - éiTCiTm + k] Witels + 1] Wi, (3.250)

. 11~
Vo= 5|
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where (3.238), (3.239), and (3.243)—(3.242) were used. After some simplifi-
cation and expansion of some terms, (3.250) can be upper bounded as

v

= (»52 — ki — kag ||W1i||io) I >
- (@ — ki — ke ||W2i|\io) ;I
A Ol 1Tl 1W il oo il — R W12, ||f€z‘||

+ 1l = Fesi [1m; 1

A @el 1Waill o lImill = K 1Waill2, llmil|?

(G- 7)ol 1 - (m ~ ket = b W) D

2
= (B = s = o N2 Il ” + .- 1641 e

| — ki |15l

IN

1
i el (3.251)
61

where ks;, k4, ksi, kg; € R are positive constants. The gain constants are
selected to ensure that

1 1 1

-————— > a0, >0 3.252

2 ki ky ( )
B — ki — kas [WuillZy = g >0 (3.253)
B — ksi — ki |Wail2, > ps; >0, (3.254)

where ps;, fta;, s, € R are positive constants. The gain conditions given by
(3.252)—(3.254) allow for (3.249) to be further upper bounded as

2
7 2
0| NGl* = puag Nwall® = pasy e +to |9| I5c” +—H o

v

IN

—H3;

= |2 2 2 2 .
Oil 1CII" = poag 15all™ = psg (1m: 11" + pes ||UH ) (3.255)

i

IN

—H3;

here = ma 1:° 1
w Hei = MaX =) o

camera case, 0(t) € Lo; hence,

} € R. Following the argument in the fixed

t
/ i 5|2 dr < e, (3.256)
to

where € € R is a positive constant. From (3.249), (3.255) and (3.256), the
following inequality can be developed

t
/ H3;

0:(7 )\ IS, (N + pra 15 (P + s Imy ()P dr < V(0) =V (00) +-e.
(3.257)
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From (3.257), it is clear that ¢;(£)0;(t), &i(t),n;(t) € Lo. Applying the same
signal chasing arguments as in the fixed camera case, it can be shown that
0;(1), ki(t),m;(t) € Loo. It can also be shown that 6;(t),;(t),(;(t) € Lo

and therefore dtC (t ) i(t) € Loo. Hence ¢;(t)0;(t) is uniformly continuous
[39], and since (;(¢)0;(t) € Lo, then [39]

¢;(1)0:(t) — 0 as t — oo. (3.258)

Applylng the same argument as in the fixed camera case, convergence of
0;(t) to true parameters is guaranteed (i.e., 0;(t) — 0 as t — o), if the
signal (;(t) satisfies the persistent exc1tat10n condition in (3.245). As in
the case of the fixed camera, the persistent excitation condition of (3.245)
is satisfied if the translational velocity of the camera is non-zero.

Utilizing (3.110), (3.14) and the update law in (3.243), the estimates for
Euclidean coordinates of all ¢ feature points on the object relative to the
camera at the reference position, denoted by m; (t)€ R3, can be determined
as

S _ 1 —1, %
mi(t) = 9i(t)A Dy (3.259)

The knowledge of 2} allows us to resolve the scale factor ambiguity inherent

in the Euclidean reconstruction algorithm. However, z; may not always be
available, or may not be measurable using the technique described previ-
ously in (3.232) due to practical considerations (e.g., a video sequence may
be the only available input). With a minor modification to the estimator
design, the scale ambiguity can be resolved, and Euclidean coordinates of
feature points recovered, if the Euclidean distance between two of the many
feature points in the scene is available. Assuming zf is not directly mea-
surable, terms in the velocity kinematics of (3.230) can be re-arranged in
the following manner

é=J., (3.260)

where the Jacobian J.(t) € R®*6 and a scaled velocity vector #(t) € RS are
defined as

- —a1Aer Aer [ma],
- 261
J 0 I (3.261)

T
v A H ]T,and@c:%.

1

(3.262)

The velocity observer of Section 3.6.2 can now be utilized to identify the
scaled velocity ©(t). Likewise, the time derivative of the extended image
coordinates presented in (3.233) can be re-written in terms of the scaled
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velocity as

Pei = Wit + Waw, (3.263)
where §; = z—l (3.264)

The rest of the development is identical. Hence, it is clear from (3.264) that
the adaptive estimator of (3.243) now identifies the depth of all feature
points scaled by a constant scalar zf. If the Euclidean distance between

any two features ¢ and j (i # j) are known, then from (3.243), (3.259) and
(3.264) it is clear that

Jim | (t) — g ()| = 27 [|m; —mj|- (3.265)
Hence, the unknown scalar zj can be recovered and the Euclidean coor-
dinates of all feature points obtained. Hence, the six degrees-of-freedom

position of the moving camera relative to its reference position can be
computed online.

3.6.4  Simulations and Experimental Results

A practical implementation of the estimator consists of at least four sub-
components: (a) hardware for image acquisition, (b) implementation of
an algorithm to extract and track feature points between image frames,
(¢) the implementation of the depth estimation algorithm itself, and (d)
a method to display the reconstructed scene (3D models, depth maps,
etc.). This section presents simulation results for the fixed camera case,
and the camera-in-hand camera case. Experimental results are provided
for the camera-in-hand system.

Experimental testbed: As shown in Figure 3.43, the camera-in-hand
system consists of a calibrated monochrome CCD camera (Sony XC-ST50)
mounted on the end-effector of a Puma 560 industrial robotic manipula-
tor whose end-effector was commanded via a PC to move along a smooth
trajectory. The camera was interfaced to a second PC dedicated to image
processing, and equipped with an Imagenation PXC200AF framegrabber
board capable of acquiring images in real time (30 fps) over the PCI bus.
A 20 Hz digital signal from the robot control PC triggered the framegrab-
ber to acquire images. The same trigger signal also recorded the actual
robot end-effector velocity (which is same as the camera velocity) into a
file, which was utilized as ground truth to validate the performance of the
estimator in identifying the camera velocity. The computational complex-
ity of feature tracking and depth estimator algorithms made it unfeasible
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FIGURE 3.43. The Experimental Testbed.

to acquire and process images at the frame rate of the camera. Hence the
sequence of images acquired from the camera were encoded into a video file
(AVT format, utilizing the lossless Huffman codec for compression, where
possible) to be processed offline later.

Feature tracking: The image sequences were at least a minute long,
and due to thousands of images that must be processed in every sequence,
an automatic feature detector and tracker was necessary. We utilized an im-
plementation of the Kanade-Lucas-Tomasi feature tracking algorithm [77]
available at [3] for detection and tracking of feature points from one frame
to the next. The libavformat and libavcodec libraries from the FFmpeg
project [49] were utilized to extract individual frames from the video files.
The output of the feature point tracking stage was a data file contain-
ing image space trajectories of all successfully tracked feature points from
the video sequence. This data served as the input to the depth estimation
algorithm.

Depth Estimator: The adaptive estimation algorithm described in Sec-
tion 3.6.2 was implemented in C4++ and ran at a sampling frequency of 1
kHz to guarantee sufficient accuracy from the numerical integrators in the
estimator. A linear interpolator, followed by 2nd order low pass filtering
was used to interpolate 20 Hz image data to 1 kHz required as input to the
estimator.

Display: A 3D graphical display based on the OpenGL API was devel-
oped in order to render the reconstructed scene. A surface model of objects
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in the scene can be created by generating a “mesh” from the reconstructed
feature points. Using OpenGL libraries, it is easy to develop a display that
allows the user to view the objects in the scene from any vantage point by
virtually navigating around the objects in a scene using an input device
such as a computer mouse pointer.

Simulation Results: For simulations, the image acquisition hardware
and the image processing step were both replaced with a software compo-
nent that generates feature trajectories utilizing object kinematics. For the
fixed camera simulation, a planar object was selected to be the body un-
dergoing motion — four feature points initially 2 meters away along the axis
of the camera were selected to visually track the object. The velocity of the
object along each of the six degrees of freedom were set to 0.2sin(¢). The
coordinates of the object feature points in the object’s coordinate frame F
were arbitrarily chosen as

s; = [1.0 05 01]F

s = [ 1.2 —075 0.1 )7

s3 = [00 —1.0 0.1 ]7

s4 = [—-1.0 05 0.1]%. (3.266)

The object’s reference orientation R* relative to the camera was selected as
diag(1,—1,—1), where diag(.) denotes a diagonal matrix with arguments
as the diagonal entries. The estimator gain 3, was set to 20 for all ¢ feature
points. As an example, Figure 3.44 depicts the convergence of ég(t) from
which the Euclidean coordinates of the second feature point sy could be
computed as shown in (3.205). Similar graphs were obtained for conver-
gence of the estimates for the remaining feature points. In the simulation
for the camera-in-hand system, a non-planar stationary object was selected
that could be identified by 12 feature points. Figure 3.45 shows the conver-
gence of the inverse depth estimates, and Figure 3.46 shows the estimation
errors.

Experimental Results: An experimental scene with a dollhouse as
shown in Figure 3.47 was utilized to verify the practical performance of the
camera-in-hand Euclidean estimator. Figure 3.48 shows the reconstructed
wire-frame view of the dollhouse in the scene, displayed using the OpenGL-
based viewer. Table 3.1 shows a comparison between the actual and the
estimated lengths in the scene. The time evolution of the inverse depth
estimates is shown in Figure 3.49.

Discussion: The simulation and experimental results in Figures 3.44,
3.45, 3.46, and Table 3.1 clearly demonstrate good performance of the es-
timator. All estimates converge to their expected values in a span of a few

© 2010 by Taylor and Francis Group, LLC



122 3. Vision-Based Systems

0 1
0.8
-0.5
— __ 06
() )
<z <
0.4
-1
0.2
-15 0
0 2 0 2 4 6 8 10

FIGURE 3.44. The Estimated Parameters for the Second Feature Point on the
Moving Object (Fixed Camera Simulation).
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FIGURE 3.45. Inverse Depth Estimates for all Feature Points on the Stationary
Object (Camera-in-Hand Simulation).
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FIGURE 3.46. Error in Depth Estimation Reduce to Zero with Time (Cam-
era-in-Hand Simulation).

FIGURE 3.47. One of the Frames from the Dollhouse Video Sequence. The White
Dots Overlayed on the Image are the Tracked Feature Points.
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Flighahimmulaion Soems Viewes Windosw O

FIGURE 3.48. A Wire-Frame Reconstruction of the Doll-House Scene (Cam-
era-in-Hand Experiment).
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FIGURE 3.49. The Time Evolution of Inverse Depth Estimates from the Cam-
era-in-Hand Experiment.
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Object Actual (cm.) | Estimated (cm.)
Length I 23.6 23.0
Length II 39.7 39.7
Length ITT | 1.0 1.04
Length IV | 13.0 132
Length V 100.0 99.0
Length VI | 19.8 19.6
Length VII | 30.3 30.0

TABLE 3.1. Estimated Dimensions from the Scene (Camera-in-Hand Experi-
ment).

seconds. The only difference between the simulations and the experiment
is the source of input pixel data. As mentioned previously, the image space
feature point trajectories for the simulations were generated based on rigid
body kinematics and known dimensions of the object. In the case of exper-
iments, the image space trajectories were obtained from the feature tracker
that was run on the image sequence previously recorded from the cam-
era. One of the most challenging aspects in a real-world implementation
of the estimator is accurate feature tracking. Features that can be tracked
well by a tracking algorithm may not adequately describe the geometri-
cal structure of the object, and vice versa. Quality of feature tracking also
depends on factors such as lighting, shadows, magnitude of inter-frame mo-
tion, and texturedness, to name a few. Additionally, any compression (such
as MPEG) employed in the input video sequence will introduce additional
artifacts that can potentially degrade performance of the estimator. There
is no one common solution to this problem, and the parameters of the
tracker must be tuned to the specific image dataset in hand to obtain best
results. See [99] for a discussion of issues related to feature selection and
tracking. Apart from the accuracy in feature tracking that directly affects
the accuracy in online estimation of the homography matrix relating cor-
responding feature points, the performance of the estimator also depends
on accurate camera calibration. Since the implementation is the same for
simulations and the experiment, the errors in estimation (Table 3.1) can
mostly be attributed to the jitter in the output of the feature tracker.

3.7 Notes

Two mainstream visual servo control methods include image-based and
position-based approaches. Overviews of these methods are provided in
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[66, 61, 11]. A third mainstream class of visual servo controllers uses some
image-space information combined with some reconstructed information as
a means to combine the advantages of image and position-based approaches
while avoiding their disadvantages (e.g., [12, 17, 15, 26, 34, 44, 51, 64, 84,
83, 85]). A particular subset of this approach was coined 2.5D visual servo
control in [12, 84, 83, 85] because this class of controllers exploits some two
dimensional image feedback and reconstructed three-dimensional feedback.
This class of controllers is also called homography-based visual servo con-
trol in [17, 15, 44, 64] because of the underlying reliance of the construction
and decomposition of a homography. As stated in [85], some advantages of
this methodology over the aforementioned approaches are that an accu-
rate Euclidean model of the environment (or target image) is not required
and potential singularities in the image-Jacobian are eliminated (i.e., the
image-Jacobian for homography-based visual servo controllers is typically
triangular). Based on the observation that interaction between the trans-
lation and rotation of images can result in slower transient performance
due to inefficient camera motions, Deguchi proposed two algorithms in [34]
for a robot manipulator application that decouple the rotation and trans-
lation components using a homography and an epipolar condition. More
recently, Corke and Hutchinson [26] also developed a method for decou-
pling the rotation and translation components from the remaining degrees
of freedom.

Motivated by the desire to compensate for the uncertain depth infor-
mation, homography-based control methods have been developed that can
actively adapt for the unknown depth parameter (cf. [17, 15, 24, 25, 43,
44, 63, 64]) along with methods based on direct estimation and approxima-
tion (cf. [42, 66]). For example, [24] developed an adaptive kinematic con-
troller for a robot manipulator application to ensure uniformly ultimately
bounded (UUB) set-point regulation of the image point errors while com-
pensating for the unknown depth information, provided conditions on the
translational velocity and the bounds on uncertain depth parameters are
satisfied. In [43] and [44], Fang et al. developed homography-based visual
servo controllers to asymptotically regulate a manipulator end-effector and
a mobile robot, respectively, by developing an adaptive update law that
actively compensates for an unknown depth parameter. In [45], Fang et al.
also developed a camera-in-hand regulation controller that incorporated a
robust control structure to compensate for uncertainty in the extrinsic cal-
ibration parameters. Adaptive homography-based visual servo controllers
have been developed in [17, 15] to achieve asymptotic tracking control
of a manipulator end-effector and a mobile robot, respectively. Adaptive
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homography-based visual servo controllers based on the quaternion rota-
tion parameterization were developed in [63, 64] to achieve asymptotic
regulation and tracking control of a manipulator end-effector, respectively.

Motivated by the need for new advancements to meet visual servo track-
ing applications, previous research has concentrated on developing different
types of path planning techniques in the image-space (e.g., see [27], [91],
[100]). More recently, Mezouar and Chaumette developed a path-following
image-based visual servo algorithm in [87] where the path to a goal point
is generated via a potential function that incorporates motion constraints.
In [29], Cowan et al. develop a hybrid position/image-space controller that
forces a manipulator to a desired setpoint while avoiding obstacles and
ensuring the object remains in the field-of-view by avoiding pitfalls such
as self-occlusion. Related research that focuses on vision-based controllers
that focus on tracking a prerecorded sequence of images or reference path
is provided in [86], [101], and [114].

Wheeled mobile robots (mobile robots) are often required to execute
tasks in environments that are unstructured. Due to the uncertainty in
the environment, numerous researchers have investigated different sensing
modalities as a means to enable improved autonomous response by the sys-
tem. Given this motivation, researchers initially targeted the use of a variety
of sonar and laser-based sensors. Some initial work also targeted the use of
a fusion of various sensors to build a map of the environment for mobile
robot navigation (see [62], [74], [108], [111], [113], and the references within;
other early innovative mobile robot control research is given in [70]). While
this is still an active area of research, various shortcomings associated with
these technologies and recent advances in image extraction/interpretation
technology and advances in control theory have motivated researchers to
investigate the sole use of camera-based vision systems for autonomous
navigation. For example, using consecutive image frames and an object
database, the authors of [72] recently proposed a monocular visual servo
tracking controller for mobile robots based on a linearized system of equa-
tions and Extended Kalman Filtering (EKF) techniques. Also using EKF
techniques on the linearized kinematic model, the authors of [30] used feed-
back from a monocular omnidirectional camera system (similar to [2]) to
enable wall following, follow-the-leader, and position regulation tasks. In
[55], Hager et al. used a monocular vision system mounted on a pan-tilt-
unit to generate image-Jacobian and geometry-based controllers by using
different snapshots of the target and an epipolar constraint. As stated in
[10], a drawback of the method developed in [55] is that the system equa-
tions became numerically ill-conditioned for large pan angles. Given this
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shortcoming, Burschka and Hager [10] used a spherical image projection
of a monocular vision system that relied on teaching and replay phases to
facilitate the estimation of the unknown object height parameter in the
image-Jacobian by solving a least-squares problem. Spatiotemporal appar-
ent velocities obtained from an optical flow of successive images of an object
were used in [104] to estimate the depth and time-to-contact to develop a
monocular vision “guide robot” that is used as a guide for blind users. A
similar optical flow technique was also used in [78]. In [40], Dixon et al. used
feedback from an uncalibrated, fixed (ceiling-mounted) camera to develop
an adaptive tracking controller for a mobile robot that compensated for
the parametric uncertainty in the camera and the mobile robot dynamics.
An image-based visual servo controller that exploits an object model was
proposed in [112] to solve the mobile robot tracking controller (the regula-
tion problem was not solved due to restrictions on the reference trajectory)
that adapted for the constant, unknown height of an object moving in a
plane through Lyapunov-based techniques. In [110], an image-based visual
servo controller was proposed for a mobile manipulator application; how-
ever, the result requires geometric distances associated with the object to
be known, and relies on an image-Jacobian that contains singularities for
some configurations. Moreover, the result in [110] requires the additional
degrees-of-freedom from the manipulator to regulate the orientation of the
camera. In [81] and [117], visual servo controllers were recently developed
for systems with similar underactuated kinematics as mobile robots. Specif-
ically, Mahony and Hamel [81] developed a semi-global asymptotic visual
servoing result for unmanned aerial vehicles that tracked parallel coplanar
linear visual features while Zhang and Ostrowski [117] used a vision system
to navigate a blimp.

In addition to the visual servo control problem, image-feedback can also
be used for state estimation (e.g., the structure-from-motion problem). Al-
though the problem is inherently nonlinear, typical structure-from-motion
results use linearization-based methods such as extended Kalman filtering
(EKF) [8, 23, 89]. Some of these approaches combine epipolar geometry
with the EKF to refine the estimate of an Essential Matrix to determine
the position and orientation (pose) and/or velocity [103]. Other methods
use external pose estimation schemes and use image features as inputs to
the Kalman filter with pose and/or velocity as an output [1, 9, 23]. Some
researchers have recast the problem as the state estimation of a continuous-
time perspective dynamic system, and have employed nonlinear system
analysis tools in the development of state observers that identify motion
and structure parameters [65, 67]. These papers show that if the velocity

© 2010 by Taylor and Francis Group, LLC



References 129

of the moving object (or camera) is known, and satisfies certain observ-
ability conditions, an estimator for the unknown Euclidean position of the
feature points can be developed. In [19], an observer for the estimation of
camera motion was presented based on perspective observations of a single
feature point from the (single) moving camera. The observer development
was based on sliding mode and adaptive control techniques, and it was
shown that upon satisfaction of a persistent excitation condition [102], the
rotational velocity could be fully recovered; furthermore, the translational
velocity could be recovered up to a scale factor. Other nonlinear estima-
tors/observers have been developed in [18, 22, 41, 67, 79]. Several researches
have developed nonlinear observers for state estimation with such omnidi-
rectional cameras (e.g., [54] and [80]).
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4
Path Planning and Control

4.1 Introduction

In this chapter, we discuss the important problems of path planning and
control for manipulator arms and wheeled mobile robots (WMRs). In the
context of the path planning problem for robots, the basic challenge relates
to the issue of finding a solution around obstacles in the robot’s workspace
whose locations are known a priori. The next obvious problem that one
is naturally drawn to relates to determining and following a path (possi-
bly to a setpoint) in an unstructured environment that may be cluttered
with obstacles whose a priori locations are unknown. Furthermore, the
introduction of a dynamic environment leads to a more challenging prob-
lem that may impose a time constraint on the path being followed. This
chapter deals with integrated path planning and control design when the
obstacle locations are known, as well as the more interesting case of an un-
structured environment where fixed or in-hand/onboard vision is used as
an active feedback element in addition to standard feedback sensors such
as encoders and tachometers.

Traditionally, robot control research has focused on the position tracking
problem where the objective is to force the robot’s end-effector to follow
an a priort known desired time-varying trajectory. Since the objective is
encoded in terms of a time dependent trajectory, the robot may be forced
to follow an unknown course to catch up with the desired trajectory in the
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presence of a large initial error. As an example, a radial reduction phe-
nomenon has been reported by several researchers [47], [48] in which the
actual path followed has a smaller radius than the specified trajectory. In
light of this phenomenon, the control objective for many robotic tasks are
more appropriately encoded as a contour following problem in which the
objective is to force the robot to follow a state-dependent function that
describes the contour — these are problems where strict time parameteri-
zation of the contour is not a critical factor. One example of a control strat-
egy aimed at the contour following problem is velocity field control (VFC)
where the desired contour is described by a velocity tangent vector [49].
The advantages of the VFC approach are: (a) more effective penalization
of the robot for leaving the desired contour through the velocity field error,
(b) specification of the control task invariant of the task execution speed,
and (c) more explicit task coordination and synchronization. In the first
part of this chapter, we illustrate how an example adaptive controller (e.g.,
the benchmark adaptive tracking controller presented in [67]) for a robot
manipulator can be modified to incorporate trajectory planning techniques
with the controller. Specifically, the benchmark adaptive controller given
in [67] is modified to yield VFC in the presence of parametric uncertainty.
Velocity field tracking is achieved by incorporating a norm squared gradi-
ent term in the control design that is used to prove that the link positions
are bounded through the use of a Lyapunov-analysis. In addition to VFC,
some task objectives are motivated by the need to follow a trajectory to a
desired goal configuration while avoiding known obstacles in the configu-
ration space. For this class of problems, it is more important for the robot
to follow an obstacle free path to the desired goal point than it is to either
follow a contour or meet a time-based requirement. In the second part of
Section 4.2, this class of problems is addressed via the use of a navigation
function (NF') which is a special kind of potential function with a refined
mathematical structure guaranteeing the existence of a unique minimum
[39, 64]. The NF is then used to modify the benchmark adaptive controller
in [67] to track a reference trajectory that yields a collision free path to
a constant goal point in an obstacle cluttered environment with known
obstacles. In Section 4.3, we address the obstacle avoidance problem for
WDMRs using both VFC and NF based methods. The focus in this part
is to demonstrate how these techniques can be applied in a nonholonomic
setting such as the one provided by a WMR.

After discussing path planning and control in a priori mapped environ-
ments, the chapter will then shift focus to problems where the robot finds
itself in an unstructured environment but has the ability to see and rec-
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ognize features in its environment — these features are exploited for path
planning as well as for real-time execution of the planned trajectory, thereby
allowing the robot the twin benefits of being able to work in multiple set-
tings as well as being robust to modeling errors and uncertainties, i.e., the
robot has reliably autonomous functionality. The need for improved robot
autonomy has led researchers to investigate the basic science challenges
leading to the development of visual servo controllers. In general, visual
servo controllers can be divided into position-based visual servo (PBVS)
control, image-based visual servo (IBVS), and hybrid approaches. PBVS is
based on the idea of using a vision system to reconstruct the Euclidean-
space and then developing the servo controller on the reconstructed infor-
mation. An issue with this strategy is that the target object may exit the
camera field-of-view (FOV). Another issue is that a 3D model of the ob-
ject is generally required for its implementation. IBVS control is based on
the idea of directly servoing on the image-space information, with reported
advantages of increased robustness to camera calibration and improved ca-
pabilities to ensure the target remains visible. Even for IBVS controllers
that are formulated as regulation controllers, excessive control action and
transient response resulting from a large initial error can cause the target to
leave the FOV, and may lead to trajectories that are not physically valid or
optimal due to the nonlinearities and potential singularities associated with
the transformation between the image space and the Euclidean-space [6].
In light of the characteristics of IBVS and PBVS, several researchers have
recently explored hybrid approaches. Homography-based visual servo con-
trol techniques (coined 2.5D controllers) have been recently developed that
exploit a robust combination of reconstructed Euclidean information and
image-space information in the control design. The Euclidean information
is reconstructed by decoupling the interaction between translational and
rotational components of a homography matrix. Some advantages of this
methodology over the aforementioned IBVS and PBVS approaches are that
an accurate Euclidean model of the environment (or target object) is not
required, and potential singularities in the image-Jacobian are eliminated
(i.e., the image-Jacobian for homography-based visual servo controllers is
typically triangular) [55].

While homography-based approaches exploit the advantages of IBVS
and PBVS, a common problem with all the aforementioned approaches
is the inability to achieve the control objective while ensuring the target
features remain visible. Section 4.4 of this chapter presents a solution to
the problem of navigating the position and orientation of a camera held by
the end-effector of a robot manipulator to a goal position and orientation

© 2010 by Taylor and Francis Group, LLC



144 4. Path Planning and Control

along the desired image-space trajectory while ensuring the target points
remain visible (i.e., the target points avoid self-occlusion and remain in
the field-of-view (FOV)) under certain technical restrictions. The desired
trajectory is generated in the image space based on a measurable image
Jacobian-like matrix and an image space NF while satisfying rigid body
constraints. The final part of this chapter (Section 4.5) deals with the design
of a PBVS controller that does not require a 3D object model and is able to
tackle nonlinear radial distortion and uncertainty in the camera calibration.
This strategy is motivated by the need to circumvent the singularity issues
associated with IBVS due to the use of the non-square image Jacobian.
The idea is to utilize an image-based optimization algorithm that searches
for the unknown desired task-space setpoint. The control strategy designed
leads to exponential stability of the desired setpoint.

4.2 Velocity Field and Navigation Function
Control for Manipulators

Motivated by manipulator task objectives that are more effectively de-
scribed by on-line, state-dependent trajectories, two adaptive tracking con-
trollers that accommodate on-line path planning objectives are developed
in this section. First, an example adaptive controller is modified to achieve
velocity field tracking in the presence of parametric uncertainty in the robot
dynamics. From a review of VFC literature, it can be determined that pre-
vious research efforts have focused on ensuring the robot tracks the velocity
field, but no development has been provided to ensure the link position re-
mains bounded. A proportional-integral controller developed in [4] achieves
semiglobal practical stabilization of the velocity field tracking errors despite
uncertainty in the robot dynamics; however, the link position boundedness
issue is addressed by an assumption that the boundedness of the norm

qu) | ' 9(a(0))do (4.1)

yields globally bounded trajectories, where ¢(t) denotes the position, and
() denotes the velocity field. In lieu of the assumption in (4.1), the VFC
development described here is based on the selection of a velocity field that
is first order differentiable, and the existence of a first order differentiable,
nonnegative function V' (g) € R such that the following inequality holds

aV(q)
dq

Hq) < =3(llall) + Co (4.2)
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where mgl(lq) denotes the partial derivative of V' (q) with respect to q(t),
v5(-) € Ris a class K function®, and (, € R is a nonnegative constant.
That is, the assumption in (4.1) is replaced by a stability-based condition
on the velocity field. It is interesting to note that the velocity field de-
scribed in the experimental results provided in [4] can be shown to satisfy
the stability-based condition in (4.2) (see Section B.2.1 in Appendix B for
proof). A two part stability analysis is provided to demonstrate the global
uniform boundedness (GUB) of the link position as well as the convergence

of the velocity field tracking error to zero despite parametric uncertainty in
the dynamic model. Experimental results based on the velocity field pre-
sented in [4] are provided to demonstrate validation of the VFC approach.
An extension is then provided that targets the trajectory planning problem
where the task objective is to move to a goal configuration while avoiding
known obstacles. Specifically, an adaptive navigation function based con-
troller is designed to provide a path from an initial condition inside the
free configuration space of the robot manipulator to the goal configuration.
This analysis proves that all the system states are bounded, and that the
robot manipulator will track an obstacle-free path to a goal point despite
parametric uncertainty in the dynamic model. Experimental results for the
adaptive navigation function controller are provided to demonstrate the
validity of the approach.

4.2.1 System Model

The mathematical model for an n-DOF robotic manipulator is assumed to
have the following form

M(q)§ + Vin(q,4)q+ G(q) = 7. (4.3)

In (4.3), q(t), ¢(t), §(t) € R™ denote the link position, velocity, and accelera-
tion, respectively, M (q) € R™*™ represents the positive-definite, symmetric
inertia matrix, V;,,(q,¢) € R™*™ represents the centripetal-Coriolis terms,
G(q) € R™ represents the known gravitational vector, and 7(¢) € R™ repre-
sents the torque input vector. The system states, ¢(t) and ¢(¢) are assumed
to be measurable. It is also assumed that M (q), Vi, (¢,4), and G (¢) € Lo
provided ¢(t), ¢(t) € Loo. The dynamic model in (4.3) exhibits the follow-
ing properties that are utilized in the subsequent control development and
stability analysis.

LA continuous function « : [0, @) — [0, 00) is said to belong to class K if it is strictly
increasing and «(0) = 0 [35].
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Property 4.2.1: The inertia matrix can be upper and lower bounded by
the following inequalities [45]

my [|€]17 < €T M ()€ < ma(q) |€]]°  VEER® (4.4)

where m is a positive constant, ma(-) is a positive function, and ||-||
denotes the Euclidean norm.

Property 4.2.2: The inertia and the centripetal-Coriolis matrices satisfy
the following relationship [45]

¢ (9@ - Vlad) =0 veeR @)

where M (q) represents the time derivative of the inertia matrix.

Property 4.2.3: The robot dynamics given in (4.3) can be linearly pa-
rameterized as follows [45]

Y(g,4,d)0 = M(q)g + Vi(q,4)d + G(q) (4.6)

where 6 € RP contains constant system parameters, and Y (q, ¢, §) €
R™*P denotes a regression matrix composed of ¢(t), ¢(t), and (t).

4.2.2  Adaptive VFC Control Objective

As described previously, many robotic tasks can be effectively encapsu-
lated as a velocity field. That is, the velocity field control objective can be
described as commanding the robot manipulator to track a velocity field
which is defined as a function of the current link position. To quantify this
objective, a velocity field tracking error, denoted by 7, (t) € R™, is defined
as follows

m(t) £ 4(t) — 9(q) (4.7)

where 9(-) € R™ denotes the velocity field. To achieve the control objective,
the subsequent development is based on the assumption that ¢(¢) and ¢(¢)
¥ (q)

e R”
Bg are

are measurable, and that ¥(q) and its partial derivative

assumed to be bounded provided ¢(t) € L.

Benchmark Control Modification

To develop the open-loop error dynamics for 7, (), we take the time deriva-
tive of (4.7) and pre-multiply the resulting expression by the inertia matrix
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as follows
M(g)nn = —Viulg,d9)q — G(q) + T+ Vin(g,9)V(q) (4.8)
B . B 9(q) .
Vin(q, @)9(q) — M (Q)—aq q

where (4.3) was utilized. From (4.7), the expression in (4.8) can be rewritten
as follows
M(q)in = =Vin(g, )m = Ya(g, )0 + 7 (4.9)

where 6 was introduced in (4.6) and Y (g, ¢) € R™*P denotes a measurable
regression matrix that is defined as follows

Va0 2 M@+ Vala. 000 + Gla): (4.10)
Based on the open-loop error system in (4.9), a number of control designs
could be utilized to ensure velocity field tracking (i.e., ||n;(¢)|| — 0) given
the assumption in (4.1). Motivated by the desire to eliminate the assump-
tion in (4.1), a norm squared gradient term is incorporated in an adaptive
controller introduced in [67] as follows

T(t) £ — <K+ Ha‘g—f)

2
In> ny + Y1(q, 4)61 (4.11)

where K € R™*™ is a constant, positive definite diagonal matrix, I,, € R™*"
is the standard n x n identity matrix, and mg_((f) was introduced in (4.2). In

(4.11), él(t) € RP denotes a parameter estimate that is generated by the
following gradient update law

bi(t) = Ty YT (q, d)my (4.12)

where I';y € RP*P is a constant, positive definite diagonal matrix. After
substituting (4.11) into (4.9), the following closed-loop error system can be
obtained

oV (q)
dq

M(q)iy = —Vin(q,d)m; — Yi(q, 4)01 — (K + H

2 In> 7, (4.13)

where the parameter estimation error signal 6, (t) € RP is defined as follows
0,(t) 26— 6. (4.14)

Remark 4.1 It is required for the selection of a particular ¥ (¢) and V(q)
that the inequality as defined in (4.2) must hold. In the event that this
condition does not hold, the tracking objective is not guaranteed as described
by the subsequent stability analysis.
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Remark 4.2 While the control development is based on a modification of
the adaptive controller introduced in [67], the norm squared gradient term
could also be incorporated in other benchmark controllers to yield similar
results (e.qg., sliding mode controllers).

Stability Analysis

To facilitate the subsequent stability analysis, the following preliminary
theorem is utilized.

Theorem 4.1 Let V(t) € R denote the following nonnegative, continuous
differentiable function
V(t) £ V(g) + P(t)

where V(q) € R denotes a nonnegative, continuous differentiable function
that satisfies (4.2) and the following inequalities

0 <y (llall) = V(a) < v2(llal)

where v1(+), vo(+) are class IC functions, and P(t) € R denotes the following
nonnegative, continuous differentiable function

P(t) 2~ — / 2(0)do (4.15)

to

where v € R is a positive constant, and £(t) € R is defined as follows

o e (4.16)

If e(t) is a square integrable function, where

t
| oo <n,
to

and if after utilizing (4.7), the time derivative of V (t) satisfies the following
inequality

V(t) < =v(llal) + & (4.17)

where v3(q) is the class K function introduced in (4.2), and &, € R denotes
a positive constant, then q(t) is globally uniformly bounded (GUB).

Proof: The time derivative of V(t) can be expressed as follows

V() = o) + LDy, -
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where (4.7) and (4.15) were utilized. By exploiting the inequality intro-
duced in (4.2) and the definition for £(¢) provided in (4.16), the following
inequality can be obtained

V(t) < —ys(llall) + Go + [e(8) — £2(1)] - (4.18)

After completing the squares on the bracketed terms in (4.18), the inequal-
ity introduced in (4.17) is obtained where &, = (, + 1. Hence, if £(t) € Lo,
Section B.2.2 in Appendix B can be used to prove that ¢(¢) is GUUB. B

In the following analysis, we first prove that (t) € L,. Based on the
conclusion that e(t) € Lq, the result from Theorem 4.1 is utilized to ensure
that ¢(t) is bounded under the proposed adaptive controller given in (4.11)
and (4.12).

Theorem 4.2 The adaptive VFC given in (4.11) and (4.12) yields global
velocity field tracking in the sense that

Im@®I =0 as t—o. (4.19)

Proof: Let V;(t) € R denote the following nonnegative function

1 1-7__~
Vi £ oni Mg+ 50, Ty 0. (4.20)

After taking the time derivative of (4.20) the following expression can be
obtained

aV(q)
dq

2 .
. - ST
- (wq, Qs + <K+ H .rn> 771> SoTTr Y, (a21)

where (4.5) and (4.13) were utilized. After utilizing the parameter update
law given in (4.12), the expression given in (4.21) can be rewritten as follows

Vi=—nf (K + Héﬂg((]q)

21n> M. (422)

The expressions given in (4.16), (4.20), and (4.22) can be used to conclude
that 7, (t), 01(t) € Lo and 1,(t),e(t) € L. Based on the fact that e(t) €
Lo, the results from Theorem 4.1 can be used to prove that ¢(t) € L.
99(q)
0q_
to conclude that ¢ (¢) € Lo, where the expression in (4.7) was utilized.

Based on the fact that 6;(t) € Lo, the expression in (4.14) can be used
to prove that 0;(t) € L. Based on the fact that ¢ (t), ¢(t) € Lo as

Since ¢(t) € Lo, the assumption that J(q) and € Lo can be used
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99(q)
dq
arguments are bounded, (4.10) can be used to prove that Yi(q,¢) € Loo.

. . 197
Since Y1(q,q), 01(t),n:(t), 32(1)

7(t) € L. Based on the previous bounding statements, the expression
given in (4.13) can be used to prove that 7, (t) € L. Given that 7, (t),
7, (t) € Lo and 1, (t) € Lo, Barbalat’s Lemma [67] can be utilized to prove
(4.19).

well as the fact that ¥(q), s M (q) , Vi (q,4) ,G (q) € Lo when their

€ Lo, (4.11) can be used to prove that

4.2.3  Navigation Function Control Extension
Control Objective

The objective in this extension is to navigate a robot’s end-effector along
a collision-free path to a constant goal point, denoted by ¢* € D, where
the set D denotes a free configuration space that is a subset of the whole
configuration space with all configurations removed that involve a collision
with an obstacle, and ¢* € R”™ denotes the constant goal point in the
interior of D. Mathematically, the primary control objective can be stated
as the desire to ensure that

q(t) = ¢" as t — o0 (4.23)

where the secondary control is to ensure that ¢(t) € D. To achieve these
two control objectives, we define ¢ (¢) € R as a function ¢ (¢) : D —[0, 1]
that is assumed to satisfy the following properties: [39]

Property 4.2.4: The function ¢ (q) is first order and second order dif-

ferentiable Morse function (i.e., aﬁcp(q) and 82 (ﬁap(q)> exist on
q q

dq
D).

Property 4.2.5: The function ¢ (q) obtains its maximum value on the
boundary of D.

Property 4.2.6: The function ¢ (¢) has a unique global minimum at ¢ () =

*

q .

0
Property 4.2.7: If a—qcp (¢) =0, then ¢ (t) = ¢*.
Based on (4.23) and the above definition, an auxiliary tracking error
signal, denoted by 7,(t) € R™, can be defined as follows to quantify the
control objective

my(t) 2 4(t) + ve(q) (4.24)
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where v (¢) = agqcp(q) denotes the gradient vector of ¢ (q) defined as

follows

S AR

£ ... 4.25
0q1  Oga Oqn (4.25)

Remark 4.3 As discussed in [64], the construction of the navigation func-
tion o (q) that satisfies all of the above properties for a general obstacle
avoidance problem is nontrivial. Indeed, for a typical obstacle avoidance,

it does not seem possible to construct ¢ (q) such that ¢ (¢) =0 only at
q

q(t) = q*. That is, as discussed in [64], the appearance of interior saddle
points seems to be unavoidable; however, since the set of saddle points has
measure zero, the practical impact is minimal and consequently, v (q) can
be constructed as shown in [64] such that only a minuscule set of initial
conditions will result in convergence to the unstable equilibria.

Remark 4.4 The two control developments presented in the preceding sec-
tions appear to be mathematically similar (i.e., (4.7) and (4.24)), but the
control objectives are very different. The VFC objective is to achieve robot
end-effector velocity tracking with a desired trajectory generated by a veloc-
ity field, ¥ (q), hence, there is no explicit goal point. The navigation func-
tion control development utilizes a special function ¢ (q), that has specific
properties such that the robot’s end-effector finds a collision free path to a
known goal point, ¢* and stops. Each signal, ¥ (q) for the VFC develop-
ment, and ¢ (q) for the navigation function control development must meet
a set of qualifying conditions (i.e. the inequality of (4.2) for the VFC and
Properties 4.2.4 — 4.2.7 for the NF control), but these conditions are not
the same, therefore the two objectives are very different.

Benchmark Control Modification

To develop the open-loop error dynamics for 7,(t), we take the time deriva-
tive of (4.24) and premultiply the resulting expression by the inertia matrix
as follows

M1y = =Vin(q, @)ne + Ya(q,§)0 + 7. (4.26)

where (4.3) and (4.24) were utilized. In (4.26), the linear parameterization
Y2(q, ¢)0 is defined as follows

Ya(q,§)0 = M(q)f(q,9) + Vm(q,9) v ¢(q) — G(q) (4.27)
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where Ya(g,q) € R"™™ denotes a measurable regression matrix, § € R™
was introduced in (4.6), and the auxiliary signal f(g,q) € R™ is defined as

fad) 2 2 (7e@)
= H() (1.28)

where the Hessian matrix H(g) € R"*" is defined as follows

[ 0%p 0% 0%y
6Qi 0q10g2 0q:10q,
9 o D
H(q) £ | 992001 043 0q20qn
0% 0%
L 9g.001 a2

Based on (4.26) and the subsequent stability analysis, the following adap-
tive controller introduced in [67] can be utilized

T2 —kny — Ya(q, 4)0> (4.29)

where k € R is a positive constant gain, and @g(t) € R denotes a param-
eter update law that is generated from the following expression

B (t) 2 ToYT (g, 4o (4.30)

where 'y € R™*™ is a positive definite, diagonal gain matrix. Note that the
trajectory planning is incorporated in the controller through the gradient
terms included in (4.27) and (4.28). After substituting (4.29) into (4.26),
the following closed loop error systems can be obtained

Miyy = =V (g, @)1z — kna + Y2(q, )02 (4.31)
where 05(t) € R? is defined as follows
Oo(t) 2 0 — 5. (4.32)
Stability Analysis

Theorem 4.3 The adaptive controller given in (4.29) and (4.30) ensures
that the robot manipulator tracks an obstacle free path to the unique goal
configuration in sense that

q(t) = ¢* ast — oo

provided the control gain k introduced in (4.29) is selected sufficiently large.

© 2010 by Taylor and Francis Group, LLC



4.2 Velocity Field and Navigation Function Control for Manipulators 153

Proof: Let Va(q,7,,02) € R denote the following nonnegative function
A 1 T Tr—17
Va 2 9(q) + | gm Miy +0,T5702 | (4.33)

where v € R is an adjustable, positive constant. After taking the time
derivative of (4.33) the following expression can be obtained

: : 7 ST A
Vo = [ve(@)]" d+mb (_k772 + Ya(q, q)92) — 70,1516,

where (4.5), (4.25), (4.31), and (4.32) were utilized. By utilizing (4.24),
(4.30), the following expression can be obtained

Ve = = [Ive(@)I” = 7k In2l* + [Veo(@)]” na-

The expression above can be further simplified as follows

: 1
Vo< —5 I7e@)II* = (v& = 2) ||, (4.34)

where the following upper bound was utilized

T 1 2 2
[Ve(@)] ny < 5 Ive(@I” +2ma ™
Provided k is selected sufficiently large to satisfy

2
k> —, 4.35
N (4.35)

it is clear from (4.4), (4.33), and (4.34) that

0 < o(q(t)) +¢(g:t) < »(q(0)) +~¢(¢(0),0) (4.36)

where ((g,t) € R is defined as

c(0t) = [P o)+ AmesT5 ' o200 ] (037

From (4.32), (4.36), and (4.37) it is clear that n5(¢), ©(q), 02(t), 02(t) € L.
Let the region Dy be defined as follows

Do £ {q(t)| 0 < p(a(t)) < ¢(9(0)) +7¢(4(0),0)} - (4.38)

Hence, (4.33), (4.34), and (4.36) can be utilized to show that ¢(t) € Dy
provided ¢(0) € Dy (i.e., q(t) € Dy Yq(0) € Dy). Hereafter, we restrict the
remainder of the analysis to be valid in the region Dy. Based on Property
4.2.4 given above, we know that 7¢(q) € Lo. Since ny(t), Ve(q) € Loo,
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(4.24) can be used to conclude that ¢(t) € Loo; hence, Property 4.2.4
and (4.28) can be used to conclude that f(q,¢) € L. Based on the fact
that M (q), Vi (¢,4), G (a),V9(a), f(a.4) € Lo, (4.27) can be used to
prove that Y3(q,q§) € Loo. Since 1y(t), Ya(q,q), 02(t) € Lo, (4.29) can
be used to prove that 7(t) € L. Based on the previous boundedness
statements, (4.31) can be used to show that 7,(t) € Ls; hence, 7¢(q),
N5(t) are uniformly continuous. From (4.34), it can also be determined
that 7¢(q),m5(t) € Lo. From these facts, Barbalat’s Lemma [67] can be
used to show that S7¢(q), n5(t) — 0 as t — oo. Since V¢(q) — 0, Property
4.2.7 can be used to prove that ¢(t) — ¢* as t — oco. To ensure that g(t)
will remain in a collision-free region, we must account for the effects of
the v((g(0),0) term introduced in the definition of the region Dy given in
(4.38). To this end, we first define the region D; as follows

D1 = {q(1)]0 < w(q(t) < 1} (4.39)

where D; denotes the largest collision-free region, which is based on the
definition of the function ¢ (q) : D —[0, 1]. It is now clear from (4.38)
and (4.39) that if the weighting constant ~ is selected sufficiently small to
satisfy

¢(q(0)) +7¢(q(0),0) <1, (4.40)

this would make the upper bound of D; greater than the upper bound of
Do; then Dy C Dy, and therefore, the robot manipulator tracks an obstacle-
free path. B

4.2.4  FExperimental Verification

Experimental results were obtained by implementing the adaptive VFC
and the navigation function controller on a Barrett Whole Arm Manipula-
tor (WAM). The experimental testbed and results from implementing the
controllers are provided in the following sections.

Experimental Setup

The WAM testbed depicted in Figure 4.1 was utilized to implement the
VFC and the navigation function controller. For simplicity, 5 links of the
robot were locked at a fixed, specified angle during the experiment, and the
remaining links of the manipulator were used to enable the manipulator
to move along a planar trajectory. Specifically, a joint-space proportional
derivative (PD) controller was utilized to servo the WMR to the following
initial joint configuration for the adaptive VFC experiment (in [deg])
g0)=[0 9 —90 60 90 20 0]"
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and to the following joint configuration for the navigation function experi-
ment (in [deg])

g(0)=[ —58.84 90 90 140.72 11.5 845 0] .

Once the WAM was servoed to the initial joint configuration, links 2, 3,
5, 6 and 7 were locked, resulting in a planar configuration with links 1
and 4 (see Figure 4.1). The resulting forward kinematics and manipulator
Jacobian for the planar-WAM are given as follows

[ 1 ] _ [ 01 cos(q1) + €4 cos(qr + qa) ]
T ¢y sin(qy) + Ly sin(qr + q4)

—{ysin(q1) — lasin(qr + qa) —Lasin(qr + qa)
J(q) = 4.41
(@) { l1cos(q1) + Lacos(qr +qu)  Lacos(qr+ qa) (441)

where ¢, = 0.558 [m] and ¢4 = 0.291 [m]. The dynamics of the planar-WAM
can be expressed in the following form [68]

- [Mu M12}[(']'1]+[an lez}{%]
My Moo Ga Viner  Vinas G4

e e

In (4.42), the elements of the inertia and centripetal-Coriolis matrices are

(4.42)

given as
M1 = p1 + 2pacos(qys)
My = p3 + pacos(qa)
M3y = p3 + pacos(qa)
Msy = p3

1n *pQSZ‘TL((M)(h

12 = —P2511(qa)d1 — p25in(qs)da
21 = pQSin(q4)QI

Ving, =0

SRS

where p1, p2, ps denote unknown constant inertial parameters, and fy, =
6.8 [Nm-s] and f;, = 3.8 [Nm-s]. The gravitational effects are not included
in (4.42) due to the plane of motion of the manipulator.

The links of the WAM are driven by brushless motors supplied with sinu-
soidal electronic commutation. Each axis has encoders located at the motor
shaft for link position measurements. Since no tachometers are present for
velocity measurements, link velocity signals are calculated via a filtered
backwards difference algorithm. An AMD Athlon 1.2GHz PC operating
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QNX 6.2.1 RTP (Real Time Platform), a real-time micro-kernel based op-
erating system, hosts the control, detection, and identification algorithms
which were written in C++. Qmotor 3.0 [51] was used to facilitate real time
graphing, data logging and on-line gain adjustment. Data acquisition and
control implementation were performed at a frequency of 1.0 [kHz] using

the ServoToGo I/O board.

] ®
g it
ﬁ Boundary \Ob stacles/
i

FIGURE 4.1. Front View of the Experimental Setup

Adaptive VFC Experiment

The following task-space velocity field for a planar, circular contour was
utilized for the experiment [4]

9(z) = —2K (z) f (=) [ (21 = @e1) ] + 2¢(x) { (@2 —2e2) } (4.43)

(x2 — xe2) (T — 1)
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where 2.1 = 0.54 [m] and x. = 0.04 [m] denote the circle center, and the
functions f(z), K(z), and ¢(z) € R are defined as follows [4]

flx) = ($1—akﬂi+%w2—wayz—r§ (4.44)
K@) = i

VI |25
COeXp(—¢L f2@0)

ku)
ox

+e€

clz) =

In (4.44), r, = 0.2 [m] denotes the circle diameter, and the parameters
€ =0.005 [m3], p =20 [m~!], k& = 0.25 [ms~?], and ¢y = 0.25 [ms~!] were
selected according to [4]. The task-space velocity field is depicted in Figure
4.2. The development in Section B.2.1 of Appendix B indicates that the
velocity field in (4.43) satisfies the condition given in (4.2). To implement
the adaptive VFC given in (4.11) and (4.12), the task-space velocity field is
transformed into a joint-space velocity field as follows 9(q) = J~!(q)d(x).
The controller parameters were recorded as follows

K = diag(25,15) 'y = diag(3,1,5)

where diag(-) denotes a diagonal matrix. The resulting velocity field track-
ing errors are given in Figure 4.3. Figure 4.4 depicts the parameter esti-
mates, and Figure 4.5 depicts the control torque inputs.

Adaptive Navigation Function Control Experiment

For the navigation function control experiment, four circular obstacles with
known dimensions were placed in known locations in the task-space (see
Figure 4.1). The actual size of the obstacles and task-space was then mod-
ified in the algorithm to accommodate for the term ~((q(0),0) given in
(4.36) and (4.37) (i.e., the configuration-space was reduced to ensure ob-
stacle avoidance). To modify the configuration-space according to (4.36)
and (4.37), exact knowledge of the inertial parameters is required. Since
these parameters are unknown, an upper bound for {(¢(0),0) was utilized
based on known upper bounds for the inertial parameters. The modifica-
tions to the configuration-space are depicted in Figure 4.6. A task-space
navigation function was developed to encapsulate the obstacles and the
task-space boundary as follows

2
[l — 2]

/K
(I — 21" + By 28584)

p(x) = (4.45)
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FIGURE 4.2. Desired Trajectory
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FIGURE 4.3. Velocity Field Tracking Errors
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FIGURE 4.5. Control Torque Inputs
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where z(t) £ [21(t), 22(t)]T € R? denote the actual task-space position of
the WAM end-effector, z* £ [2%, x5]7 € R? denotes the task-space goal
position, and  is a parameter. In [39], Koditschek proved that ¢ (z) in
(4.45) is a navigation function satisfying Properties 4.2.4 — 4.2.7, provided
that  is big enough; for this simulation,  is chosen to be 14. In (4.45),
the boundary function 3,(z) € R and the obstacle functions 8;(z), 8,(z),
Bs(x), B,4(x) € R are defined as follows

Bo = 18— (x1— 1) — (22 — T2y )? (4.46)
By = (z1—2n)*+ (22— 22p,)? — 1}

By = ( - xT‘z) ($2 - $2r2)2

By = (21— xp)> + (w2 — T2p,)” —

By = (w1 — )%+ (22 — 22r,)°

In (4.46), (1 — x1,) and (22 — zay,) where ¢ = 0, 1,2, 3,4 are the respec-
tive centers of the boundary and obstacles, and 7o, r1, 72, 73, 74 € R are
the respective radii of the boundary and obstacles. From (4.45) and (4.46),
it is clear that the model-space is a circle that excludes four smaller cir-
cles described by the obstacle functions 3, (), 85(x), B5(), B4(z). If more
obstacles are present, the corresponding obstacle functions can be easily
incorporated into the navigation function [39]. Based on the known loca-
tion and size of the obstacles and task-space boundary, the model-space
configuration parameters were selected as follows (in [m])

T1rg = 0.5064  m9,, = —0.0275 1o =0.28
@1y, = 0.63703 o, =0.11342 7 = 0.03
T1r, = 04011 33, =0.0735 75 =0.03
T1r, = 0.3788 @3, = —0.1529 75 =0.03
T1r, = 0.6336 @3, = —0.12689 74 = 0.03.

To implement the navigation function based controller given in (4.29) and
(4.30) the joint-space dynamic model given in (4.42) was transformed to
the task-space as follows [19]

= M*(2)i + Vi (2, 4)3 + Fji

where
o= JTr M*:J_T{%; %;E]J—l
O (R R Bl e B
SRR
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where J~1(q) can be determined from (4.41) as follows

cos (q1 + q4) sin (q1 + q4)
—1(,) — £y 8in qq £y 8in qq
T7) _licosqr+lycos(qtqa)  lising +lysin(q + qa)
{104 sin gy {104 sin gy

After adjusting the control gains to ensure the gain conditions (4.35) and
(4.40) are satisfied, the following values were recorded

k=45 Ty = diag(0.02,0.01,0.01);

the resulting actual trajectory of the WAM end-effector is provided in Fig-
ure 4.6. Figure 4.6 illustrates that the WAM end-effector avoids the actual
obstacles as it moves to the goal point. The parameter estimates and control
torque inputs are provided in Figures 4.7 and 4.8, respectively.

0.2
0.1
—_ O [
E
&
o1 hysical obstacle (0.03 m)
AN Actual obstacle
_o2b Start size (0.036 m)
Actual Physical task-space
/task—space (0.27017m (0.28 m)
-0.3t | I | | 1 |
0.2 0.3 0.4 0.5 0.6 0.7 0.8

X, [m]
FIGURE 4.6. Actual Trajectory of the WAM Robot

Remark 4.5 The adaptive control results achieved in Sections 4.2.2 and

4.2.3 prove only that 6, (t) and 05 (t) — 0 ast — oo; therefore, the unknown
parameters are not guaranteed to be identified. The values of the estimates
that are reached could be different from one experimental run to another. In
practice, the parameter estimates may not become constant due to steady-
state tracking errors.
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4.3 Velocity Field and Navigation Function
Control for WMRs

This part describes in detail the integration of control techniques for WMRs
with the path planning algorithms presented in the preceding section. Ve-
locity Field Control is tackled first. Specifically, a velocity field is developed
for the constrained WMR trajectory, and a differentiable controller is for-
mulated to prove global asymptotic velocity field tracking. Motivated by
the desire to improve the robustness of the system, the developed differ-
entiable kinematic controller is embedded inside of an adaptive controller
that fosters global asymptotic tracking despite parametric uncertainty as-
sociated with the dynamic model. In the latter half of this section, several
approaches for incorporating navigation functions into different controllers
are developed for task execution by a WMR in the presence of known ob-
stacles. The first approach is based on the use of a 3-dimensional (position
and orientation) navigation function that is based on desired trajectory
information. The navigation function yields a path from an initial con-
dition inside the free configuration space of the mobile robot to a stable
equilibrium point. A differentiable, oscillator-based controller is then used
to enable the mobile robot to follow the path and stop at the goal posi-
tion. A second approach is developed for a 2-dimensional (position-based)
navigation function that is constructed using sensor feedback. A differen-
tiable controller is proposed based on this navigation function that yields
asymptotic convergence. Simulation results are provided to illustrate the
performance of the controller.

4.3.1 Kinematic Model

The kinematic model for a WMR subject to the nonholonomic constraints
of pure rolling and nonslipping can be expressed as follows (See Figure 4.9)

i = S (4.47)

where q(t), (t) € R? are defined as
AT
q=[rc Ye 9]T q= |:j:c Ye 9} . (4.48)
In (4.47) and (4.48), z.(t), y.(t), and G(t) € R denote the Cartesian position
and orientation of the WMR, . (t), 9.(t) denote the Cartesian components
t

of the linear velocity of the COM, (9( ) € R denotes the angular velocity,
the velocity vector is defined as v(t) = [v. w.]” € R? with v.(t),we(t) € R
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denoting the linear and angular velocity of the system, while the matrix
S(q) € R3*2 is defined as follows

cosf O
S(g)=| sinf 0 |. (4.49)
0 1

A 4

SL‘C €T

FIGURE 4.9. Mobile Robot Coordinate Frames

4.3.2 WMR Velocity Field Control

As described previously, many robotic tasks can be effectively encapsulated
as a velocity field where the control objective can be described as the desire
for the trajectory of a system to track a state-dependent desired trajectory.
To quantify this objective for the WMR, a velocity field tracking error,
denoted by n,(t) € R3, is defined as follows

m,(t) = 4(t) —9(q) (4.50)

where 9(-) € R? denotes the desired WMR velocity field that is defined as
follows

e cosfa(q) O
Iq) = ycd = | sinfy(q) 0 | va(q). (4.51)
04 0 1
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In (4.51), va(q) = [veg wea]” € R? denotes the desired heading and ro-
tational velocity of the center of mass (COM) of the WMR, while z.4(¢),
Yed(t), and 64(t) € R denote the desired Cartesian position and orienta-
tion of the WMR, respectively. The velocity field is assumed to be de-

signed so that ¥(q), 81;—51(])

remains bounded. The velocity field is also assumed to be designed such
that tlim llva(t)|| # 0. As an example, a velocity field that leads to a de-

,Zed(q), and yeq(g) remain bounded provided ¢

sired WMR circular contour centered about the origin with radius R can
be chosen as follows

vea(q) = 1/pi(a) + p3(q) (4.52)

d
7 arctan 2 (py(q), p1(q)) V—m <fa <m
1 V9d=ﬂ'

wea(q) = 0alq) =

where arctan 2 (+) is the four quadrant inverse tangent function that is con-
fined to the region —m < 0; < m while the auxiliary functions p;(q),
p2(q) € R are defined as follows

pila) = (R*—al2—yl)we+ye (4.53)
pola) = (R* =22 —y2)ye — . (4.54)

Although the arctan 2 () function exhibits a discontinuity between periods,
ad hoc adjustments can be used to implement the function. For R = 1, the
velocity field depicted in Figure 4.10 is produced.

Kinematic Transformation

To express the WMR model in a form that is more amenable to the
subsequent control design and stability analysis, the new state variables
2(t) = [ z1(t) 2a(t) ]T € R? and w(t) € R are defined in terms of the
original states through the following global diffeomorphism [19]

z1 T
| =G| (4.55)
w 0
where G(q) € R3*3 is defined as follows
0 0 1
G(q) = | cosf sin 0 0. (4.56)
—0cosf +2sinf —0Osinf —2cosh 0
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FIGURE 4.10. Example Circular Velocity Field for a WMR

In (4.55), 2 (t), 7 (t),0 (t) € R denote the difference between the actual and
desired Cartesian position and orientation of the WMR as follows

T =2Tp — Teq U= "Ye — Yed 0=0-—0,. (4.57)

By using (4.47)—(4.57), the time derivative of (4.55) can be expressed as
follows

w o= ulJTz+ Az (4.58)

zZ = u

where J € R?%2 is an auxiliary skew-symmetric matrix defined as

J:H 51 ] (4.59)

and the auxiliary row vector A(q) € R*? is defined as

sin(z1)

A= [—Q’UCd
21

2%4 . (4.60)

The auxiliary control variable u(t) = [ ui(t) ua(t) ]T € R? introduced
in (4.58) is used to simplify the transformed dynamics and is explicitly
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defined in terms of the WMR position and orientation, the WMR linear
velocities, and the velocity field as follows

u=T 'v— [ Wed } v="Tu+1I (4.61)
Veq COS 0
where the auxiliary variables T'(q) € R?*? and II(q) € R? are defined as
follows
T— (Zsinf —gcosd) 1 (4.62)
1 0
and

I

B { Veq €08 0 + weq (Zsin 0 — 7 cos 0) } (4.63)

Wed

Dynamic Model

The dynamic model for the kinematic wheel can be expressed in the fol-
lowing form
Mv+ F(v) = Bt (4.64)

where M € R?*2 represents the constant inertia matrix, F\(v) € R? repre-
sents the friction effects, 7(¢) € R? represents the torque input vector, and
B € R?*? represents an input matrix that governs torque transmission.
After premultiplying (4.64) by T7(q) defined in (4.62), and substituting
(4.61) for v(t), the following convenient dynamic model can be obtained
[19]

Mi+Vyu+ N = DBr (4.65)

where
T'MT, V,, = TTMT, (4.66)
= 77B, N=1" (F(Tu+H) —|—Mﬂ).

S
|

The dynamic model in (4.65) exhibits the following properties which will be
employed during the subsequent control development and stability analysis.

Property 4.3.1: The transformed inertia matrix M (q) is symmetric, pos-
itive definite, and satisfies the following inequalities

ma [[€]* < €TME < ma(zw) ||E]1* VE € R (4.67)

where m; is a known positive constant, ma(z,w) € R is a known,
positive bounding function which is assumed to be bounded provided
its arguments are bounded, and ||-|| is the standard Euclidean norm.

© 2010 by Taylor and Francis Group, LLC



168 4. Path Planning and Control

Property 4.3.2: A skew-symmetric relationship exists between the trans-
formed inertia matrix and the auxiliary matrix V;,(q, ) as follows

€7 (%M - Vm> £€=0 V£eR? (4.68)

where M (q, ¢) represents the time derivative of the transformed in-
ertia matrix.

Property 4.3.3: The robot dynamics given in (4.65) can be linearly pa-
rameterized as follows

Y, = Mu+ Vyu+ N (4.69)

where 1) € RP contains the unknown constant mechanical parameters
(i.e., inertia, mass, and friction effects), and Y, (u,u) € R?>*? denotes
a regression matrix.

Property 4.3.4: The transformed torque transmission matrix B(q) is glob-
ally invertible.

Control Development
Control Objective

The velocity field tracking control objective is to ensure that
N,(t) = 0ast — oo (4.70)

despite parametric uncertainty in the WMR dynamic model. To achieve
this objective, the subsequent control development will focus on proving
that the auxiliary states w(t) and z(¢) and the respective time derivatives
asymptotically approach zero. The auxiliary error signal Z(t) € R? is in-
troduced to facilitate the control development, where Z(t) is defined as the
difference between the subsequently designed auxiliary signal z4(t) € R?
and the transformed variable z(t), defined in (4.55), as follows

Z=1z4— 2. (4.71)

Given the nonholonomic motion constraints, the control development for
a WMR is facilitated by designing a velocity control input (e.g., the con-
trol input to the kinematic system in (4.58) is given by wu(t)). Since the
actual control input to the WMR can be expressed as a force/torque, a
backstepping error, denoted by 7n(t) € R?, is introduced as follows

nN=uUd— U (4.72)
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where ug(t) € R? denotes the desired kinematic control signal. Given that
uncertainty exists in the WMR, dynamic model, the subsequent control
development will include the design of an adaptive estimate, denoted by
ﬁ}(t) € RP. To quantify the performance of the adaptive estimate, a param-
eter estimation error signal, denoted by {ZJ(t) € RP, is defined as follows

~ ~

Y =) — . (4.73)
Control Formulation

Given the transformed dynamic model of (4.65), the subsequent stability
analysis, and the assumption that ¢(¢) and ¢(¢) are measurable, the control
torque input 7(¢) is designed as follows

r=B"1 (Y{p + Kan+ Jaw + z) . (4.74)

Here, K, € R?*? is a positive definite, diagonal control gain matrix, zﬂ(t)
is dynamically generated by the following gradient update law

v =TYTy (4.75)
and the regression matrix Y (44, ug, u) € R™*P is defined as follows
Y = Mg+ Vigug + N (4.76)

where ug4(t) is introduced in (4.72). From the kinematic equations given in
(4.58) and the subsequent stability analysis, the desired kinematic control
signal uq(t) given in (4.76) is designed as follows

Ug = Uy — k32 + Ue. (4.77)

In (4.77), the auxiliary control terms u,(t) € R? and u.(t) € R? are defined
as
Ug = kiwdzg + Q124 (4.78)

and
e = — (I + 2wJ) "t (2wAT) (4.79)

respectively, the auxiliary signal z4(¢) is defined by the following dynamic
oscillator-like relationship

Za = (ky (0 = 20 24) — ka) 2+ JQoza + %u (4.80)

B = 2 (0)za(0),
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and the auxiliary terms §2;(¢) € R and Q2(¢) € R are defined as
Ql = kl’w2 + ]{)1 (’UJ2 — Z;{Zd) - ]{)2 + ]{)3 (481)

and
Qo = kiw + wly (482)

respectively. In (4.77)—(4.82), k1, ko, ks € R are positive, constant control
gains, I5 represents the standard 2 x 2 identity matrix, 8 € R is a positive
constant, and A(q) was defined in (4.60). Note that it is straightforward to
show that the matrix I +2w.J7” used in (4.79) is always invertible provided
w(t) remains bounded.

Closed-Loop Error System

The closed-loop error system for n(t) is obtained by taking the time deriva-
tive of (4.72), premultiplying the resulting expression by the transformed
inertia matrix, substituting (4.65) for M (q)u(t), and utilizing (4.76) to ob-
tain the following expression

Mp = —Vyun+Y1p — Br (4.83)

After substituting (4.74) into (4.83) and utilizing (4.73), the following ex-
pression for the closed-loop error system can be obtained

Miy=—Kon =V + Y1) — Jzw — 2. (4.84)

The first term in (4.84) is a stabilizing feedback term, and the second term
in (4.84) can be canceled through a Lyapunov-analysis by virtue of Property
2. The design for the adaptive update law given in (4.75) is motivated by
the desire to cancel the third term in (4.84) through a Lyapunov-based
analysis. The remaining two terms represent coupling terms that must be
canceled through the closed-loop error systems developed for w(t) and Z(¢);
hence, the control development given in (4.77)—(4.82) is motivated by the
need to cancel these terms.

To facilitate the closed-loop error system development for w(t), the de-
sired kinematic control input u4(#) is injected into the open-loop dynamics
of w(t) given by (4.58) by adding and subtracting the term u}.Jz to the
right side of (4.58) and utilizing (4.72) to obtain the following expression

w=nTJz—ulJz+ Az (4.85)

After substituting (4.77) for u4(t), adding and subtracting ul Jzy4 to the
resulting expression, utilizing (4.71), and exploiting the skew symmetry of
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J defined in (4.59), we can rewrite the closed-loop dynamics for w(t) as
follows
w=n"Jz+ul Tz —ul Jzg+ Az —ul J2. (4.86)

After substituting (4.78) for only the second occurrence of u,(t) in (4.86),
substituting (4.79) for wu.(¢), utilizing the skew symmetry of J defined in
(4.59), and the fact that J7.J = I, we can obtain the final expression for
the closed-loop error system as follows

W o= nlJz+ulJE— kiwz] zq + Az (4.87)
+F2wA(Iy + 2wJT) 1Tz
The closed-loop error system for Z(t) can be obtained by taking the time

derivative of (4.71), substituting (4.80) for Z4(t), and then substituting
(4.58) for 2(t) to obtain

;= (k1 (w2 — z:{zd) — lcg) Zd (4.88)

1
+J924 + §uc +n—ug

where (4.72) was utilized. The following expression can be obtained by
substituting (4.77) for ug(t) and then substituting (4.78) in the resulting
expression

z o= (ki (0 =27 za) — k2) 2a + Q224 (4.89)
1
fiuc —kiwJzg — Q1zq + ksz + 1.

After substituting (4.81) and (4.82) for ©;(¢) and Q(¢) into (4.89), respec-
tively, and then using the fact that JJ = —Is, the following expression is
obtained

: 1
Z=—k3z+wJ[Qzq+ krwJzg) — e +7 (4.90)

where (4.71) has been utilized. Substituting (4.79) for u.(¢) yields the final
expression for the closed-loop error system as follows

Z=—ksi+ (I +2w)) 'wAT + wJu, +1 (4.91)
since the bracketed term in (4.90) is equal to u,(t) defined in (4.78).
Stability Analysis

Theorem 4.4 The controller introduced in (4.74)-(4.82) ensures global
asymptotic tracking of the velocity field in the sense that

n,({t) = 0 ast — o0 (4.92)
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provided the reference trajectory is selected such that
Jim [log(t)]| # 0. (4.93)

Proof: Consider the following non-negative function denoted by V(w
zd, 2, 1, ¥) € R as follows

1 1
V(t)=cw?+ =282 +

1 . 1 4 - 1-7_ 1~
5 5 z z+2?7 Mn—i-Qw I=4. (4.94)

2

The following expression can be obtained after taking the time derivative of
(4.94) and making the appropriate substitutions from (4.75), (4.79), (4.80),

(4.84), (4.87), (4.91), and utilizing the fact that 1(t) = —(t)

Vo= wnTJz+ul Iz - kwzl 2 (4.95)
+w [Az + 20A(Iz + 2w ") T 2]
+zg [(kl (w2 — zgzd) — kg) zd]
+z5 [JQo2q — (I + 2wJ) tw A"
+37 [ksZ + (I + 2wJ) " rwA"]

T [wJuq +n] + %nTJ\an — 3" YTy
T [Y@Z—sz—é—Kan—an} .

After utilizing (4.68), the skew symmetry property of J, and cancelling
common terms, (4.95) can be rewritten as

Vo= —kizalt = ko2l zg — ki — T Kan (4.96)
+ [wAz + (WAL + 2wJ ") ™! (2w])) =
— (wA(l2 + QwJT)*l) ]

where (4.71) has been utilized. Furthermore, after combining the bracketed
terms in (4.96) and making algebraic simplifications, one can obtain the
following simplified expression for V' ()

V = —ky ||zal|* — kozh zq — kszTZ — nT K. (4.97)

Based on (4.94) and (4.97), it can be concluded that V() € Loo; thus,
w(t), zq(t), Z(t), n(t), ¥v(t) € Loo. Since w(t), zq(t), 2(t), n(t) € Lo, one
can utilize (4.60), (4.71), (4.77)-(4.82), (4.87), and (4.91) to conclude that
A(q) ( )’ (t>a u( )a ( )a (t)a Ql(t>a QQ(t>v Z.d(t>v ’lb(t), 2(t) € Loo
Since Z4(t), Z(t) € Lo, (4.71) can be utilized to show that 2(t) € Lo
(since w(t), 24(t), 2(t), z( ) € Lo, it follows that w(t), z4(t), 2(t), and z(¢)
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are uniformly continuous). To illustrate that the Cartesian position and
orientation tracking signals are bounded, we calculate the inverse transfor-
mation of (4.55) as follows

T zZ1
g1 =G| % |. (4.98)
0 w

Since z(t) € Lo, it is clear from (4.57) and (4.98) that 6(t) € L. Fur-
thermore, from (4.57), (4.98), and the fact that w(t), z(t), (t) € Loo, we
can conclude that Z(t), 7(t) € Loo. Since x.4(q) and y.q(¢) are assumed to
be bounded, we can conclude that z.(t) and y.(t) € L. We can utilize
(4.61), the assumption that v4(q) is bounded, and the fact that w(t), Z(t),
7(t) € Lo, to show that v(t) € Loo; therefore, it follows from (4.47)—(4.49)
that O(t), @c(t), 9e(t) € Loo. Based on the boundedness of the aforemen-
tioned signals, we can take the time derivative of (4.80) and show that
Z4(t) € Loo. The expressions in (4.62)—(4.66) can then be used to prove
that M(q), Vin(q,q), N(q,4) € Loo. The time derivative of (4.77)-(4.82)
can be used to prove that u4(t) € Loo; hence, (4.74)—(4.76) and (4.84) can

be used to prove that Y (¢), 7(t), ¥(t), 7(t) € Loo. Based on the bound-
edness of the closed-loop signals, standard signal chasing arguments can
now be used to show that all remaining signals remain bounded during
closed-loop operation.

From (4.94) and (4.97), it is easy to show that z4(¢), Z2(t), n(t) € L2; hence,
since zq(t), Z(t), n(t) are uniformly continuous, a corollary to Barbalat’s
Lemma [66] can be used to show that tlirgozd(t), Z(t), 2(t), n(t) = 0. Next,

since Z4(t) € Lo, we know that Z4(¢) is uniformly continuous. Since we
know that tlim z4(t) = 0 and Z4(t) is uniformly continuous, we can use the
—00

following equality

i Ot C% (zq(7)) dr = tliglozd(t) + constant (4.99)
and Barbalat’s Lemma [66] to conclude that tlgglo 24(t) = 0. Based on the
fact that tlirgozd (t), 24(t) = 0, it is straightforward from (4.79) and (4.80) to
see that tlirgo wAT = 0. Finally, based on (4.60) and (4.93) we can conclude
that tlixgow(t) = 0. From (4.98), we can now conclude that tlirgofc(t), 7(t),
0(t) = 0. Given that tligloz(t), n(t), w(t) =0, (4.72) and (4.77)—(4.79) can
be used to prove that tlinélou(t) = 0. Hence, from (4.58) and (4.85), tlirgzoé(t),
w(t) = 0. To prove that n, (t) — 0, one can take the time derivative of (4.55)
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as follows ) )
z1 T T
d . d
— | 2z | =G| g |+G=| 75 (4.100)
dt =4 dt | %
w 0 0

Since tlim 2(t), w(t), Z(t), y(t), O(t) = 0, the fact that the G(q) is a global
—00
diffeomorphism can be used along with (4.100) to conclude that tlim i(t),

g(t), 0(t) = 0. From (4.50), (4.51), and (4.57), the velocity field tracking
result given in (4.92) is now obtained. H

4.3.3 WMR Navigation Function Control Objective

Given the kinematic model described in Section 4.3.1, the objective here is
to navigate the wheeled mobile robot along a collision-free path to a con-
stant goal position and orientation, denoted by ¢* = [z y* 9*]T € R3,
in a cluttered environment with known obstacles. Specifically, the objective
is to control the nonholonomic system along a path from the initial posi-
tion and orientation to ¢* € D, where D denotes a free configuration space.
The free configuration space D is a subset of the whole configuration space
with all configurations removed that involve a collision with an obstacle.
The navigation control objective is to drive the errors i (), (t),0 (t) (as
defined in 4.57) to zero in the limit. Here, the desired position and orienta-
tion of the WMR, denoted by qq(t) Z[zca(t) vea(t) 0a(t)]”, is designed
such that ¢4(t) — ¢*. As previously elaborated in Section 4.2.3, the navi-
gation function used here to generate gq(t) is assumed to satisfy Properties

4.2.4-4.2.7.

Off-line 3D Navigation
Trajectory Planning

The off-line 3D desired trajectory can be generated as follows

S P I
qd = V ¥ (Qd) - axcd 8ycd aed

(4.101)

where ¢ (¢qq) € R denotes a navigation function defined in D with a mini-
mum at gg = ¢* (see Properties 4.2.4-4.2.7 for details), and 2.q(t), yea(t),
04(t) were introduced in (4.51).

Lemma 4.5 Provided qq (0) € D, the desired trajectory generated by (4.101)
ensures that q4(t) € D and (4.101) has the asymptotically stable equilibrium
point q*.
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Proof: Let V; (¢q) : D — R denote a non-negative function defined as
follows

Vi (42) £ ¢ (qa) - (4.102)

After taking the time derivative of (4.102) and utilizing (4.101), the follow-
ing expression can be obtained

Vi (ga) = (V¢ (40))" da = — |7 (aa)1* - (4.103)

From (4.103), it is clear that V; (ga(t)) is a non-increasing function in the
sense that

Vi (qa(t)) < Vi (qa(0)) . (4.104)

From (4.104), it is clear that for any initial condition ¢4 (0) € D, that
qqa (t) € D ¥Vt > 0; therefore, D is a positively invariant set. Let £y C D
denote a set defined as follows E1 2{qq (t)| Vi (¢4) = 0}. Based on (4.103),
it is clear that V¢ (¢q4) = 0 in Ej; hence, from (4.101) it can be determined
that ¢4 (t) = 0 in Eq, and that E; is the largest invariant set. By invoking
LaSalle’s Theorem [35], it can be determined that every solution g4 (t) € D
approaches Fj as t — oo, and hence, ¢ (¢4) — 0. Based on Property
4.2.7, it can be determined that if /¢ (gq) — 0 then ¢4(¢) — ¢*. W

Model Transformation

To achieve the navigation control objective, a controller must be designed
to track the desired trajectory developed in (4.101) and stop at the goal
position ¢*. To this end, the unified tracking and regulation controller pre-
sented in [18] can be used. To develop the controller in [18], the open-loop
error system defined in (4.57) must be transformed into a suitable form.
Specifically, the position and orientation tracking error signals defined in
(4.57) are related to the auxiliary tracking error variables w(t) € R and
2(t) 2 [ z1(t) 22(t) ]T € R? through the global invertible transforma-
tion of (4.55). As similarly done in Section 4.3.2, one can take the time
derivative of (4.55) to obtain the following transformed kinematic system

ul J 2+ f (4.105)

zZ = u

w

where we have utilized (4.101) as well as the robot kinematics of (4.47),
J € R?*2 has been previously defined in (4.59), and f(6,22,44) € R is
defined as

fE2[ —sinf cosb 2z ]da. (4.106)

© 2010 by Taylor and Francis Group, LLC



176 4. Path Planning and Control

T
The auxiliary control input u(t) £ [ ui(t) wu2(t) | € R? introduced in
(4.105) is defined in terms of the position and orientation, the linear and
angular velocities, and the gradient of the navigation function as follows

0 1
1 —Zsinf 4+ gcosb v

9¢ (4.107)
004

Op cosf + Op

sin 6
0% cq aycd

Control Development

Based on the form of the open-loop error system in (4.105)—(4.107), u(t)
can be designed as follows [18]

U2 ug — koz (4.108)

where ks € R is a positive, constant control gain. The auxiliary control
term u,(t) € R? introduced in (4.108) is defined as

N <k1w+f
Uy = | ——

52 > Jzg + Q124 - (4.109)
d

In (4.109), z4(t) is defined by the following differential equation and initial

condition
. 04 kyw+ f
Zd = 5dZd+< 53 +le) Jzg (4'110)
2q (0)2a(0) = 53(0) ,
the auxiliary terms Q4 (w, f,t) € R and §4(t) € R are defined as
5d kiw+ f
Y +—+w<— , 4.111
1=kt 2 (4.111)
84 2 agexp(—aqt) + e, (4.112)

while k1, ag, a1, €1 € R are positive, constant control gains, and f(0, 22, §4)
was defined in (4.106).

Based on the control design given in (4.108)—(4.112), the following sta-
bility result can be obtained.

Theorem 4.6 The kinematic control law given in (4.108)—(4.112) ensures
uniformly ultimately bounded (UUB) position and orientation tracking in
the sense that

HOINOI

0 (1)] < Boexp (—70t) + Brex (4.113)
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where €1 was given in (4.112), By = /w2(0) + 27(0) + 22(0), and 3, and
Yo are known positive constants.

Proof: See [18].

Remark 4.6 Although qq (t) is a collision-free path, the stability result in
Theorem 4.6 only ensures practical tracking of the path in the sense that
the actual WMR trajectory is only guaranteed to remain in a neighborhood
of the desired path. From (4.57) and (4.113), the following bound can be
developed

lall < llaall + V38 exp (—7ot) + V38,21 (4.114)

where qq (t) € D based on the proof for Lemma 4.5. To ensure that q (t) € D,
the free configuration space needs to be reduced to incorporate the effects of
the second and third terms on the right-hand side of (4.114). To this end,
the size of the obstacles meeds to be increased by \/3 (B, + B1e1), where
B1€1 can be made arbitrarily small by adjusting the control gains. To min-
imize the effects of By, the initial errors w(0) and z(0) need to be chosen
sufficiently small to yield a feasible path to the goal.

On-Line 2D Navigation

In the previous approach, the size of the obstacles is required to be increased
due to the fact that the navigation function is formulated in terms of the
desired trajectory. In the following approach, the navigation function is
formulated based on current position feedback, and hence, ¢ (t) can be
proven to be a member of D without placing restrictions on the initial
conditions. However, it is important to note that the orientation control
for this approach requires additional development in order to align the
WMR with a desired orientation. The reader is referred to the simulation
results (Section 4.3.3) as well as the notes at the end of the chapter for
more details on this aspect.

Trajectory Planning

Let ¢ (2., y.) € R denote a 2D position-based navigation function defined
in D that is generated on-line, where the gradient vector of ¢ (z¢,y.) is
defined as follows

Oz, ayc

Let 04 (¢, y.) € R denote a desired orientation that is defined as a function
of the negated gradient of the 2D navigation function as follows

04 2 arctan 2 ( —357 —gf ) (4.116)

vw(xc,yc)i{ Op ¢ r. (4.115)
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where arctan2(-) : R?> — R denotes the four quadrant inverse tangent
function [72], where 6, (t) is confined to the following region

—mT <4<

By defining 04|+ ,+) = arctan 2 (0,0) = 0|+ =), 04(t) remains continuous
along any approaching direction to the goal position [16].

Control Development

Based on the open-loop system introduced in (4.47)—(4.49) and the subse-
quent stability analysis, the linear velocity control input v, (t) is designed
as follows

Ve 2 ky || 70| cos 6 (4.117)
where k, € R denotes a positive, constant control gain, and 0(t) was in-

troduced in (4.57). After substituting (4.117) into (4.47), the following
closed-loop system can be obtained

x cosf ~
=k, 0. 4.118
] =] g | et cos (1119
The open-loop orientation tracking error system can be obtained by taking
the time derivative of 6(t) in (4.57) as follows

0=w.—0y (4.119)

where (4.47) was utilized. Based on (4.119), the angular velocity control
input w, (¢) is designed as follows

we 2 —k,0+ 04 (4.120)

where k, € R denotes a positive, constant control gain, and éd(t) denotes
the time derivative of the desired orientation. See Section B.2.3 of Appendix
B for an explicit expression for 8y (t) based on the previous continuous
definition for 0, (t). After substituting (4.120) into (4.119), the closed-loop
orientation tracking error system is given by the following differential equa-
tion

) (4.121)
the solution for which can be obtained as
0(t) = 0(0) exp(—kyt). (4.122)

After substituting (4.122) into (4.118), the following closed-loop error sys-
tem can be determined

[ ;C ] = kv { :ng ] Izl cos (é(o) eXP(*kwt))- (4.123)
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Stability Analysis

Theorem 4.7 The control input designed in (4.117) and (4.120) along
with the navigation function ¢ (. (t),y. (t)) ensure asymptotic navigation
in the sense that

(1) =2y (6) ~ 57, [ (1) = 0. (4.124)

Proof: Let V5 (2, y.) : D — R denote the following non-negative function

Va (:ECa yc) £ 2 (zCa yc) . (4125)

After taking the time derivative of (4.125) and utilizing (4.115) and (4.118),
the following expression can be obtained

cos
sin 0

Vo= ()" | ) | 17llcosd. (4.126)
Based on the development provided in Section B.2.3 of Appendix B (see
(B.42) and (B.45)), the gradient of the navigation function can be expressed
as follows

_ T
Ve =—llvel [ cosbs sinq | . (4.127)

After substituting (4.127) into (4.126), the following expression can be ob-
tained

Vo = —k, ||V (cos @ cos 84 + sin @ sin ) cos 6. (4.128)
After utilizing a trigonometric identity, (4.128) can be rewritten as follows
Vo = —g(t) £ —k, || 7] cos® 0 (4.129)

Hereafter, the ensuing analysis is valid on the free configuration space
defined by the set D. Based on (4.115) and Property 4.2.4, it is clear
that ||v¢ (e, ye)|| € Loo ; hence, (4.117) can be used to conclude that
Ve (1) € Lo. Furthermore, it can be seen from Section B.2.3 of Appendix
B (see (B.50)) that 64 (t) € Loo. Thus, (4.120) can be used to show that
we (t) € Loo. Based on the fact that v, (t) € Loo, (4.47)—(4.49) can be used
to prove that Z. (¢), Y. (t) € Loo. After taking the time derivative of (4.115),
the following expression can be obtained

Py Py
d _ Ox? Oy 0w, Te
7 (V9 (e ye)) = P2é Py [ 0 } . (4.130)
0z.0y, Oy2
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Since @, (t), gc (t) € Lo, and since each element of the Hessian matrix in
(4.130) is bounded by virtue of Property 4.2.4, it is clear that §(t) € Loo.
Based on (4.125), (4.129), and the fact that §(¢) € Lo, Lemma A.6 of [17]
can be invoked to prove that

176 (@, ye) | cos 6 — 0. (4.131)

Based on the fact that cos?8(t) — 1, (4.131) can be used to prove that
Ve (e, ye)|| — 0. Finally, Property 4.2.7 and (4.122) can be used to
obtain the result in (4.124). W

Remark 4.7 The control development in this section is based on a 2D
position navigation function. To achieve the objective, a desired orienta-
tion 04 (t) was defined as a function of the negated gradient of the 2D
navigation function. The previous development can be used to prove the
result in (4.124). If a navigation function ¢ (x.,y.) can be found such that
9d|(xé7yé) = 0%, then asymptotic navigation can be achieved by the con-
troller in (4.117) and (4.120); otherwise, a standard regulation controller
(e.g., see [19] for several candidates) could be implemented to regulate the
orientation of the WMR from 04 (px y») — 0*. Alternatively, a dipolar po-
tential field approach [69, 70], or a virtual obstacle [29] could be utilized to
align the gradient field of the navigation function to the goal orientation of
the WMR.

Simulation Results

To illustrate the performance of the controller given in (4.117) and (4.120),
a numerical simulation was performed to navigate the mobile robot from
q(zc (0),9:(0),0(0)) to ¢* (x, y*,07). Since the properties of a navigation
function are invariant under a diffeomorphism, a diffeomorphism is devel-
oped to map the WMR free configuration space to a model space [39]. As
similarly done in Section 4.2.4, a positive function ¢ (z.,y.) was chosen as
follows

(we —2)” + (ye — y2)”
(e =20 + e =) +por1)

@ (Te,ye) = - (4.132)

where & is positive integer, and the boundary function p, (z.,y.) € R and
the obstacle function p; (z¢,y.) € R are defined as follows

[>

7’3 - ($c - 1:7-0)2 - (y(‘ - y'r‘())2 (4133)

2 2
(Te = 2r)" + (Yo — Yry) _r%-

Lo
P1

(1>
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In (4.133), (Try,Yro) and (2, ¥r,) are the centers of the boundary and
the obstacle respectively, rg, 71 € R are the radii of the boundary and
the obstacle respectively. From (4.132) and (4.133), it is clear that the
model space is a unit circle that excludes a circle described by the obstacle
function p; (z¢,y.). For the simulation, the model space configuration is
selected as follows

Tro =0 yr, =0 rg =1
Tr, =0 y,, =01 r1 =0.15

where the initial and goal configuration were selected as
g)=[01 06 51.6]"

¢=[-02 —04 —401]".

The control inputs defined in (4.117) and (4.120) were utilized to drive
the WMR to the goal point along the negated gradient angle. The control
gains k, and k, were chosen to be 0.3 and 17, respectively, in order to
yield the best performance. Once the WMR reached the goal position, the
regulation controller in [19] was implemented to regulate the WMR from
Oal(zz =) — 0. The actual Cartesian trajectory of the WMR is shown in
Figure 4.11. The outer circle in Figure 4.11 depicts the outer boundary
of the obstacle free space and the inner circle represents the boundary
around an obstacle. The resulting position and orientation errors for the
WMR are depicted in Figure 4.12, where the rotational error shown in
Figure 4.12 is the error between the actual orientation and goal orientation.
The control input velocities v.(t) and w,(¢) defined in (4.117) and (4.120),
respectively, are depicted in Figure 4.13. Note that the angular velocity
input was artificially saturated between +90 [deg-s~1].

4.4 Vision Navigation

In the introduction to the chapter, we noted the need for visual servo-
ing controllers for robots negotiating unstructured environments. As previ-
ously stated, three approaches, namely, position-based visual servo (PBVS)
control, image-based visual servo (IBVS) control, and hybrid control, are
commonly employed to perform vision based servoing. A common problem
with these approaches is the inability to achieve the control objective while
ensuring the target features remain visible. In this section, we present a
solution to this problem of a limited field-of-view (FOV) — this solution
is motivated by the image space navigation function developed in [13]. To
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FIGURE 4.11. Actual Cartesian Space Trajectory of the WMR,
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begin with, the mapping between the desired camera feature vector and the
desired camera pose (i.e., the position and orientation) is investigated to
develop a measurable image Jacobian-like matrix. An off-line image-space
path planner is then proposed to generate a desired image trajectory based
on this measurable image Jacobian-like matrix and an image space navi-
gation function (NF) while satisfying rigid body constraints. An adaptive,
homography-based visual servo tracking controller is then developed to
navigate the position and orientation of a camera held by the end-effector
of a robot manipulator to a goal position and orientation along the desired
image-space trajectory, while ensuring the target points remain visible (i.e.,
the target points avoid self-occlusion and remain in the FOV) under certain
technical restrictions. Due to the inherent nonlinear nature of the problem,
and the lack of depth information from a monocular system, a Lyapunov-
based analysis is used to analyze the path planner and the adaptive con-
troller. Simulation results are provided to illustrate the performance of the
proposed approach.
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4.4.1 Geometric Modeling
Euclidean Homography

Four feature points, denoted by O; Vi = 1, 2, 3, 4, are assumed to be
located on a reference plane 7 (see Figure 4.14), and are considered to be
coplanar? with no three being colinear. The reference plane can be related
to the coordinate frames F, F;, and F* depicted in Fig. 4.14 that denote
the actual, desired, and goal pose of the camera, respectively. Specifically,

FIGURE 4.14. Coordinate Frame Relationships

the following relationships can be developed from the geometry between
the coordinate frames and the feature points located on m

4.134
Mq; = Tpq + Ramj ( )

where m;(t), ma;(t), and m} denote the Euclidean coordinates of O; ex-
pressed in F, Fy, and F*, respectively. In (4.134), R (t), R4 (t) € SO(3)
denote the rotation between F and F* and between F; and F*, respec-
tively, and z (t), ¢4 (t) € R® denote translation vectors from F to F*

21t should be noted that if four coplanar target points are not available, then the
subsequent development can exploit the classic eight-point algorithm [56] with no four
of the eight target points being coplanar.
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and Fy to F* expressed in the coordinates of F and Fy, respectively. Since
the Euclidean position of F, F4, and F* cannot be directly measured, the
expressions in (4.134) need to be related to the measurable image-space co-
ordinates. To this end, m; (t), mq; (t), m} denote the normalized Euclidean
coordinates of O; expressed, respectively, in coordinate frames F, Fy, and
F* as follows

*

m

N

||>
3

>
5\

*
[

(1>

m; = — my; m " (4.135)

Zj Zdi Z;

under the standard assumption that z; (t), za;(t), 27 > & where ¢ denotes
an arbitrarily small positive constant. Based on (4.135), the expression in
(4.134) can be rewritten as follows

m; = Z—Z (R + %n*T> my
a8 A/ (4.136)
Q5 H
My = zil (Rd + xd];d n*T) my.
S ) (4.137)
o Hy

In (4.136) and (4.137), a; (t), ag (t) € R denote invertible depth ratios,
H(t), Hy(t) € R®*3 denote Euclidean homographies [23], and d* € R
denotes the constant, unknown distance from the origin of F* to m. The
following projective relationship can also be developed from Fig. 4.14

d* =n*Tm}. (4.138)

(3

Also from Fig. 4.14, the unknown, time varying distance from the origin of
Fa to w, denoted by d (t) € R, can be expressed as follows

d=n"TR ;. (4.139)

Projective Homography

Each feature point on 7 has projected pixel coordinates denoted by w; (¢),
v (1) € Rin F, ug; (), vg; (t) € R in Fy, and uf, v} € R in F*, that are

defined as follows '
]T pai = [ wai vai 1 }T
gl v 1]

2 K3

A . )
pis vl (4.140)

In (4.140), p; (), pai (t), p; € R represent the image-space coordinates
of the time-varying feature points, the desired time-varying feature point
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trajectory, and the constant reference feature points, respectively. To cal-
culate the Euclidean homography given in (4.136) and (4.137) from pixel
information, the projected pixel coordinates of the target points are related
to m; (t), mg; (t), and m} by the following pin-hole lens models [23]

p; = Am; pai = Amy; p; = Am} (4.141)

where A € R3*3 is a known, constant, and invertible intrinsic camera cali-
bration matrix with the following form

ay az Q4
A= 0 asz as (4 142)
0 0 1

where a; € RVi = 1,2, ..., 5, denote known, constant calibration parameters
(see [23]). After substituting (4.141) into (4.136) and (4.137), the following
relationships can be developed
pi=ca; (AHA Y ) p!  pay = aq; (AH AT py
———

N—— (4.143)
G G

where G (t), G4 (t) € R3*3 denote projective homographies. Given the im-
ages of the 4 feature points on 7 expressed in F, Fy, and F*, a linear
system of equations can be developed from (4.143). From the linear system
of equations, a decomposition algorithm (e.g., the Faugeras decomposition
algorithm in [23]) can be used to compute «; (t), ag; (t), n*, R(t), and
Rq (t) (see [9] for details)®. Hence, «; (t), ag; (t), n*, R(t), and R4 (t) are
known signals that can be used in the subsequent development.

Kinematic Model of Vision System

The camera pose, denoted by Y (t) € RS, can be expressed in terms of a
hybrid of pixel and reconstructed Euclidean information as follows

T2 [ph o7 ] (4.144)
where the extended pixel coordinate p; (t) € R? is defined as follows
T
pa=]u v —ln(ar) ] , (4.145)

and O(t) € R? denotes the following axis-angle representation of R(t) (see
[9] for details)
© = u(t)0(t). (4.146)

3The initial best-guess of n* can be utilized to resolve the decomposition ambiguity.
See [10] for details.
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In (4.146), p (t) € R? represents the unit axis of rotation, and 6 (t) denotes
the rotation angle about that axis. Based on the development in Section
B.2.4 of Appendix B, the open-loop dynamics for T (¢) can be expressed as
follows

, 1
T = [ Pe1 } _ | A Aalmls { ve } (4.147)
© 0 _Lw We

where v.(t) € R® and w.(t) € R? denote the linear and angular velocity
of the camera expressed in terms of F, Ag; (u;,v;) € R**3 is a known,
invertible matrix defined as follows

Ay=A—10 0 v i=1,23,4, (4.148)
0 00

and the invertible Jacobian-like matrix L, (6, ) € R3*3 is defined as

Ly=1I3—5[u, + | 1 - —4< | W} (4.149)
9 Hx /0 x
sinc? (5)
where 8 (¢
sine (0(t)) £ %tg)

Remark 4.8 As stated in [68], the axis-angle representation of (4.146) is
not unique, in the sense that a rotation of —0 (t) about —u(t) is equal to a
rotation of 6 (t) about u(t). A particular solution* for 0 (t) and u(t) can be
determined as follows [68]

_ pT
0, = cos™! (% (tr(R) — 1)) 1], = ;;T({oi,) (4.150)

where the notation tr (-) denotes the trace of a matriz, and [Mp] . denotes
the 3x 8 skew-symmetric expansion of pi,(t). From (4.150), it is clear that

0<6,(t) <. (4.151)

4.4.2  Image-Based Path Planning

The path planning objective involves regulating the pose of a camera held
by the end-effector of a robot manipulator to a desired camera pose along

4See [8] for further details.
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an image-space trajectory while ensuring the target points remain visi-
ble. To achieve this objective, a desired camera pose trajectory is con-
structed in this section so that the desired image feature vector, denoted
by pq (t) £ [ a1 (t) var (t) oo uaa (t)  wvaa (t) ]T € R®, remains in a
set, denoted by D CR®, where all four feature points of the target remain
visible for a valid camera pose. The constant, goal image feature vector
prE[ W vl up vl ]T € R® is assumed be in the interior of D. To
generate the desired camera pose trajectory such that pg(t) € D, we will
use the navigation function [39] as previously defined in Properties 4.2.4 —
4.2.7.

Pose Space to Image Space Relationship

To develop a desired camera pose trajectory that ensures pg (t) € D, the
desired image feature vector is related to the desired camera pose, denoted
by T4 (t) € RS, through the following relationship

pa=1I(Tq) (4.152)

where I1(-) : RS — D denotes a known function that maps the camera pose

to the image feature vector®. In (4.152), the desired camera pose is defined
as follows

T

Tq(t) = [ pLy, ©F ] (4.153)

where peq; (t) € R3 denotes the desired extended pixel coordinates defined

as follows
T
Pedr = [ Ut var —In(oar) ] (4.154)

where a1 (¢) is introduced in (4.137), and ©4(¢) € R? denotes the axis-angle
representation of Ry(t) as follows

O = pq(t)0a(t) (4.155)

where 11,4(t) € R? and 04(t) € R are defined with respect to R4(t) in the
same manner as u(t) and 0(t) in (4.146) with respect to R(¢).

5The reason we choose four feature points to construct the image feature vector is that
the same image of three points can be seen from four different camera poses [33]. A unique
camera pose can theoretically be obtained by using at least four points [6]. Therefore,
the map II(-) is a unique mapping with the image feature vector corresponding to a
valid camera pose.
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Desired Image Trajectory Planning

After taking the time derivative of (4.152), the following expression can be
obtained

py=Lr,Ta (4.156)

2 OPa

oYy
Based on the development in Section (B.2.5) of Appendix B, a measurable
expression for Ly, (t) can be developed as follows

where L, (Pq) € R3%6 denotes an image Jacobian-like matrix.

Ly, =IT (4.157)
where I € R8%12 denotes a constant, row-delete matrix defined as follows

I, 0% 0 0% 02 0% 0y 02
0 02 I, 0% 0y 0% 0y 02
02 0% 0 02 I, 0% 0y 02
02 0% 02 0% 02 02 I 02

~i
Il

where I, € R™*"™ denotes the n x n identity matrix, 0,, € R"*™ denotes
an n X n matrix of zeros, 0" € R™ denotes an n x 1 column of zeros, and
T (t) € R'2%6 s a measurable auxiliary matrix defined as follows

I3 03 ) )
&Aed2Ae_d11 Acaz | ZEmar —mae| L}
ﬁ2 :ﬂQ 4 x
T= &Aed3A;d11 Aeaz | SEmar —mag| L} (4.158)
63 =53 4 x
&Aedm;}l Acan | ZEmar —maa| L]
L B4 _/64 1 x |

In (4.158), Aca; (ugi,va;) € R3*3 and the Jacobian-like matrix Ly,q (04, i14) €
R3*3 are defined with respect to wug; (t),va; (t),pg (t), and 64 (t) in the
same manner as A.; (-) and L, (+) in (4.148) and (4.149) with respect to
w; (t),v; (t), o (t), and 6 (t) . The auxiliary variable 3, (¢) € R is defined as
follows

B, 2 % i=1,2,3,4. (4.159)

Based on (4.135), (4.139), and (4.141), 5, (t) can be rewritten in terms of
computed and measurable terms as follows

1
WA T

Bi= (4.160)
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Motivated by (4.156) and the definition of the navigation function in Prop-
erties 4.2.4 — 4.2.7, the desired camera pose trajectory is designed as follows

Yo=—-kL¥, v (4.161)

where k; € R denotes a positive constant, and 7¢(pg) = (%)T € R®
denotes the gradient vector of ¢(p,). The development of a particular image
space NF and its gradient are provided in Section (B.2.6) of Appendix B.
After substituting (4.161) into (4.156), the desired image trajectory can be
expressed as follows

pa=—k1Ly, LY, ¢ (4.162)

where it is assumed that 7 (pg) is not a member of the null space of
LY, (pa). Based on (4.156) and (4.161), it is clear that the desired image
trajectory generated by (4.162) will satisfy rigid body constraints.

Remark 4.9 Based on comments in [6] and the current development, it
seems that a remaining open problem is to develop a rigorous, theoretical
and general approach to ensure that \7p(pq) is not a member of the null
space of LY (pa) (i-e., Vo(pa) ¢ NS(L%, (pa)) where NS(-) denotes the
null space operator). However, since the approach described here is devel-
oped in terms of the desired image-space trajectory (and hence, is an off-line
approach), a particular desired image trajectory can be chosen (e.g., by trial
and error) a priori to ensure that 7@ (pa) ¢ NS(L%, (pa)). Similar com-
ments are provided in [6] and [59] that indicate that this assumption can
be readily satisfied in practice for particular cases. Likewise, a particular
desired image trajectory is also assumed to be a priori selected to ensure
that Ty(t), Ta(t) € Lo if pa(t) € D. Based on the structure of (4.153) and
(4.154), the assumption that Ty(t), Ta(t) € Lo if Pa(t) € D is considered
mild in the sense that the only possible alternative case is if the camera
could somehow be positioned at an infinite distance from the target while
all four feature points remain visible.

Path Planner Analysis

Lemma 4.8 Provided the desired feature points can be a priori selected to
ensure that pg (0) € D and that 7p(pa) ¢ NS(L%, (Pa)), then the desired
image trajectory generated by (4.162) ensures that pa(t) € D and (4.162)
has the asymptotically stable equilibrium point p*.

Proof: Let Vi (pg) : D — R denote a non-negative function defined as
follows

Vi (pa) £ ¢ (Pa) - (4.163)
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After taking the time derivative of (4.163), the following expression can be
obtained

Vi (pa (1) = (V)" Pa- (4.164)
After substituting (4.162) into (4.164) to obtain the following expression

Vi (0a (1) = —k1 | L%, v o, (4.165)

it is clear that Vi (pq4 (t)) is a non-increasing function in the sense that

Vi (pa (t) < Vi (Pa(0)) - (4.166)

From (4.163), (4.166), and the development in Section (B.2.6) of Appendix
B, it is clear that for any initial condition pg (0) € D, that pg(t) € D
YVt > 0; therefore, D is a positively invariant set [35]. Let Ey C D de-
note the following set By 2{fq (t)| Vi (fa) = 0}. Based on (4.165), it is
clear that ||L¥ (p4) v ¢ (Pa)|| = 0 in Ei; hence, from (4.161) and (4.162)
it can be determined that H’fd | = Hﬁd (t)H = 0 in Fj, and that E
is the largest invariant set. By invoking LaSalle’s Theorem [35], it can be
determined that every solution p4 (t) € D approaches Fy as t — oo, and
hence, HLTd Pd) V ¢ (Pd H — 0. Since pg (t) are chosen a priori via the
off-line path planning routine in (4.162), the four feature points can be a
priori selected to ensure that 7 (pa) € NS(L%, (Pa)). Provided o (pa) ¢
NS(LE (pg)), then ||L¥ (Pa) v ¢(Pa)|| = 0 implies that [|ve(pa)ll =
0. Based on development given in Section (B.2.6) of Appendix B, since
V@(pa () — 0 then py(t) — p*. W

4.4.8  Tracking Control Development

Based on Lemma 4.8, the desired camera pose trajectory can be generated
from (4.161) to ensure that the camera moves along a path generated in
the image space such that the desired object features remain visible (i.e.,
Pa(t) € D). The objective in this section is to develop a controller so that
the actual camera pose T (t) tracks the desired camera pose Y4 (t) gener-
ated by (4.161), while also ensuring that the object features remain visible
(e p() 2 [ur(®) v (t) .. wa(t) va(t)] € D). To quantify this
objective, a rotational tracking error, denoted by e, (t) € R?, is defined as

ew 20— 0y, (4.167)

and a translational tracking error, denoted by e, (t) € R3, is defined as
follows
€y = Pel — Pedl- (4168)
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Control Development

After taking the time derivative of (4.167) and (4.168), the open-loop dy-
namics for e, (t) and e, (t) can be obtained as follows

b = —Lywe — O4 (4.169)

1
é'u = _Z_Aelvc + Ael [ml]x We — pedl (4170)
1

where (4.147) was utilized. Based on the open-loop error systems in (4.169)
and (4.170), v.(t) and w.(t) are designed as follows

we 2 L7 (Kwew - @d) (4.171)
A 1 —1 Ak . 1 A%k
ve = — A (Kypey — 2 Pear) + — [ma], we] (4.172)
o1 ag

where K, K, € R3*3 denote diagonal matrices of positive constant control
gains, and 25 (t) € R denotes a parameter estimate for 2} that is designed
as follows i}

21 = koel (Aer [ma]y we — Pear) (4.173)

where ko € R denotes a positive constant adaptation gain. After substitut-
ing (4.171) and (4.172) into (4.169) and (4.170), the following closed-loop
error systems can be developed

e = —K,e, (4.174)

2iéy = —Kyey + (Aer M)y, we — Pear) 21 (4.175)

where the parameter estimation error signal Z7(¢) € R is defined as follows
2] =2 — %7. (4.176)

Controller Analysis

Theorem 4.9 The control inputs introduced in (4.171) and (4.172), along
with the adaptive update law defined in (4.173), ensure that the actual cam-
era pose tracks the desired camera pose trajectory in the sense that

lew®)] — 0 [lea(t)]| — 0 as t — . (4.177)

Proof: Let V5(t) € R denote a non-negative function defined as follows

1 2] 1 _,
Vy & §egew + %efev + %212. (4.178)
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After taking the time derivative of (4.178) and then substituting for the
closed-loop error systems developed in (4.174) and (4.175), the following
expression can be obtained

y _ T T
Vo = —e, Kpen — e, Kye,
Sk %

. 4.179
+ et (Aer [maly we = pear) 7 — 75214 (4.179)

where the time derivative of (4.176) was utilized. After substituting the
adaptive update law designed in (4.173) into (4.179), the following expres-
sion can be obtained

Vy = fengew — evaev. (4.180)

Based on (4.176), (4.178), and (4.180), it can be determined that e,(?),
ey(t), Z5(t), 27(t) € Lo and that e,(t), ey(t) € Lo. Based on the as-
sumption that ©4(t) is bounded (see Remark 4.9), the expressions given
in (4.167), (4.171), and L, () in (4.149) can be used to conclude that
we(t) € Loo. Since ey(t) € Loo, (4.168), (4.145), (4.141), and Au(t) in
(4.148) can be used to prove that uy(¢t), v1(t), a1(t), mi(t), Ae1(t) € Loo.
Based on the assumption that peqi(t) is bounded (see Remark 4.9), the
expressions in (4.172), (4.173), and (4.175) can be used to conclude that
ve(t), 2i(t), éy(t) € Loo. Since e, (t) € Loo, it is clear from (4.174) that
éu(t) € Loo. Since ey (t), ey(t) € Lo and e, (t), €u(t), ey(t), €y(t) € Lo,
Barbalat’s Lemma [67] can be used to prove the result given in (4.177). B

Remark 4.10 Based on the result provided in (4.177), it can be proven
from the Euclidean reconstruction given in (4.136) and (4.137) that R(t) —
R4(t), mi(t) — mai(t), and z1(t) — zaq1(t) (and hence, xs(t) — xsq(t)).
Based on these results, (4.134) can be used to also prove that m;(t) —
ma;(t). Since I1(+) is a unique mapping, we can conclude that the desired
camera pose converges to the goal camera pose based on the previous result
pa(t) — p* from Lemma 4.8. Based on the above analysis, m;(t) — m*.

Remark 4.11 Based on (4.21) and (4.180), the following inequality can
be obtained

1
ele, +ele, < Qmax{l,z—*}Vg(t) (4.181)
1
1
< 2max{l,—*}Vz(O)
21

where
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From (4.144), (4.153), (4.167), (4.168), and the inequality in (4.181), the
following inequality can be developed

1T — Tl < \/2max{l,z—1*}vg(0). (4.182)

1

Based on (4.152), the following expression can be developed
p=11(T) —II(Yy) + pa. (4.183)

After applying the mean-value theorem to (4.183), the following inequality
can be obtained

B[l < [[Lro [HIYT = Lall + [|Pall - (4.184)

Since all signals are bounded, it can be shown that L?d (Pa) € Loo; hence,
the following inequality can be developed from (4.182) and (4.184)

1Pl < Cov/ V2 (0) + [Pl (4.185)

for some positive constant ¢, € R, where pq (t) € D based on Lemma 4.8.
To ensure that p(t) € D, the image space needs to be sized to account for
the effects of (yv/ V2 (0). Based on (4.178), V5 (0) can be made arbitrarily
small by increasing ko and initializing pq (0) close or equal to p(0).

4.4.4  Simulation Results

From a practical point of view, we choose a state-related time varying
control gain matrix ks (L?Ly)fl instead of a constant ki in (4.161) for
the image path planner as follows

. -1
Ya=—ks (LYLy) LY, v (4.186)

where k3 € R is a constant control gain. Through many simulation trials,
we conclude that the path planner in (4.186) works better than the path
planner in (4.161). Using the path planner in (4.186) instead of the path
planner in (4.161) will not affect the proof for Theorem 4.8 as long as LL Ly
is positive definite along the desired image trajectory pq (t) (It is clear that
LY Ly is positive definite if Ly, (pq) is full rank). Similar to the statement
in Remark 4.9, this assumption is readily satisfied for this off-line path
planner approach.

To solve the self-occlusion problem (the terminology, self-occlusion, is
utilized here to denote the case when the center of the camera is in the
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plane determined by the feature points) from a practical point of view, we
define a distance ratio 7 (t) € R as follows

_d

==
From [55], v (t) is measurable. The idea here is to begin by planning a
desired image trajectory without self-occlusion. Based on (4.185), we can

 (t) (4.187)

assume that the actual trajectory is close enough to the desired trajectory
such that no self-occlusion occurs for the actual trajectory.

To illustrate the performance of the path planner given in (4.186) and the
controller given in (4.171)—(4.173), numerical simulations will performed for
four standard visual servo tasks, which are believed to represent the most
interesting tasks encountered by a visual servo system [28]:

e Task 1: Optical axis rotation, a pure rotation about the optic axis

e Task 2: Optical axis translation, a pure translation along the optic
axis

e Task 3: Camera y-axis rotation, a pure rotation of the camera about
the y-axis of the camera coordinate frame.

e Task 4: General camera motion, a transformation that includes a
translation and rotation about an arbitrary axis.

For the simulation, the intrinsic camera calibration matrix is given as
follows

fky —fkycotd wug

A=1]0 & Vg (4.188)
sin ¢
0 0 1
where ug = 257 [pixels], vo = 253 [pixels] represent the pixel coordinates of
the principal point, k, = 101.4 [pixels:mm~'] and k, = 101.4 [pixels:mm~?]
represent camera scaling factors, ¢ = 90 [degrees] is the angle between the
camera axes, and f = 12.5 [mm] denotes the camera focal length.

Simulation Results: Optical axis rotation

The initial image-space coordinates and the initial desired image-space co-
ordinates of the 4 target points were selected as follows (in pixels)

pi(0) =pj (0) = [ 434 445 1 ]
ps (0) =pip (0) = [ 56 443 1 ]
p3 (0)=pj(0)=1[69 49 1]
pi(0)=ph(0)=1]449 71 1]
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while the image-space coordinates of the 4 constant reference target points
were selected as follows (in pixels)

pi=1[416 46 1] ps=1[479 418 1]"
p3=[88 473 1] pi=[45 96 1]

The control parameters were selected as follows
K, =diag{1,1,1} K, = diag{0.3,0.3,0.3}

ko =0.04 ks =400000 =8
K = diag {10,10,10,18,13,15,10,10} .

The desired and actual image trajectories of the feature points are de-
picted in Figures 4.15 and 4.16, respectively. The translational and rota-
tional tracking errors of the target are depicted in Figures 4.17 and 4.18,
respectively,[and Bhelparameter(éstimatelsignallisidepicted [in[Figure(4.19.
The control input velocities w.(t) and v.(t) defined in (4.171) and (4.172)
are depicted in Figures 4.20 and 4.21. From Figures 4.15 and 4.16, it is
clear that the desired feature points and actual feature points remain in
the camera field of view and converge to the goal feature points. Figures
4.17 and 4.18 show that the tracking errors go to zero as ¢t — co.
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Simulation Results: Optical axis translation

The initial image-space coordinates and the initial desired image-space co-
ordinates of the 4 target points were selected as follows (in pixels)

pr(0)=pa (0)=[363 115 1]
p2(0)=pa (0)=[ 402 361 1]"
ps(0) =pas (0) = [ 147 307 1]"
ps(0)=pas (0)=[ 116 148 1]"

while the image-space coordinates of the 4 constant reference target points
were selected as follows (in pixels)
pi=[416 46 1] ps=1[479 418 1]

1
py=[88 473 1] pi=[45 96 1] .

The control parameters were selected as follows
K, =diag{1,1,1} K, =diag{0.3,0.3,0.3}

ks = 0.0004 ks = 10000 K =8
K = diag {30, 20, 10, 28, 33, 25,10, 40} .

The desired and actual image trajectories of the feature points are de-
picted in Figures 4.22 and 4.23, respectively. The translational and rota-
tional tracking errors of the target are depicted in Figures 4.24 and 4.25,
respectively,[and [Ehelparameter(éstimatelsignalis(depicted [in[Figure(4.26.
The control input velocities w,(t) and v.(¢) defined in (4.171) and (4.172)
are depicted in Figures 4.27 and 4.28. From Figures 4.22 and 4.23, it is
clear that the desired feature points and actual feature points remain in
the camera field of view and converge to the goal feature points. Figures
4.24 and 4.25 show that the tracking errors go to zero as t — oo.

Simulation Results: Camera y-axis rotation

The initial image-space coordinates and the initial desired image-space co-
ordinates of the 4 target points were selected as follows (in pixels)

pL(0)=pk (0)=[98 207 1]
Py (0)=pl, (0)=] 112 288 1]
Py (0)=pL(0)=[29 301 1]
pL(0)=pL (0)=[15 217 1]
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while the image-space coordinates of the 4 constant reference target points
were selected as follows (in pixels)

T T
pi=1[478 206 1] ]

¥ p3=1[492 289 1
p3=[ 408 300 1

pi=1[305 218 1] .

]T
The control parameters were selected as follows
K, = diag{5,5,5} K, =diag{0.3,0.3,0.3}

ke =0.04 ks = 1000000 & =S8
K = diag {30, 20, 10, 28, 33, 25, 10, 40} .

The desired and actual image trajectories of the feature points are de-
picted in Figures 4.29 and 4.30, respectively. The translational and rota-
tional tracking errors of the target are depicted in Figures 4.31 and 4.32,
respectively, and the parameter estimate signal is depicted in Figure 4.33.
The control input velocities w,(t) and v.(¢) defined in (4.171) and (4.172)
are depicted in Figures 4.34 and 4.35. From Figures 4.29 and 4.30, it is
clear that the desired feature points and actual feature points remain in
the camera field of view and converge to the goal feature points. Figures
4.31 and 4.32 show that the tracking errors go to zero as t — co.
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Simulation Results: General Camera Motion

The initial desired image-space coordinates and the initial desired image-
space coordinates of the 4 target points were selected as follows (in pixels)

pr(0) =pay (0) = [ 267 428 1]"
p2(0) = pas (0) = [ 295 257 1]
ps(0) = pas (0) = [ 446 285 1]
pa(0) =pas (0) = [ 420 449 11"

while the image-space coordinates of the 4 constant reference target points
were selected as follows (in pixels)

pi=[416 46 1] ps=[479 a8 1]"

pi=1[88 413 1] pi=[45 96 1]".

The control parameters were selected as follows
K, =diag{1,1,1} K, = diag{0.3,0.3,0.3}

ks =0.004 ks =200000 k=38
K = diag {10, 10,10, 18, 13,15, 10, 10} .
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The desired and actual image trajectories of the feature points are depicted
in Figures 4.36 and 4.37, respectively. The translational and rotational
errors of the target are depicted in Figures 4.38 and 4.39, respectively,
and the parameter estimate signal is depicted in Figure 4.40. The control
input velocities w.(t) and v.(t) defined in (4.171) and (4.172) are depicted
infFiguresi4.41and(4.42.[From[Figures(4.36and[4.37,[it[is[¢lear[that[the
desired feature points and actual feature points remain in the camera field
ofviewlandl¢onvergedolthelgoal featurepointslFigures4.38dand4.39show
that the tracking errors go to zero as t — oo.
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FIGURE 4.36. Task 4: Desired Image Trajectory

4.5 Optimal Navigation and Obstacle Avoidance

As stated in the introduction to this chapter, image-based visual servoing
has been a widely used control method owing to the potential for improving
robustness of the controller to camera calibration effects. However, some
inherent technical problems associated with the use of a non-square image-
Jacobian have been the subject of much discussion. In an effort to address
these problems, a novel position-based visual servo controller is designed
here that works effectively in the presence of uncertain camera calibration
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and nonlinear radial distortion effects. Specifically, an optimization-based,
on-line trajectory generator for the image features is fused with a position-
based controller to move the kinematic system to a desired setpoint. A
planar example based on a fixed camera configuration is used to illustrate
the approach. The approach is then extended to the 6-degrees-of-freedom
case for the camera-in-hand configuration.

4.5.1 llustrative Example: Planar PBVS
Manipulator Kinematic Model

The following kinematic equations relate the task-space coordinates, de-
T .

noted by z(t) £ [ 21(t) z2(t) | € R of a target point affixed to the

tip of a rigid, two-link, revolute, planar robot manipulator to the joint

displacements, denoted by q(t) £ [ ¢1(t) g¢2(t) ]T € R?
x = Q(q) (4.189)

where Q(q) € C? is a known function. After taking the time derivative of
(4.189), the following expression can be obtained

& = J(q)q (4.190)
where the manipulator Jacobian J(q) € R2%2is defined as

J(q) = 8;2(1(1(1) 8;2(1(3) (4.191)

and J(g) is assumed to have a bounded first order partial derivative (i.e.,
J(q) € C1). The inverse of the manipulator Jacobian, denoted by J~!(q),
is assumed to always exist, and all kinematic singularities associated with
J(q) are assumed to be always avoided.

Camera Model

As illustrated in Figure 4.43, the visual servo system in this example con-
sists of a planar robot and a single camera mounted in a fixed configuration
above the robot workspace with the camera optical axis perpendicular to
the robot’s plane of motion where the target point on the robot manipu-
lator is assumed to remain in the camera field-of-view throughout the en-
tire range of the manipulator. The task-space position of the target point
can be related to the corresponding image-space coordinate, denoted by
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pt) 2 u®) o) ]T € R?, based on the camera model as follows

p(t)

(>

10, (z) (4.192)

= Zh@AR, (@“— [ o D i [ N ]

where it is assumed that the mapping IT; (+) : R? — R? is a unique mapping
(the terminology, unique mapping, is utilized here to denote a one-to-one
and invertible mapping). In (4.192), d € R denotes a constant unknown
distance from the manipulator target point to the camera along the optical
axis, f. (z) € R denotes radial distortion effects, A € R?>*? is a constant and
invertible intrinsic camera calibration matrix, R, (6,) € SO(2) is a constant
rotation offset matrix, [ Oo1 Ogp2 ]T € R? denotes the projection of the

camera’s optical center on the task-space plane, and [ Uy Vo }T € R?
denotes the pixel coordinates of the principal point (i.e., the image center
that is defined as the frame buffer coordinates of the intersection of the
optical axis with the image plane). In (4.192), the camera calibration matrix
has the following form
fku —fkycoto
A= 0 & (4.193)
sin ¢

where k,, k, € R represent constant camera scaling factors, ¢ € R repre-
sents the constant angle between the camera axes (i.e., skew angle), and
f € R denotes the constant camera focal length. The constant offset rota-
tion matrix in (4.192), is defined as follows

cosf, —sinb,

A
Rr = .
sinf, cosé,

where 6, € R represents the constant right-handed rotation angle of the
image-space coordinate system with respect to the task-space coordinate
system that is assumed to be confined to the following regions

—m < 0, <. (4.194)

The radial distortion effects in (4.192) are assumed to be modeled by the
following nondecreasing polynomial [52], [75]

fr(@) = 14 c1r?(z) + cor’(z) (4.195)

where ¢; and co are radial distortion coefficients, and the undistorted radial
distance 7 (x) € R is defined as follows

o az Dl o
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FIGURE 4.43. Planar Visual Servo Control System

Control Objective

The PBVS control objective is to ensure that the task-space position of
the manipulator target point is regulated to a desired task-space setpoint,
denoted by z* € R?, that corresponds to a given, desired image-space set-
point, denoted by p* € R? (according to (4.192)). The challenging aspect
of this problem is that the image-space to task-space relationship is cor-
rupted by uncertainty in the camera calibration, radial distortion effects,
and unknown depth information (i.e., * is unknown while p* is known). To
quantify the control objective, a task-space tracking error signal, denoted
by e(t) € R?, is defined as follows

e(t) £ x(t) — wa(t) (4.197)

where z4(t) € R? denotes a subsequently designed desired task-space tra-
jectory that is assumed to be designed such that z4(t), ©4(t) € Lo and
that z4(t) — a* as t — oo.

Closed-Loop Error System Development

By taking the time derivative of (4.197) and utilizing (4.190), the following
open-loop error system can be obtained

é(t) = J(q)q — wa(t)- (4.198)
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Based on the previously stated assumption about the existence of the in-
verse of the manipulator Jacobian, the following kinematic velocity control
input is designed

= J ) (—kie(t) + zq(t)) (4.199)

where k1 € R denotes an adjustable positive constant. After substituting
(4.199) into (4.198), the following closed-loop error system can be obtained

é(t) = —kie(t). (4.200)

Using standard linear analysis techniques, the solution of (4.200) is given
by
e(t) = €(0) exp(—k1t). (4.201)

Image-Based Extremum Seeking Path Planner

As previously described, the simple planar example presents a significant
control design challenge because the mapping between the task-space and
the image-space is unknown; hence, the unknown setpoint z* can not be
reconstructed from the desired image-space setpoint p*. To address this
challenge, a numeric optimization routine is utilized to produce a desired
trajectory that seeks the unknown setpoint x* online. Specifically, an ob-
jective function, denoted by an ¢ (p(t)) € R, is defined as follows

E-5)" G-p). (4.202)

Clearly, we can see from (4.202) that ¢ (p) has a unique minimum at p(t) =
Pp*. By using the mapping defined in (4.192), we can rewrite (4.202) as
follows

¢ (x) = % (T () — T, ()" (T (2) — O, (%)) (4.203)

From (4.203), it is easy to show that a unique minimum at p(t) = p* corre-
sponds to a unique minimum at z(t) = x* (see Section B.2.7 of Appendix
B for the 6 DOF case). If z(t) could be directly manipulated, a standard
optimization routine could be utilized to locate the minimum of ¢ (z) S.
That is, optimization routines (e.g., Brent’s Method [62]) provide a mech-
anism for numerically searching for the minimum of an objective function
whose structure is unknown (i.e., the right-hand side of (4.203) is uncertain

because of the presence of II; (-)) provided that the output of the function

6There are numerous optimization routines that only require measurement of the
objective function; hence, gradient and/or Hessian related information is not required.
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can be measured (i.e., ¢ () can be measured by using the right-hand side
of (4.202)).

While the above optimization procedure is simple to understand con-
ceptually, it can not be used as described above because z(t) can not be
directly manipulated; rather, we must indirectly manipulate x(t) through
the controller given in (4.199). To illustrate how the optimization routine
can be fused with the controller, we utilize (4.197) to rewrite (4.203) as
follows

o (zae) = % (I (24 + €) — T ()7 (4.204)
(Mg (zqg +€) — I (x¥)).

If e(t) = 0 in (4.204), an optimization routine can be used to minimize
@ (x4, €) by directly manipulating x4(t) as explained above. As illustrated
by (4.201), e(t) goes to zero very quickly. In fact, e(t) can actually be set
to zero for all time by designing z4(0) = x(0) such that e(0) = 0, and
hence, e(t) = 0 for all time (i.e., at least theoretically). However, it should
be noted that we can not utilize an optimization routine for x4(t) unless
we slow down the optimization routine because the kinematic system will
not be able to track a desired trajectory that exhibits large desired velocity
values (i.e., large values of ©4(t)). To slow down the desired trajectory
generated by the optimization routine, we can utilize a set of low pass
filters and some thresholding functions. To illustrate how an optimization
routine can be used to generate x4(t), the following step-by-step procedure
is given:

e Step 1. Initialize the optimization routine as follows id(k)’ ko =
x (t)|,—o where Zq) € R? denotes the k-th output of the numeric
optimization which is held constant during the k-th iteration. The
output of the optimization function, denoted by Z, (¢), is a discrete
signal with the value T4y at the k-th iteration.

e Step 2. Set the iteration number k£ = 1. Invoke one iteration of an
optimization algorithm for the objective function ¢ (z4(0),e(0)).

e Step 3. T4 (t) is passed through a set of second order stable and proper
low pass filters to generate continuous bounded signals for z4(¢) and
Z4(t). For example, the following filters could be utilized

Tq = S T
CT P2t s+ ¢
(4.205)
. 18 _
Tq =

S 4
$2 +¢628 4¢3
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where <1, ¢2, and ¢3 denote positive filter constants.

e Step 4. Wait for 7' seconds (or wait until ||z (t) — Zau)|| < €1 where
e1 is some pre-defined threshold value). Generally, a fixed time delay
T can be utilized based on the assumption that Hx (t) — Zqqr) || <&
after T' seconds.

e Step 5. k = k + 1. Invoke one iteration of an optimization algorithm
for the objective function ¢ (z4(t), e(t)).

e Step 6. If the optimization algorithm has converged (i.e., given a
threshold value €5, then Hid(k) = Ta(k-1) H < &2), then stop.

e Step 7. Go to Step 3.

Remark 4.12 The above method does not depend on a specific optimiza-
tion routine; however, to facilitate real-time implementation, the optimiza-
tion routine must be capable of running single iterations as indicated in
Step 2 and Step 5.

Remark 4.13 The unknown mapping from the task-space to the image-
space in this example includes unknown camera calibration effects, radial
distortion, and unknown constant depth information. The mapping could
be further corrupted by additional effects or even the optical axis of the
camera need not be perpendicular to the robot motion plan, provided the
resulting mapping remains unique. If the mapping is not unique, then it is
heuristically evident that it would be nearly impossible to design a visual
servo control algorithm to achieve the control objective.

4.5.2 6D Visual Servoing: Camera-in-Hand

In this section, the basic idea illustrated by the planar example is extended
to the full 6-DOF case for the camera-in-hand configuration.

Geometric Model

For the 6-DOF case, four target points, denoted by O; Vi = 1, 2, 3, 4,
are assumed to be located on a reference plane 7 (see Figure 4.44), and
are considered to be coplanar and not colinear. Let Z denote a coordi-
nate axis whose x — y axes define the reference plane w. Let F, F*, and
Fo denote coordinate frames attached to the camera, the goal pose of the
camera, and the base frame of the manipulator as depicted in Figure 4.44.
To relate the coordinate systems, let R; (t) € R3*3 and z; (t) € R? denote
the known, constant rotation and translation from Fy to Z; R, (t) € R3%3
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and z. (t) € R3 denote the measurable rotation and translation from F
to F; R:(t) € R3*3 and a7 (t) € R? denote the unknown constant ro-
tation and translation from Fo to F*; R(t) € R3*3 and zf (t) € R? de-
note the rotation and translation from F to Z; and R* (t) € R3*3 and
zy (t) € R? denote the rotation and translation from F* to Z, respectively.
The task-space coordinates of O; expressed in F and F* are denoted by
mi(t) & [ zi(t) wi(t) z(t) ]T and m; £ [ af yF 2f ]T, respectively.
Furthermore, the homogeneous coordinates are denoted by m;(t) and m}
and are generated in the manner of (4.135). Here, it is assumed that the
distance from the camera to the target along the focal axis remains positive
(i.e., zi(t), zf > 0Vi=1,2,3,4). From the geometry indicated in Figure
4.44, the following expressions can be obtained

R(t) = RE(M)R(t)  R*(t) = R{TRy() (4.206)
wp(t) = RE(t) (ze(t) —we(t)) (4.207)
w(t) = R (w(t) — 2 (1)

Based on (4.206) and (4.207) and the geometry between the coordinate
frames and the feature points located on 7, the following relationships can
be developed

m;(t) = x¢ + Rs; m;(t) = x} + R*s; (4.208)

Vi =1,2,3,4, where s; € R denotes the constant coordinates of the target
points O; expressed in Z. Based on Figure 4.44, it is easy to show that x. (t)
and R, (t) can be obtained by measuring the manipulator joint angles and
utilizing the manipulator Jacobian.

Camera Model

The camera model for the planar manipulator example is based on the
assumptions that the camera is fixed and that the depth is constant from
the camera to the plane of motion of the target point along the focal axis.
Since the camera in this section is mounted in the camera-in-hand configu-
ration and moves with 6-DOF motion, some modifications to the previous
model are required. Specifically, the relationship between the image-space
coordinates of the i*" target point, denoted by [ u; (t) v (¢) ]T, and the
corresponding task-space coordinates expressed in F is given as follows

X
U; o ) Z_z (%)
[ o } =fuA| §i |+ [ o } : (4.209)
Zi
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FIGURE 4.44. Coordinate Frame Relationships

In (4.209), ug,vo, A, have the same meaning as in Section 4.5.1; f,.; (m;) €
R denotes the same radial distortion model as given in (4.195), but in
this case, the undistorted radial distance for each target point needs to be
separately defined as follows

wi(t))2 (w(ﬂ)z
rilm;) = + .
(ms) \/(zi(t) 2i(t)

Similar to (4.209), the relationship between the image-space coordinates
]T

*

of the desired position of the i*" target point, denoted by [ u} v]
and the corresponding task-space coordinates expressed in F* is given as

o]
Vo
where f is defined similar to f,; with respect to m}.

A composite image feature vector comprising four feature point loca-
tions, denoted by p(t) £ [ uy (¢) v1(t) ... wa(t) wva(t) ]T € RS, can
be related to the camera pose, denoted by T (t) € RS, through the following
relationship

follows

| = na

Ui

p=1(T) (4.210)

where TI(-) : RS — D denotes an unknown mapping based on (4.206)—
(4.209) and D denotes the space spanned by the image feature vector p (t).
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In (4.210), the camera pose is defined as

T2 [2Zt) o) ] (4.211)
where z.(t) is introduced in Section (4.5.2), and O(t) = u(t)0(t) € R?
denotes the axis-angle representation of R.(t) in the sense of (4.146).

Remark 4.14 It is well-known that a unique transformation (R,x¢) can
be determined from at least four coplanar but not colinear target points [6],
and a unique image of four coplanar but not colinear target points can be
obtained by a unique transformation (R,xy). We assume that the radial
distortion will not affect the uniqueness of above mappings. From (4.206),
(4.207), and (4.211)—-(4.150), it is clear that a unique Y (t) corresponds to a
unique (R, xy). Therefore a unique Y(t) corresponds to a unique p(t). Simi-
larly, a unique p(t) can be shown to correspond to a unique Y(t). Therefore,
it is clear that p(t) is constrained to lie on a siz-dimensional subspace of
the eight-dimensional image feature vector; hence, the rank of D, the span
space of p(t), is six, and the mapping defined in (4.210) is a unique map-
ping, where the terminology, unique mapping, is utilized here to denote the
one-to-one and invertible mapping between the camera pose and the image
feature vector in D.

Control Objective

In a similar manner as in the planar example, the 6-DOF PBVS control
objective is to ensure the task-space pose of the camera is regulated to an
unknown desired task-space pose, denoted by T* € R®, that corresponds to
the known, desired image-space setpoint, denoted by p* € R8. To quantify
the control objective, a camera pose tracking error signal, denoted by e(t) €
RS, is defined as follows

e(t) 2 Y(t) — Tq(t) (4.212)

where Y4(t) € RS denotes a desired camera pose trajectory that is designed
based on an optimization routine such that Y4(t), T4(t) € Lo and that
Td(t) — 1™,

Closed-Loop Error System Development

Similar to (4.190), the 6-DOF robot kinematics can be expressed as follows
[46]

T(t) = J()d(t) (4.213)
where ¢ (t), ¢ (t) € R denote the joint displacements and velocities, respec-
tively, and J(g) € R%*6 denotes the manipulator Jacobian. After taking the
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time derivative of (4.212) and utilizing (4.213), the following open-loop er-
ror system can be obtained

é=J(q)qg—Tq. (4.214)

Based on the assumption that the inverse of the manipulator Jacobian,
denoted by J~1(q), is assumed to always exist and that all kinematic sin-
gularities are always avoided, the kinematic control input is designed as
follows

() = T (a) (—kee(t) + Ta(t)) (4.215)

where k2 € R denotes a positive constant. After substituting (4.215) into
(4.214), the following closed-loop error can be obtained

é(t) = —kae(t). (4.216)
Using standard linear analysis techniques, (4.216) can be solved as follows
e(t) = e(0) exp(—kat). (4.217)

Image-Based Extremum Seeking Path Planner

To develop the extremum seeking desired trajectory for the 6-DOF case,
an objective function, denoted by ¢ (p) € R, is defined as follows

>

N =

o) =51 -p)" (B(t) - (4.218)
where p* € R® denotes the given image-space coordinates that correspond
to the desired camera pose. Based on the previous development given for
the planar robot example, T4(¢) can be generated with an optimization
routine that is modified by using the same steps described for the planar
manipulator case. The reader is referred to Section B.2.7 of Appendix B
for a discussion related to the global minimum for the 6-DOF case.

4.6 Background and Notes

Researchers have targeted a variety of applications that exploit the ability
of a velocity field controller to encode certain contour following tasks. For
example, Li and Horowitz [49] utilized a passive VFC approach to control
robot manipulators for contour following applications, and more recently,
Dee and Li [43] used VFC to achieve passive bilateral teleoperation of robot
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manipulators. The authors of [47] utilized a passive VFC approach to de-
velop a force controller for robot manipulator contour following applica-
tions. Other relevant work utilizing VFC approaches by Li and co-workers
can be found in [48] and [50]. Yamakita et al. investigated the application
of passive VFC to cooperative mobile robots and cooperative robot manip-
ulators in [73] and [74], respectively. Typically, VFC is based on a nonlinear
control approach where exact model knowledge of the system dynamics is
required. Motivated by the desire to account for uncertainty in the robot
dynamics, Cervantes et al. developed a robust VFC in [4]. Specifically, in [4]
a proportional-integral controller was developed that achieved semiglobal
practical stabilization of the velocity field tracking errors despite uncer-
tainty in the robot dynamics. From a review of VFC literature, it can be
determined that research efforts have focused on ensuring that the robot
tracks the velocity field but no development has been provided to ensure
that the link position remains bounded. The result in [4] acknowledged the
issue of boundedness of the robot position — the issue was addressed by
making an assumption that the following norm

qu) |/ ' 9((o))do

yields globally bounded trajectories, where ¢(t) denotes the position, and
¥(+) denotes the velocity field. For a more thorough discussion of the advan-
tages and differences of VFC with respect to traditional trajectory tracking
control, the reader is referred to [4], [47], and [49].

Numerous researchers have investigated algorithms to address the path
planning and motion control problem when the configuration space of the
robot is cluttered with obstacles. A comprehensive summary of techniques
that address the classic geometric problem of constructing a collision-free
path is provided in Section 9, “Literature Landmarks,” of Chapter 1 of
[41]. Since the pioneering work by Khatib in [36], it is clear that the con-
struction and use of potential functions has continued to be one of the
mainstream approaches to robotic task execution among known obstacles.
In short, potential functions produce a repulsive potential field around the
boundary of the robot task-space and obstacles and an attractive poten-
tial field at the goal configuration. A comprehensive overview of research
directed at potential functions is provided in [41]. One criticism of the po-
tential function approach is that local minima can occur that can cause the
robot to “get stuck” without reaching the goal position. Several researchers
have proposed approaches to address the local minima issue (e.g., see [1],
[2], [11], [37], and [71]). Koditschek [38] (see also [39] and [64]) introduced
the navigation function (NF) which is a special kind of potential function
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with a refined mathematical structure which guarantees the existence of a
unique minimum.

By leveraging from previous results directed at classic (holonomic) sys-
tems, more recent research has focused on the development of potential
function-based approaches for nonholonomic systems (e.g., wheeled mobile
robots (WMRs)). For example, Laumond et al. [42] used a geometric path
planner to generate a collision-free path that ignores the nonholonomic
constraints of a WMR, then divided the geometric path into smaller paths
that satisfy the nonholonomic constraints, and then applied an optimiza-
tion routine to reduce the path length. In [30] and [31], Guldner et al. use
discontinuous, sliding mode controllers to force the position of a WMR to
track the negative gradient of a potential function and to force the orien-
tation to align with the negative gradient. In [3], [40], and [16], continuous
potential field-based controllers are developed to also ensure position track-
ing of the negative gradient of a potential function, and orientation tracking
of the negative gradient. More recently, Ge and Cui present a new repul-
sive potential function approach in [29] to address the case when the goal is
nonreachable with obstacles nearby (GNRON). In [69] and [70], Tanner et
al. exploit the navigation function research of [64] along with a dipolar po-
tential field concept to develop a navigation function-based controller for a
nonholonomic mobile manipulator. Specifically, the results in [69] and [70]
use a discontinuous controller to track the negative gradient of the naviga-
tion function, where a nonsmooth dipolar potential field causes the WMR
to turn in place at the goal position to align with a desired orientation.

Vision based controllers allow the robot to navigate in unstructured en-
vironments. IBVS and PBVS controllers have typically been employed by
researchers to address the visual servoing problem. For a review of IBVS
and PBVS controllers, the user is referred to [32]. To avoid the pitfalls
associated with IBVS and PBVS approaches, hybrid approaches such as
homography-based visual servoing control techniques (coined 2.5D con-
trollers) have been recently developed in a series of papers by Malis and
Chaumette (e.g., see [5], [55], [56]). Motivated by the advantages of the
homography-based strategy, several researchers have recently developed
various regulation controllers for robot manipulators (see [9], [12], and [15]).
A common problem with all the aforementioned approaches is the inabil-
ity to achieve the control objective while ensuring the visibility of target
features. To address this issue, Mezouar and Chaumette developed a path-
following IBVS algorithm in [59] where the path to a goal point is generated
via a potential function that incorporates motion constraints; however, as
stated in [59], local minima associated with traditional potential functions
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may exist. Using a navigation function, Cowan et al. developed a hybrid
position/image-space controller that forces a manipulator to a desired set-
point while ensuring the object remains visible (i.e., the NF ensures no
local minima) and by avoiding pitfalls such as self-occlusion [13]. However,
as stated in [59], this approach requires a complete knowledge of the space
topology and requires an object model. In [27], Gans and Hutchinson de-
veloped a strategy that switches between an IBVS and a PBVS controller
to ensure asymptotic stability of the position and orientation (i.e., pose)
in the Euclidean and image-space. An image-space based follow-the-leader
application for mobile robots was developed in [14] that exploits an image-
space NF. Specifically, an input/output feedback linearization technique
is applied to the mobile robot kinematic model to yield a controller that
yields “string stability” [25]. Without a feedforward component, the con-
troller in [14] yields an approximate “input-to-formation” stability (i.e., a
local, linear exponential system with a bounded disturbance). A NF based
approach to the follow-the-leader problem for a group of fully actuated
holonomic mobile robots is considered in [61] where configuration based
constraints are developed to ensure the robot edges remain in the sight of
an omnidirectional camera. A Lyapunov-based analysis is provided in [61]
to ensure that the NF decreases to the goal position, however, the stability
of the overall system is not examined.
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D

Human Machine Interaction

5.1 Introduction

Typically, machines are used for simple, repetitive tasks in structured envi-
ronments isolated from humans. However, the last decade has seen a surge
in active research in the area of human machine interaction. Smart exercise
machines [37, 38], steer-by-wire applications [58, 59], bilateral teleoperated
robots [15, 30, 34, 65], rehabilitation robots [11, 28, 40, 41], and human
assist gantry cranes [63] are among the multitude of application areas that
drive this research. As a specific example, the teleoperation or remote con-
trol of robotic manipulators is of considerable interest as it permits the
introduction of human intelligence and decision making capabilities into a
possibly hostile remote environment. Even though the primary control ob-
jective varies from one application to the next, a common thread that runs
through all application areas is the need to rigorously ensure user safety.
Approaches based on passivity ensure that the net flow of energy during
the human robot interaction is from the user to the machine [2, 37].

The first application area that will be addressed in this chapter con-
cerns smart exercise machines. Generally, exercise machines are classified
according to characteristics such as the source of exercise resistance, exer-
cise motions, and exercise objectives [3], [37]. Traditional exercise machines
(e.g., [24]) do not incorporate user specific information in the machine
functionality. Typically, traditional exercise machines either rely on man-
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ual adjustment of the machine parameters (e.g., altering resistance levels)
or automatic adjustment based on an open-loop approach. Exercise based
on manual adjustments by the user are affected by the psychological state
of the user, resulting in suboptimal performance (e.g., quantified by the
power output by the user). Motivated by the desire to maximize the user’s
power output, recent research has focused on closed-loop, actuated exercise
equipment that incorporates feedback from the user. That is, next gener-
ation exercise machines will incorporate user performance information to
actively change the resistance. In addition to maximizing the user’s power
output, an additional challenge for actuated exercise machines is to main-
tain passivity with respect to the user.

The second application area that will be addressed in this chapter is the
steer-by-wire control of vehicles. In recent years, engineers and scientists
from specialized fields such as information technology, advanced materials,
defense systems, and aerospace have collaborated with the automotive in-
dustry to introduce advanced technologies for large vehicle production vol-
umes. Examples such as hybrid electric vehicles (HEV) featuring hydrogen,
fuel cells, electric motors, solar cells, and/or internal combustion engines
are common. Although the concepts of electric and specifically steer-by-
wire steering systems have been explored in vehicular research, attention
must be focused on the haptic interface. The concept of force feedback fol-
lows directly and its advantage in drive-by-wire vehicles is very evident.
An operator functioning within a remote driving environment primarily
depends on visual feedback to make meaningful maneuvers. The “feel” of
the road, due to both the vehicle acceleration forces (i.e., G forces) and
the tire/road forces, plays a very prominent role in recreating the driving
experience [39]. The physiological and psychological effect of these forces
has been documented [13]. An appropriate magnitude is important for force
feedback to be valuable to the driver. For instance, excessive feedback re-
sults in the need for large driver forces to steer the system, which defeats
the purpose of easing the driving experience. Hence, it is essential for the
control strategy to ensure that the road “feel” provided by the force feed-
back can be adjusted. The control design pursued here rigorously ensures
global asymptotic regulation of the “locked tracking error” and the “driver
experience tracking error.”

Another fascinating area which involves human-machine interaction is
teleoperator systems. A teleoperator system consists of a user interacting
with some type of input device (i.e., a master manipulator) with the inten-
tion of imparting a predictable response by an output system (i.e., a slave
manipulator). Practical applications of teleoperation are motivated by the
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need for task execution in hazardous environments (e.g., contaminated fa-
cilities, space, underwater), the need for remote manipulation due to the
characteristics of the object (e.g., size and mass of an object, hazardous na-
ture of the object), or the need for precision beyond human capacity (e.g.,
robotic assisted medical procedures). In the past few years, significant re-
search has been aimed at the development and control of teleoperator sys-
tems due to both the practical importance and the challenging theoretical
nature of the human-robot interaction problem. The teleoperator problem
is theoretically challenging due to issues that impact the user’s ability to
impart a desired motion and a desired force on the remote environment
through the coupled master-slave system. Some difficult issues include the
presence of uncertainty in the master and slave dynamics, the ability to
accurately model or measure environmental and user inputs to the system,
the ability to safely reflect desired forces back to the user while mitigating
other forces, and the stability of the overall system (e.g., as stated in [34],
a stable teleoperator system may be destabilized when interacting with a
stable environment due to coupling between the systems).

The final topic that would be addressed in this chapter deals with a
rehabilitation robot. The framework created here is inspired by the desire
to provide passive resistance therapy to patients affected by dystrophies
in the muscles of the upper extremities — these patients need to target
specific groups of muscles in order to regain muscle tone [4]. As stated in [4],
moderate (submaximal) resistance weight lifting, among other treatments,
may improve strength in slowly progressive NMDs such as Lou Gehrig’s
Disease (ALS), Spinal Muscular Atrophy, etc. The idea being pursued here
attempts to cast the robot as a reconfigurable passive exercise machine —
along any desired curve of motion in 3D space that satisfies a criterion
of merit, motion is permitted against a programmable apparent inertia
[29] when the user “pushes” at the end-effector; force applied in all other
directions is penalized. As with any other application of human-machine
interaction, safety of the user is a prime consideration and is rigorously
ensured by maintaining the net flow of energy during the interaction from
the user toward the manipulator.

5.2 Exercise Machine
While a variety of machine configurations are available to facilitate differ-
ent exercises, many configurations can be reduced to a user torque input

to an actuated motor. With that in mind, the specific problem that will be
addressed here is the design of a next generation exercise machine controller
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for a single degree of freedom system. As previously stated, one goal of the
exercise machine controller is to maximize the user’s power expenditure.
To attain this goal, a desired trajectory signal is designed at first to seek
the optimal velocity setpoint that will maximize the user’s power output.
A controller is then designed to ensure that the exercise machine tracks
the resulting desired trajectory. To generate the desired trajectory, two
different algorithms are presented (e.g., [27], [50]) to seek the optimal ve-
locity while ensuring that the trajectory remains sufficiently differentiable.
In contrast to the linear approximation of the user force input required
in previous research (e.g., [37] and [60]), the development being presented
here is based on a general form of the user torque input. As previously
stated, another goal of the controller is to ensure that the exercise machine
remains passive with respect to the user’s power input. To ensure this while
also achieving trajectory tracking, two different controllers are developed.
The first controller is developed based on the assumption that the user’s
torque input can be measured. Based on the desire to eliminate the need
for force/torque sensors, a second controller is designed that estimates the
user’s torque input. Both controllers are proven to remain passive with re-
spect to the user’s power output and yield semi-global tracking through
Lyapunov-based analyses provided that mild assumptions are satisfied for
the machine dynamics and the user input. Proof-of-concept experimental
results are provided that illustrate the performance of the torque estimation
controller.

5.2.1 FExercise Machine Dynamics

The model for a one-degree-of-freedom (DOF) exercise machine is assumed
to be as follows!

J(t) = 7(q) + u(t) (5.1)

where J € R denotes the constant inertia of the machine, ¢(t), ¢(¢), §(t) €
R denote the angular position, velocity, and acceleration of the machine,
respectively, 7(¢) € R denotes a velocity dependent user torque input, and
u(t) € R denotes the motor control input. The user input is assumed to
exhibit the following characteristics that are exploited in the subsequent
development.

! Additional dynamic effects (e.g., friction) can be incorporated in the exercise ma-
chine model and subsequent control design. These terms have been neglected in the
control development for simplicity.
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e Assumption 5.1.1: The user input is a function of the machine velocity
(i.e., 7(¢))

e Assumption 5.1.2: The user input is a second order differentiable
function (i.e., 7(4) € C?).

e Assumption 5.1.3: The user input is unidirectional (i.e., assumed to
be positive w.l.o.g.) and satisfies the following inequalities

0 <7(¢) < Tmax (5.2)

where Thax € R is a positive constant that denotes the maximum
possible torque applied by the user.

e Assumption 5.1.4: The desired trajectory is assumed to be designed
such that ¢4(t), Ga(t), ¢a(t) € Lo, where the desired velocity, de-
noted by ¢q(t) € R, is assumed to be in the same direction as the
user input (i.e., assumed positive w.l.o.g.).2

Remark 5.1 In biomechanics literature, a user’s joint torque is typically
expressed as a function of position, velocity, and time (i.e., 7(q,q,t)). The
position dependence is related to the configuration of the limbs attached
to the joint. As in [37], the user is assumed to be able to exert the same
amount of torque throughout the required range-of-motion for the exercise,
and hence, the position dependence can be neglected. The time dependence
of the user’s joint torque is due to the effects of fatigue (i.e., the amount
of mazimum torque diminishes as the user fatigues). As also described in
[87], the user is assumed to maintain a constant level of fatigue during the
exercise session, and hence, the time dependence can be neglected.

5.2.2  Control Design with Measurable User Input
Control Objectives

One objective of the exercise machine controller is to ensure that the exer-
cise machine tracks a desired velocity. To quantify this objective, a velocity
tracking error, denoted by e(t) € R, is defined as follows

e(t) = 4(t) — da(t) (5-3)

2The assumption that ¢4(t) is assumed to be positive is a similar assumption that is
exploited in [37] and [38]. The assumption is considered to be mild since the trajectory
generation algorithm can easily be restricted (e.g., a projection algorithm) to produce a
positive value.
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where ¢4(t) € R denotes a desired velocity that is assumed to be designed
such that ¢4(t), Ga(t), ¢a(t) € Loo. Another objective is to maximize the
modified user power output, denoted by p(q), that is defined as follows [37]

p(q) = 7(4)¢"(t) (5.4)

where p € R is a positive constant®. To achieve this objective, the desired
trajectory must also be designed to ensure that ¢4(t) — ¢ as t — oo where
gy € Ris a positive constant that denotes an unknown, user-dependent op-
timal velocity setpoint. A final objective for the exercise machine controller
is to ensure the safety of the user by guaranteeing that the machine remains
passive with respect to the user’s power input. The exercise machine is pas-
sive with respect to the user’s power input provided the following integral
inequality is satisfied [37]

/t H0)i(o)do > —c (5.5)

where ¢ is a bounded positive constant.

Remark 5.2 In contrast to the linear approzimation of the user force input
required in [60] and [37], the subsequent development is based on a general
form of the user torque input. Specifically, Assumptions 5.1.1-5.1.8 should
be satisfied and p(q) of (5.4) should have a global mazimum for some value

of 4(t) (i-e., 43)-

Control Development and Analysis

The open-loop error system is determined by taking the time derivative of
(5.3) and multiplying the result by J as follows

Jét) = 7(q) + u(t) — Jga(t) (5.6)

where (5.1) has been utilized. In this section, the user torque input is
assumed to be measurable. Based on this assumption, the structure of (5.6),
and the subsequent stability analysis, the following controller is developed

u(t) = —ke(t) + Jga(t) — 7(q) (5.7)

where k& € R is a positive constant control gain. After substituting (5.7)
into (5.6), the following closed-loop error system can be determined

Jé(t) = —ke(t). (5.8)

3A discussion of the physical interpretation of p is provided in [37].
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The linear differential equation in (5.8) can be directly solved to obtain the
following solution

e(t) = €(0) exp(—%t). (5.9)

Based on (5.9), it is clear that e(t) € Lo, N L. The expression in (5.3) and
the assumption that ¢q4(t) € Lo can be used to conclude that ¢(t) € Loo;
hence, (5.2), (5.7), and the assumption that G4(t) € Lo can be used to
determine that u(t) € L. Thus, it can be stated that the exercise machine
controller in (5.7) ensures that all system signals are bounded under closed-
loop operation, and the velocity tracking error is exponentially stable in the
sense of (5.9). Furthermore, one can substitute (5.3) into (5.5) to obtain
the following expression

t t t
/ T(a)(j(cr)dor:/ T(J)e(a)da+/ T(0)qa(o)do. (5.10)
to to to
Based on Assumptions 5.1.3 and 5.1.4, it is clear that the right-most term
in (5.10) is always positive; hence, since e(t) € L1, (5.10) can be lower
bounded as follows

¢ t
/ 7(0)e(0)do > —Tmax | |e(o)|do = —c2. (5.11)
to to

Based on (5.11), it is clear that the passivity condition given in (5.5) is
satisfied. Thus, one can conclude that the controller in (5.7) ensures that
the exercise machine is passive with respect to the user’s power input.

5.2.8 Desired Trajectory Generator

In the previous development, it is assumed that a desired trajectory can be
generated such that ¢q(t), Ga(t), 7a(t) € Lo and that gq(t) — ¢ where ¢
is an unknown constant that maximizes the user power output. From (5.3)
and (5.4), the user power output can be expressed as follows (where p = 1
w.l.o.g.)

ple,t) = 7(Ga(t) + e(t))(ga(t) + e(t)). (5.12)
Since e(t) — 0 exponentially fast, (5.12) can be approximated as follows
p(t) = 7(da)qa(t). (5.13)

From (5.13), it is clear that if ¢4(t) — ¢} then p(t) — 7(¢})¢}, and hence,
the user power output will be maximized. To generate a desired trajec-
tory that ensures ¢q(t), Ga(t), 44(t) € Loo and that ¢4(t) — ¢, several
extremum seeking algorithms can be utilized. Two algorithms that can be
used to generate the trajectory are described in the following sections.
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Perturbation-Based Extremum Generation

For brevity, the extremum seeking algorithm is simply presented along with
a heuristic commentary on the internal workings of the algorithm as op-
posed to extensive mathematical efforts to prove convergence of the scheme.
Specifically, following the work presented in [27], a saturated extremum al-
gorithm for generating ¢4(t) can be designed as follows

Ga(t) = aesin(wt) + O(¢)

(t) = —asd(t) + w(t) (5.14)
(t) = —aok(t) + ao(kr1(sat(p) — n(t))ae sin(wt))
(t) = —ksan(t) + kyasat(p)

where a., w, ag, oy, kg1 and kfo € R are constant design parameters,
0(t), r(t) and n(t) are filtered signals, and sat(-) denotes a continuous sat-
uration function. The algorithm given in (5.14) reduces to the algorithm
presented in [27] when the saturation functions are removed and ay = 0.
These modifications to the algorithm are incorporated to ensure that ¢4(¢),
da(t), 44(t) € Loo. The design parameters ac, w, g, af, ks, and ko
must be selected sufficiently small because the convergence analysis associ-
ated with (5.14) utilizes averaging techniques. Specifically, the convergence
analysis requires that the cut-off frequency of the n(t) filter used in (5.14)
be lower than the frequency of the perturbation signal (i.e., w). In fact,

0
i
U

the convergence analysis requires that the closed-loop system exhibit three
distinct time scales: i) high speed — the convergence of e(t), ii) medium
speed — the periodic perturbation parameter w, and iii) slow speed — the
filter parameter kfo in the 7(t) dynamics. As presented in [27], the con-
vergence analysis illustrates that an extremum algorithm similar to (5.14)
finds a near-optimum solution (i.e., ¢4(t) goes to some value very close to
¢%). With regard to the periodic terms in (5.14) (i.e., sin(wt) and cos(wt)),
an extremum-seeking scheme must “investigate” the neighborhood on both
sides of the maximum. This “investigation” motivates the use of slow pe-
riodic terms in the algorithm.

Numerically-Based Extremum Generation

As previously described, (5.13) can be used to show that if ¢4(t) — ¢
then the user power output will be maximized. An extremum algorithm
for generating ¢4(t) was presented in (5.14); however, this algorithm can
be slow to find ¢j. As an alternative to the approach given by (5.14), sev-
eral numerically-based extremum search algorithms (e.g., Brent’s Method
[50], Simplex Method [50], etc.) can be utilized for the online computa-
tion of ¢4(t). For example, Brent’s Method only requires measurement of
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the output function (i.e., p(t) in (5.4)) and two initial guesses that enclose
the unknown value for ¢} (the two initial guesses are not required to be
close to the value of ¢Y). Brent’s Method then uses an inverse parabolic
interpolation algorithm and measurements of p(t) to generate estimates for
¢ until the estimates converge. Specifically, the filter-based algorithm for
computing ¢4(t) is described in Section B.3.1 of Appendix B.

5.2.4  Control Design without Measurable User Input

The control development in the previous section requires that the user
torque input be measurable. To measure the user input, an additional sen-
sor (i.e., a force/torque sensor) has to be included in the exercise machine
design. Inclusion of the additional sensor results in additional cost and com-
plexity of the system. Motivated by the desire to eliminate the additional
sensor, the controller in this section is crafted by developing a nonlinear
integral feedback term that produces a user torque input estimate.

Open-Loop Error System

To facilitate the subsequent development, a filtered tracking error, denoted
by r(t) € R, is defined as follows

r(t) 2 é(t) + ape(t) (5.15)

where o, € R denotes a positive constant parameter. After differentiat-
ing (5.15) and multiplying both sides of the resulting equation by J, the
following expression can be obtained

Jr(t) = —e(t) + N(qG,q) +u(t) — Jq 4(t) (5.16)

where the time derivative of (5.1) and (5.3) have been utilized, and the
auxiliary function N(¢, ) € R is defined as follows

N6 ) 2 5 [r(@)] + el0) + Ty ). (5.17)

To further facilitate the subsequent analysis, an auxiliary signal N4(t) € R
is defined as follows

Na(t) 2 NG D g0y=ga0t), iict)=iia(t) (5.18)

where (5.17) can be utilized to prove that Ny(t), Nu(t) € Lo based on the
assumptions that ¢q(t), Ga(t), ¢ a(t) € Lo and 7(¢) € C?. After adding and
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subtracting Ny(t) to the right side of (5.16) the following expression can
be obtained

Ji(t) = —e(t) + a(t) = Jda(t) + N(4,G) + Na(t) (5.19)
where N(¢,§) € R is defined as follows
N(4.d) £ N(¢,d) — Na(t). (5.20)

Remark 5.3 Since N(q,G) defined in (5.17) is continuously differentiable,

N(q,§) introduced in (5.20) can be upper bounded as indicated by the fol-
lowing inequality [64]

(¥ (@.,8)] < (=@ 1) (5.21)

where z(t) € R? is defined as
2(t) £ fe(t) ()" (5.22)
and p(]|z(¢)]]) € R is a positive bounding function that is non-decreasing in

lz)]l-

Closed-Loop Error System
Based on the structure of (5.19) and the subsequent stability analysis, the
following controller is developed

u(t) = Jialt) = ialto) — (ks + De(to)] (5.23)

(ks + 1)et) - / (ks + Daye(o)do

to

- / (B1 + B)sgnle(o))do

to

where sgn(-) represents the standard signum function, ks, 8;, 85 € R are
positive control gains, and the bracketed terms in (5.23) ensure that «(0) =
0. The time derivative of (5.23) is given by the following expression

(t) = Jqa(t) = (ks + 1)r(t) — (81 + Bz)sgn(e). (5.24)

After substituting (5.24) into (5.19), the closed-loop dynamics for r(t) can
be determined as follows

Ji(t) = —e(t) — (ks + 1)r(

t) (5.25)
—(By + Ba)sgn(e) + N(q,§) + Na(t).
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Stability Analysis

Before we proceed with the statement and proof of the main result, two
preliminary Lemmas are presented.

Lemma 5.1 Let L1(t), L2(t) € R be defined as follows
Ly(t) r(t) (Na(t) — Bysgn(e)) (5.26)
Lo(t) —Bqe(t)sgn(e).

If B, and By introduced in (5.23) are selected to satisfy the following suffi-
cient conditions

(1>

lI>

1 .
Br > INa()] + — |Na®)| B, >0 (5.27)
then
Ji Li(o)do < ¢y [ La(0)do < Gy (5.28)
where the positive constants (p1,Cpy € R are defined as
Cor = By le(to)| — e(to)Nalto) o = Bale(to)]- (5.29)

Proof. See Section B.3.2 of Appendix B. H

Lemma 5.2 Consider the system & = f(&,t) where f: R™ x R— R™ for
which a solution exists. Let D := {& € R™ | |[{|| < €} where € is some posi-
tive constant, and let V: DxR— R be a continuously differentiable function
such that

Wi(€) S V(& t) SWa(§) and V(1) < W () (5.30)

Yt > 0 and V& € D where W1(§), Wa(€) are continuous positive definite
functions, and W (§) is a uniformly continuous positive semi-definite func-
tion. Provided (5.30) is satisfied and £(0) € S, we have

W) —0ast— o (5.31)
where the region denoted by S is defined as follows

S:={eD| W) <0} where §< |min W1(€) (5.32)

€ll=e
where § denotes some positive constant.

Proof. Direct application of Theorem 8.4 in [22]. W
The stability of the exercise machine controller can now be proven by
the following Theorem.
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Theorem 5.3 The exercise machine controller introduced in (5.23) en-
sures all signals are bounded under closed-loop operation and that

e(t), é(t) = 0 ast — o0 (5.33)

provided the control gains 5, and B4 are selected according to the sufficient
conditions given in (5.27), and the control gain ks is selected sufficiently
large with respect to the initial conditions of the system.

Proof. Let Pi(t), P»(t) € R denote the following auxiliary functions

Pl(t) = Cbl ft L1 dCT
Pg(t) = Cb2 ft LQ dCT

where (py, Cpa, L1(t), and Lo(t) are defined in Lemma 5.1. The results from
Lemma 5.1 can be used to show that P (t) and Py(t) are non-negative. Let
V(y,t): R?2 x R x R x R denote the following non-negative function

(5.34)

Vy,t) = ; 2(t )+ JT (t) + Pi(t) + Pa(t) (5.35)

where y(t) € R? x R x R is defined as

Y2 [T VPG VRO ] (5.36)

and z(t) was defined in (5.21). Since J is a positive constant, (5.35) can be
lower and upper bounded by the following inequalities

Wi(y) < V(y,t) < Wa(y) (5.37)

where
Wily) =M lly®I>  Waly) = X ly@)? (5.38)

1 1
where \; £ 3 min{1, J} and Ay £ max{1, §J}
After differentiating (5.35) and utilizing (5.15), (5.25), (5.26), and the
time derivative of (5.34), the following expression can be obtained

Vig.t) = —ae(t) —r*(t) —ker?(t) + ()N () (5.39)
—Pa((t) + are(t))sgnle) + Baé(t)sgn(e)
s ll2(@))1* = ks () + (N () — By le(D)]

where A3 £ min{1, a,.}. By utilizing (5.21), the following inequality can be
developed

IA

Vig:t) < =Xzl — B le(t)] (5.40)
+[lr @1 ez 120 = kar*(0)] -
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Completing the squares on the bracketed term in (5.40) yields the following
inequality

V(1) < —(ha— m“”%non CaByle()].  (5.41)

Based on (5.41), the following inequality can be developed

V(1) < W)~ arByle(t)] for ky > ﬂfw (5.42)

or [lz(#)]] < 0‘1(2\//\3’%)

where
W(y) = —7 2| (5.43)

and v € R is some positive constant. From (5.42) and (5.43), the regions
D and S can be defined as follows

D2 {yeR? xRxR’HyH < 0 Y2/ Aaks) } (5.44)

2 {y e D|Waly) < Mo~ 2V Asks))? (5.45)

The region of attraction in (5.45) can be made arbitrarily large to include
any initial conditions by increasing the control gain ks (i.e., a semi-global
stability result). Specifically, (5.38) and the region defined in (5.45) can be
used to calculate the region of attraction as follows

Wa(y(to)) < A(p™"(2vAsks

)\ (5.46)
= [ly(to)|l < Vo 2V Asks
which can be rearranged as
1 5, /A
¢ > — — . 4
b > 1ot 5 It (5.47)

By using (5.15) and (5.36), the following explicit expression for ||y (to)|| can
be obtained

ly(to)ll = V€2 (to) + (é(to) + are(to))? + Pi(to) + Pa(to) (5.48)

where (5.1), (5.3), and the fact that u(¢p) = 0 can be used to determine
that

é(0) = J 17 (to) — Galto)-

Hereafter, we restrict the analysis to be valid for all initial conditions
y(to) € S. From (5.35), (5.41), (5.42), and (5.45), it is clear that V(y,t) €
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Loo; hence, e(t), r(t), 2(t), y(t) € L. From (5.42), it is also clear that
e(t) € L£1. From (5.15), it can be shown that é(t) € L. Since G4(t) is
assumed to be bounded, (5.23) can be used to prove that u(t) € L.
The previous boundedness statements can also be used along with (5.21),
(5.25) and (5.43) to prove that W (y(t)) € Loo; hence, W (y(t)) is uniformly
continuous. Lemma 5.2 can now be invoked to prove that ||z(¢)|| — 0 as
t — oo Yy(ty) € S. Hence, (5.15) can be used to show that e(t), é(¢),
r(t) - 0ast—oo. M

Remark 5.4 Since e(t) € L1, similar arguments as provided in Equations
5.10 and 5.11 can be utilized to conclude that the exercise machine con-
troller in (5.28) is passive with respect the user power input.

5.2.5 Desired Trajectory Generator

The perturbation and numeric trajectory generators described previously
could be used to generate a reference trajectory that ensures that ¢,(t),
da(t), 4 4(t) € Lo with the exception that both methods depend on mea-
surement of the user’s power input p(t). As indicated by (5.4), p(¢) is com-
puted based on the assumption that the user torque input is measurable.
Since the development in this section is based on the assumption that
the user torque input is not measurable, a torque estimator, denoted by
7(t) € R, is constructed as follows

7(t) = —u(t) + JGa(t) (5.49)

where u(t) is introduced in (5.23). Based on (5.49) the following Lemma
can be stated.

Lemma 5.4 The torque observer in (5.49) ensures that 7(t) € Lo and
7(t) — 7(t) — 0 as t — oo provided the control gains ks, B, and By are
selected according to Theorem 5.3.

Proof. Theorem 5.3 indicates that u(t), e(t), é(t) € L and é(t) — 0 as
t — o0o. The assumption that §4(t) € Lo and the facts that u(t), é(t) € Lo
can be used along with (5.49) to show that 7(t) € L. After taking the time
derivative of (5.3) and multiplying the result by J, the following expression
is obtained

Tet) = Jilt) - it (5.50)
= () -+
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where (5.1) and (5.49) have been utilized. By integrating both sides of
(5.50) as follows

/0 (1(0) — 7(0))do = J(e(t) — e(0)), (5.51)

the facts that e(tg), e(t) € Lo can be used to show that 7(t) — 7(t) € L;.
Based on the fact that é(t) — 0 as t — o0, (5.50) can also be used to
conclude that 7(¢t) — 7(t) > 0 as t — oco. W

Based on Lemma 5.4, the perturbation and numerically-based extremum
seeking algorithms can be rewritten where p(¢) is replaced by 7(¢)dq(t).

5.2.6 FExperimental Results and Discussion

The exercise machine testbed illustrated in Figure 5.1 was constructed and
used to complete experiments that illustrate the feasibility of using the pro-
posed control strategy for maximizing the power expenditure of the user.
As illustrated in Figure 5.1, the exercise machine consisted of a handle that
a user grasps that is connected to a rotating assembly that is mounted on
the rotor of a switched reluctance motor. The exercise machine testbed can
be modeled by the single-input single-output nonlinear system introduced
in (5.1). The inertia of the motor assembly was experimentally determined
to be J = 0.1 kg - m2. A resolver mounted on the motor is used to mea-
sure the rotor position while rotor velocity was calculated using a standard
backward difference algorithm. The motor was interfaced with a Pentium
IV personal computer (PC) operating under Microsoft Windows 2000. The
control algorithm given in (5.23) was implemented in SIMULINK and con-
verted to an executable file via the Real-Time Workshop and the dSPACE
Target. The executable file was loaded in the dSPACE ControlDesk user
interface for control parameter tuning and data logging and plotting.

To demonstrate the performance of the control algorithm given in (5.23),
two experiments were conducted. For each experiment, a user held the han-
dle of the exercise machine shown in Figure 5.1 and rotated the motor shaft.
Based on the desired angular velocity generated by the numerical-based
extremum generation (Brent’s Method) algorithm, the controller given in
(5.23) modifies the resistive torque output of the motor to maximize the
user’s power expenditure. Quantifying the ability of the exercise machine to
find the maximum power expenditure of a user requires that the maximum
be known. Since the maximum power output for some user is unknown, the
first experiment exploits an artificial power function with a known max-
imum. Specifically, the following surrogate parabolic power function was
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utilized in the first experiment to generate ¢,(¢)

p(t) =3 <(dult) - 3 (552)

where it is clear that (5.52) is maximized at ¢ = 3 rad/sec. That is, by
using the surrogate input described in (5.52) to generate ¢4(t), the ability
of the extremum seeking trajectory generator to accurately determine the
maximum can be quantitatively tested.

To generate ¢4(t) via Brent’s Method (see Section B.3.1 of Appendix
B), an initial estimate of the maximum ¢4(t) is required (i.e., y5) along
with lower and upper bounds (i.e., 7y; and 73, respectively). For the first
experiment, 7;, 7,, and 75 were selected as follows

1=1 7=25 v3=4
To generate continuous bounded signals for qfli) (t) Vi = 1,2, 3, the following
stable and proper fourth order filters were utilized

(i) 81si—1

_ , 5.53
94" = ST 1263 1 bas? + 108s 1 81 (5:53)

A 1.5 second time delay was utilized to allow for the torque estimate 7(t)
to converge to 7(t) before Brent’s Method is invoked. Figure 5.2 illustrates
that the desired exercise machine velocity converges to the optimal velocity
setpoint (i.e., ¢; = 3 rad/ sec).

The control gains in (5.23) were adjusted to the following values

k=1 B, +By=005 o, =0.05.

Figure 5.3 depicts the tracking error e(t). Figure 5.4 depicts the control
torque input u(t).

In the first experiment, the desired exercise machine trajectory was gen-
erated via Brent’s Method where 7(gq) was provided by a surrogate signal
with a known maximum as a means to illustrate the ability of the extremum
seeking trajectory generator to converge to the desired maximum. In the
second experiment, the surrogate signal was eliminated from the trajec-
tory generator, allowing the desired trajectory to seek the maximum power
expenditure of the user. For the second experiment, v, v,, and 73 were
selected as follows

Mm=1 72=35 73=6.

The desired trajectory was constructed using the same filters given in
(5.53), and a 1.5 second time delay was utilized to allow for the torque
estimate 7(t) to converge to 7(t). Figure 5.5 depicts ¢q(t).
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The control gains in (5.23) were adjusted to the following values
ks=2 B,+8,=01 «a.=0.1.

Figure 5.6 depicts the tracking error e(t). Figure 5.7 depicts the control
torque input wu(t).

In [67], the control algorithm given in (5.23) has been simulated for cases
where the desired trajectory was generated by the perturbation-based ex-
tremum seeking algorithm and Brent’s Method. The results shown in that
work indicate the controller’s performance in the ideal case. However, as
can be seen in Figures 5.3 and 5.6, the tracking error signals contain high
frequency components in practice and exhibit steady state tracking errors
of £0.5 [rad/sec] and 1.0 to —0.5 [rad/sec], respectively. The magnitude of
the tracking errors may not be acceptable for typical tracking applications;
however, this application is atypical since a human is directly interact-
ing with the system in real-time. That is, the human input, denoted by
7(¢) in (5.1), can be viewed as an additive bounded disturbance that cor-
rupts the tracking performance. While the high-frequency estimator given
in (5.49) should theoretically compensate for this additive bounded distur-
bance, measurement noise as well as the limited bandwidth of the actuator
used in the experimental hardware resulted in some degradation in tracking
performance.

5.3 Steer-by-Wire

The general concept of the proposed steer-by-wire haptic-interface control
architecture is presented in Figure 5.8. Signal flow for a typical hybrid ve-
hicle is shown in this figure. It can be seen that the flow of information in a
steering system is bidirectional. The input to the Primary System from the
operator/driver has to be translated to the Secondary System. At the same
time, reaction forces at the Secondary System have to be fed back to the
Primary System even though no mechanical linkage exists between these
two systems. Hence, providing force feedback only handles one of the two
issues that arise out of decoupling the driver interface and the directional
control assembly. The other equally important piece of this system involves
the actuation of the directional control assembly to translate the driver’s
intentions into actions. In this section, a full state feedback controller is de-
signed to provide the desired force feedback on the steering wheel to reflect
the tire/road interface forces and simultaneously synchronize the motion of
the directional control assembly with the motion of the steering wheel. For
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FIGURE 5.7. Computed Motor Torque

the force feedback control design, a target system is used to generate the
reference signal for the displacement of the primary system. This type of
approach is motivated by the impedance control concept detailed in [35].
The controller adapts for parametric uncertainties in the system while en-
suring global asymptotic tracking for the “driver experience error” and the
“locked error”; however, torque measurements are required.

To make this concept economically feasible, it is essential to avoid the
use of sensors and actuators that are either expensive or require frequent
maintenance. Traditionally force/torque sensors have been used to measure
the forces that need to be fed back to the driver. However, sensors that can
provide the quality of signals necessary for satisfactory performance are
both expensive and unreliable. To eliminate torque measurements, a re-
cent idea found in [51] has been modified to develop torque observers for
the design of an exact model knowledge tracking controller. This controller
ensures that the torque observation error converges asymptotically to zero
while also ensuring global asymptotic tracking for the driver experience
error and the locked tracking error. Roughly speaking, the torque observer
design borrows concepts from robust control techniques that only impose
boundedness and smoothness restrictions on the unmeasurable torque sig-
nals.
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The design of the adaptive, nonlinear tracking controller being presented
here ensures that: i) the directional control assembly follows the driver
commanded input, and ii) the dynamics of the driver input device follows
that of a target system. As previously stated in the introduction, a com-
plete stability analysis, using Lyapunov-based techniques, will be used to
demonstrate that the proposed control law guarantees global asymptotic
regulation of the locked tracking and the driver experience tracking errors.
Furthermore, an extension is presented to study the controller design under
elimination of torque measurements. Representative numerical simulation
results are presented to validate the performance of the proposed control
law. Finally, a detailed description of an experimental test setup is provided
along with experimental verification of the control algorithm.

1 Primary System

Driver — Steering
Wheel Interface

Controller )
Electrical

Tunable Road
Feedback

Wheels Follow

Driver Command P SR e
Torque| Speed
bl B - A g R
1 .
ine | Mechanica HEV
Engine
—{Eron] i symen

Directional Control
Assembly

Tire/Road Interface

Chassis Dynamics

Secondary System

FIGURE 5.8. Steer-by-Wire Interface System Architecture

5.3.1 Control Problem Statement

The steer-by-wire haptic interface control objective is twofold. First, the
driver’s steering angle commands must be accurately followed; this requires
the torque control input provided by the drive motor to be designed so that
the angular position of the directional control assembly accurately tracks
the input. Second, the driver must be given a realistic “virtual driving ex-
perience.” To this end, a reference model, or target dynamics for the driver
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input device, should be designed to generate the desired angular position
of the driver input device. The control torque provided by the feedback
motor must then be designed to ensure that the response of the driver in-
put device follows that of the reference system. The reader is referred to
Figure 5.9 for definition of the driver interface and the directional control
assembly. The figure depicts the essential components present in a steer-
by-wire system. The reader is referred to the nomenclature included in the
figure as an introduction to the various signals considered in the ensuing

development.
By, T !
Steering Wheel —™ Driver Intetface
Subsystem
Tarque Sensor d *
Feedback Motor e Ti
% E (R
—H A plifier “.

T, Directional Control

Subsystem

Drive Ifotor
—
o N e -~ j
P \ Rack and Pinion

Steering Linkage Eingpin azis \_/92 -

g

8:, .2

FIGURE 5.9. Driver Interface and Directional Control Subsystems in a
Steer-by-Wire Assembly

5.3.2  Dynamic Model Development

Detailed models for conventional and power assisted steering systems can
be found in many works in this research area (e.g., [44], [45]). The steer-
by-wire system involves the removal of the steering column present in a
conventional steering system and the introduction of two servo motors.
The steering system is separated into two subsystems: the primary and
the secondary subsystems. The primary system consists of the driver input
device (e.g., steering wheel or joystick) and a servo motor to provide the
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driver with force feedback. The secondary subsystem is composed of the
directional control assembly (e.g., rack and pinion system) and a servo
motor that provides the necessary torque input to drive the assembly and
steer the vehicle.

Steering System Model Formulation

In general, the steering system dynamics may be expressed in a simplified
form as
161 + N (91, 91) =ay71 + 11 (554)

L0, + N, (92, 92) = a2 +1h (5.55)

where 61(t), 61(t), 61(t) € R denote the angular position, velocity, and
acceleration, respectively, of the driver input device, I1, Is € R represent
the inertias of the driver input device and the vehicle directional control
assembly, respectively. Ny (91, 91) € R is an auxiliary nonlinear function
that describes the dynamics on the driver side, 71 () € R denotes the driver
input torque, T} (t) € R represents a control input torque applied to the
driver input device, 03(t), fa(t), f2(t) € R denote the angular position,
velocity, and acceleration, respectively, of the vehicle directional control
assembly, N (02, 92) € R is an auxiliary nonlinear function that is used to
describe the dynamics of the vehicle directional control assembly, 74(t) €
R represents the reaction torque between the actuator on the directional
control assembly and mechanical subsystem actuated by the directional
control assembly, and T5(t) € R denotes a control input torque applied
to the directional control assembly. The constants a;,as € R are scaling
factors that could arise due to gearing in the system.

Remark 5.5 The damping and friction effects modeled by Ny (-) and N (-)
are assumed to be linearly parameterizable as

N (01, 91) - Y1 (01, 91) - (5.56)

Ny (92, 92) — Yo (92, 92) Ono (5.57)

where Y1 (+) € RYP| Yy () € RY9are regression matrices containing the
measurable signals, and ¢y, € RP*1 dro € RI*Y are constant matrices
containing the unknown parameters in the model Ny (-) and Nz (+). Further,

it is also assumed that if 01 (t), 0, (t) € Lo then Ny (91791> € Lo and if
02 (t) s 92 (t) € Lo then Ny (92,92) € L.
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Reference Model Development

The second control objective is the provision of road “feel” to the driver.
To satisfy this goal, impedance control concepts [35] used for robot manip-
ulator position/force control problems have been applied to the problem.
Specifically, a reference model is designed as

Irfaq + Ny (9d1, 9d1) =ariT1 + araTe (5.58)

where 041 (t), 041(t), 041(t) € R denote the desired angular position, veloc-
ity, and acceleration, respectively, of the driver input device, N (le, 9d1) €
R represents an auxiliary target dynamic function for the driver input de-
vice, and a1, ars € R are scaling constants. The structure for (5.58) is
motivated by the following philosophy: If T} (¢) was exactly equal to aa72(t)
in (5.54), then the dynamics given by (5.54) would give the driver a realistic
experience provided the auxiliary term Nj () in (5.54) could be designed
or constructed according to some desirable mechanical response. Thus, the
Nrp(+) term in (5.58) is designed to simulate the desired driving experi-
ence, and hence, the dynamics given by (5.58) serve as a desired trajectory
generator for control design purposes for (5.54).

Remark 5.6 The target dynamic function N (-) must be selected to en-
sure that the desired driver input device trajectory and its first two deriva-
tives remain bounded at all times (i.e., Oq (t), Oa1 (t), Oa1 (t) € Loo). Sup-
pose Nt (+) is selected as

Nr = Brlg + K10q (5.59)

where By, Kr € R are some positive design constants. If Nt (-) is se-
lected according to (5.59), then standard linear arguments show that 641 (t),
a1 (1), 01 (t) € Loo. Furthermore, Nz (-) can be constructed as a nonlinear
damping function by utilizing Lyapunov-type arguments.

Open-Loop Error System Development

To quantify the mismatches between the target system and the primary
system or driver experience tracking error, as well as the primary and
the secondary system or locked tracking error, filtered error signals, ry (¢),
ro (t) € R are defined as

r1=¢é1+ e (5.60)

Ty = €3 + Hg€2 (5.61)
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where (1, py € R represent positive control gains, and the target following
error signal e; (¢) and the locked tracking error signal es (t) € R are defined
as

€1 = 9d1 - 91 (562)

€y = 91 — 92. (563)

After taking the first time derivative of (5.60) and (5.61), and substituting
the dynamics in (5.54), (5.55) and (5.58), the open loop error systems are

Ly =Yi¢, —Th (5.64)

Ity = Yagy — T (5.65)

where Y7 (1) € RY™ ", Y5 (-) € R** are regression matrices consisting of
measurable quantities, and ¢; € R™! ¢, € R**! are constant unknown
vectors. The reader is referred to Section B.3.3 of Appendix B for explicit
definitions of Y7 (+), Y2 (*), ¢; and ¢,.

Remark 5.7 Based on the definition of r1(t) and 7o (t) given in (5.60)
and (5.61), standard arguments [9] can be used to prove that: (i) if r1 (t),
ro (t) € Lo, then e1 (t), ez (t), €1 (t), é2(t) € Lo, and (i1) if r1 (t) and
ro (t) are asymptotically requlated, then e (t) and eq (t) are asymptotically
requlated.

5.3.8  Control Development

The first control objective requires the target following and the locked
tracking error signals to approach zero asymptotically, while adapting for
the system parameters that are assumed to be unknown. Further, the sig-
nals 01 (t), 02 (t), 01 (), O (), 71 (t), and 75 () € Lo must be available for
measurement.

Control Formulation

Based on the subsequent stability analysis in Section 5.3.4 and the structure
of the open-loop error system given in (5.64) and (5.65), the control inputs
T, (t) and T5 (t) are designed as

Ty = kir1 + Y16, (5.66)

Ty = kory + Yoo, (5.67)

where k1, ke € R are constant positive control gains, and (251 (t) € R™™Y
¢, (t) € R**! are adaptive estimates for the unknown parameter matrices.
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The adaptive update laws are designed based on the subsequent stability
analysis as

¢y =TV ry (5.68)

¢y = TaY5 1) (5.69)

where I'; € R™*" T'y € R®*® are positive constant diagonal gain matrices.

Closed-Loop Error System Development

After substituting the control torques in (5.66) and (5.67) into the open-
loop dynamics in (5.64) and (5.65), the closed-loop error system becomes

—[17;1 = —k17”1 + leél (570)

12732 = —k27”2 + 5/'2&2 (571)

where the parameter estimation error signals, ¢, (t) € R™1, ¢, (t) € R¥*!
are defined as

b1 =y — by (5.72)
by = ¢y — By (5.73)

5.8.4  Stability Analysis

Theorem 5.5 Given the closed-loop system of (5.70) and (5.71), the track-
ing error signals defined in (5.62) and (5.63) are globally asymptotically
requlated in the sense that

lim e; (t), ez () = 0. (5.74)

t—o0

Proof: A non-negative, scalar function, denoted by V(t) € R, is defined
* 1 1 1 1
~T 1~ ~T 9~
V= 511T% + 5127”% + §¢1 Iy 1¢1 + §¢2 Iy 1¢2- (5.75)

After taking the time derivative of (5.75) and making the appropriate sub-
stitutions from (5.70), (5.71), (5.72), and (5.73), the following expression
is obtained

Vo= [k Vi) 4 e [—hors + Yady (5.76)
~T ~T
-0y [Y1T7‘1} — ¢ [Y2T7‘2}
where the fact that I'y,T's are constant diagonal gain matrices has been

utilized along with the following equalities: <~b1 = —(Abl and <~b2 = —(Abz.
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After cancelling common terms, it is easy to see that we can upper bound
V(t) as follows
V < —kir} — kor3. (5.77)

From (5.77) and (5.75), it is straightforward to see that ry (£), 72 (t), ¢; (¢),
by (t) € Loo. After utilizing (5.72), (5.73), and Remark 5.7, we can conclude
that eq (), €1 (), e (), €2 (£), &y (t), dg (t) € Loo. Using Remark 5.6, (5.62),
(5.63) and their first derivatives, it is clear that 6y (t), 65 (t), 61 (t) 02 (t) €
Loo. This implies (using 5.56 and 5.57) that N (-) and Nz () are bounded.
From the explicit definition for Y (-) given in Section B.3.3 of Appendix B
and using the fact that 71 (¢), 72 (t) € Lo, it is easy to see that Y7 () € L.
From (5.66), it is clear that the control torque T} (t) € L. Again, from
the definition of Y3 (+) in Section B.3.3 of Appendix B and from the above
facts, Y2 (+) € L. From (5.67), it is clear that T3 (¢) € L. Using standard
signal chasing arguments, it can be shown that all the signals in the closed-
loop system remain bounded. In particular, from (5.70) and (5.71), 74 (¢),
79 (t) € L. After employing a corollary to Barbalat’s Lemma [61], it is
easy to show that
lim 7y (¢t),72 (t) = 0.

t—o0

Finally, Remark 5.7 can be used to prove the result stated in (5.74).

5.3.5  Elimination of Torque Measurements: Fxtension

For the steering system in (5.54) and (5.55), a controller can be designed to
eliminate the need for torque sensors. Here the assumption is that the driver
input torque, denoted by 71 (t), and the reaction torque between the actua-
tor on the directional control assembly and mechanical subsystem actuated
by the directional control assembly, denoted by 72 (t), are not available for
measurement. It is further assumed that the driver input torque 71 (¢) and
the reaction torque 75 (¢) and their first two derivatives remain bounded at
all times. Another assumption is that the dynamics are exactly known with
the exception of the torque signals 71 (¢) and 75 (t), and that the signals
01 (t), 05 (t), 6, (t), and 05 () are available for measurement. To account
for the lack of torque measurements, the torque observation errors, denoted
by 71 (t), T2 (t) € R, are defined as

7‘1:T1—f'1 (578)

7‘2:7'2—?'2 (579)

where 71 (t), 72 (t) € R denote the driver input and the reaction observer
torques, respectively. The observer torques are subsequently designed in

© 2010 by Taylor and Francis Group, LLC



5.3 Steer-by-Wire 261
Section 5.3.5. The target dynamics are now generated as

Ir04 + Np (9d1, 9d1) = ar1T1 + araTo. (5.80)

Open-Loop Error System Development

After taking two time derivatives of (5.62) and (5.63), and substituting the
dynamics given in (5.54), (5.55), and the target dynamics given in (5.80),
the open loop error systems for the two systems can be written as

& = (i) (=Np () + azit + azsts) — (i) (“Ni () +aums + )

I I
(5.81)

g = (1_11> (N1 () + anrt +T1) — (1_12> (—Na () + aoms + Ta). (5.82)

To simplify further analysis, two auxiliary signals py (t), pa () € R are
defined as

p1 = €1+ fier (5.83)

p2 = €2+ B1€2 (5.84)

where 3; € R is a constant positive control gain. Furthermore, two filtered
tracking error signals, denoted by s; (t), s2 () € R, are defined as

s1=p1+pm (5.85)
So = p2 + pa. (586)

Control Development

Based on the subsequent control design/stability analysis and the structure
of the open-loop error system given by (5.81) and (5.82), the driver input
torque observer and the reaction torque observer are

F1= = (B K+ ) P12l (8 + K (B o+ D)+ Kofren + prsgn ()]

1
1
(5.87)
R . @ )
To= —(B1+Ks+1)72— a—Q [(B1 + K (81 +1)) é2 + K e2]
I g ([ .
o [—1 (n +(By + Ky + 1)n> + pysgn (pQ)}
(65)] I1
(5.88)
where sgn (-) denotes the standard signum function, K, py, p, € R are
positive control gains while p1,ps, and 8 were introduced in (5.83) and
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(5.84). Based on the subsequent stability analysis, the control inputs Ty (¥)
and T (t) are designed as

T =N () + (II—;) (*NT () + o171 + aTQ%Q) — 171 (589)
T2 = NQ () + (%) (*N1 () + T1 + Ozl’f'l) — 0527A'2. (590)

To facilitate the subsequent stability analysis, two auxiliary “disturbance
signals,” denoted by 1, (t), 1, (t) € R, are defined as

n = <I—1) (f1+ (B + Ks +1)71) (5.91)

Ny = (1—2) (T2 + (By + K +1) 72). (5.92)

Based on the fact that 71 (t), 72 (t) and its derivatives are bounded, 1, (¢),
Ny (1), 11 (), 715 (t) € L. To facilitate the subsequent closed-loop error
system development and the stability analysis, one is required to select the
control gains p; and p,, introduced in (5.87) and (5.88), as follows

dn
p1 > |ml+ _dt1 (5.93)
dn
o> ol |2 11 (5.99)

Closed-Loop Error System Development

The control torques in (5.89) and (5.90) can be substituted into the open-
loop dynamics in (5.81) and (5.82), so that the closed-loop error system
becomes

& = — (%) (11— #1) (5.95)

After taking the first time derivative of (5.85) and (5.86), and using (5.95),
(5.96), and their first derivatives, the closed-loop error system can be writ-
ten as

$1=—Kss1 — 1 — prsgn (p1) (5.97)
$o = =Ky + 11 — 1y — pasgn (p2) (5.98)
where (5.91), (5.92), (5.87), and (5.88) have been utilized.
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Remark 5.8 Based on the definition of s1 (t) and sz (t) given in (5.85) and
(5.86), extensions of the arguments made in [9] can be used to prove that:
(Z) ’if51 (t), EP) (t) € L, then ey (t), €2 (t), é1 (t), €2 (t), é1 (t), é2 (t) € Lo,
and (ii) if s1 (t) and so () are asymptotically regulated, then ey (t), ez (t),
é1(t), €2 (t), €1 (t), é2(¢) are also asymptotically regulated [10].

Stability Proof

Theorem 5.6 Given the closed-loop system of (5.97) and (5.98), the track-
ing error signals defined in (5.62) and (5.63) along with the torque observa-
tion errors defined in (5.78) and (5.79) are globally asymptotically requlated
in the sense that

lim €1 (t) , €2 (t) ; 7’1 (t) B 7~'2 (t) =0. (599)

t—oo

Proof: A non-negative, scalar function, denoted by V1 (t) € R, is defined
as )

Va1 = 53%. (5.100)

After taking the time derivative of (5.100) and making appropriate substi-

tutions from (5.97), then V,; (t) maybe expressed as
Var = — K57 + (b1 +p1) (=1 — prsgn (p1)) (5.101)

where the definitions of s; (¢) and p; (t) given in (5.85) and (5.83) have
been utilized. After integrating both sides of (5.101), and performing some
mathematical operations (refer to Section B.3.4 of Appendix B), the fol-
lowing inequality can be obtained

t

Vai (t) — Vai (to) < —Ks/s% (o) do

T / p1(0) (Iml i ‘d”ji;”) ' - pl) do

+ [Pl (Im| = p1)] +m1 (t0) p1 (to) + p1 [P1 (o)l
(5.102)

After applying (5.93) to the bracketed terms in (5.102), V1 (¢) can be upper
bounded as

t
Vit (8) < Vi (to) — K, / 2 (o) do + C, (5.103)

where (y; € R is a positive constant defined as

Co1 = M1 (to) p1 (to) + p1 [p1 (o) - (5.104)
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For the error system given in (5.98), a second non-negative, scalar function,

denoted by Vga(t) € R, is
1
Va2 = 533. (5.105)
Following a similar analysis to that presented above, the upper bound for

Vaz(t) becomes
t
Vis (8) < Vs (t0) — K, / 52 (0) do + Coy (5.106)
to

where (y, € R is a positive constant defined as

Co2 = M2 (to) P2 (to) — 11 (o) P2 (to) + p2 P2 (o) - (5.107)

To complete the analysis, the following composite non-negative, scalar
function, V,(t) € R, is selected

1, 1
Va = Va1 + Vaz = 557 + 555, (5.108)

After using the bounds for V,; (t) and V,5(¢) obtained in (5.103) and (5.106),
the upper bound for V,(t) becomes

t t
V, (1) < Vi (to) — K- / 2 (0)do — K, / 2 (o) do + ¢, (5.109)
to to

where (; = (o + (g2 Clearly, from the inequality in (5.109), V, (t) € L.
From the definition of V,, (¢) in (5.108), s1 (t), s2 (t) € Lo. From Remark
5.8, €1 (), e2 (1), €1 (t), é2 (1), €1 (t), é2 (t) € Loo. From (5.97), (5.98), (5.83)
and (5.84) and the boundedness of 7, (t) and n, (t), it is easy to see that
$1 (1), $2(t), p1(t), p2 (t) € Loo. From (5.95) and (5.96), it is now clear that
71 (t), 72 (t) € Loo. From equation (5.89), it can be shown that T3 (t) € L.
Using this fact, it is easy to see from (5.90) that T3 (¢) € L. Standard
signal chasing arguments can now be employed to show that all signals in
the system remain bounded. If (5.109) is rewritten as

t t
Ks/s§ (o) do + Ks/sg (0)do < Vi (t) — Vi (to) + Cor (5110

then it is clear that sq (¢), s2 () € L. Further, Barbalat’s Lemma [61] can
be applied to show that

lim s (t), s2 (t) =0, (5.111)

t—o0
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and hence, from Remark 5.8,

lim €1 (t) , €2 (t) y é1 (t) s ég (t) s é1 (t) s ég (t) =0. (5112)

t—oo

Since é; (t) and és (t) are regulated to zero as indicated by (5.112), then
(5.95) and (5.96) and the definitions provided in (5.78) and (5.79) show
that

lim 71 (), 72 () = 0. W (5.113)

t—oo

Remark 5.9 The structure of the torque observers given by (5.87) and
(5.88) contain discontinuous terms; however, the control inputs that are
applied to the plant are mot discontinuous. That is, after a close exami-
nation of (5.87) and (5.88), it clear that signals 71 (t) and 72 (t) are low
pass filtered outputs of a discontinuous control signal. Therefore, the control
strategy only utilizes the signals 71 (t) and 7 (t), so that the control signals
applied to the plant will not be discontinuous.

5.3.6 Numerical Stmulation Results

Two sets of simulations were performed to study the performance of the
control algorithms: (i) System with an adaptive controller as developed
in Section 5.3.3, and (ii) System with a exact model knowledge controller
(EMK controller) presented in Section 5.3.5. The simulated vehicle steering
system was assumed to have the dynamics described by (5.54) and (5.55).
The nonlinear damping and friction functions were chosen as [44]

N; (99) = B + Ki0;  i=1,2 (5.114)

The system parameters were chosen to be the same as that of the actual
experimental setup described in Section 5.3.7. These values are listed in
Table 5.1.

The reference trajectory was generated according to (5.58). The user
defined function Nt (9d1,9d1> was chosen to have the same form as in
(5.114). The reaction torque applied on the directional control assembly
(due to the tire-road interface forces), was assumed to be related to the an-
gular deflection of the directional control assembly in the following manner
[58]

79 = —Cy tanh (765) (5.115)
where Cy, v € R are constant tire-dependent parameters listed in Table 5.1.
Each set of simulations were performed for two driver input torque profiles:
Case 1: 71 (t) = 0.8 sin(5t) (1 —exp(—3t)) which represents the input to per-
form a standard slalom maneuver; and Case 2: 71 (t) = 0.9 (1 — exp(—3t))
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” Symbol Value | Units ” Symbol | Value | Units ”
I 1.16e — 2 kg.m? Ir 1.5e —2 | kg.m?
By 1.9¢ —2 | kg.m?/s Br 2¢e —2 | kg.m?/s
K, 0 N.m Kr 0 N.m
g 1 - aTy 1 —
I 2.35e — 2 kg.m2 a9 0.15 —
By 0.6 kg.m?/s Ca 150 N.m
Ky 0 N.m vy 0.02 —
e 1 —

TABLE 5.1. List of Simulation Parameters and Corresponding Values

which is the input that the driver would apply to follow a circular trajectory
(refer to Figure 5.10).

For the first set of simulations, the torque measurements are directly
available for use in the control algorithm as opposed to torque observer
estimation. All adaptive estimates were initialized to zero in this simula-
tion. The driver experience and locked tracking errors, e (t) and es(t), are
presented in Figure 5.11. The driver experience tracking error corresponds
to the differences between the target and the primary subsystem of the
haptic interface steer-by-wire system. As shown, the error e; (t) approaches
zero after ¢ = 5s for both inputs, which implies that the driver experiences
the desired “feel” as specified by the target parameters (which corresponds
to a conventional steering system with the target parameters). The locked
tracking error, es(t), also approaches zero for both inputs. This demon-
strates that the driver’s steering commands are followed by the directional
control assembly. These two facts prove that the control algorithm achieves
the two goals outlined in the control objective (refer to Section 5.3.1 for
details). Selected gains can be increased for faster convergence rates at the
cost of larger control effort. All the parameter estimates were observed to
settle down at constant values. The plots for adaptive estimates have been
left out for brevity. The corresponding motor control torques are displayed
in Figure 5.12. Due to the significantly higher dynamic friction parameter,
By, of the secondary subsystem (refer to Table 5.1), the directional con-
trol assembly requires a larger magnitude of control effort as compared to
the primary subsystem for both steering profiles. The performance of the
control algorithm is further evaluated in terms of three performance mea-
sures: (i) Peak error (in %), (ii) Steady-state error (in %), and (iii) Settling
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FIGURE 5.10. Driver Input Torque Profiles for Steering Input for a Slalom Ma-
neuver and a Circular Trajectory

time (in seconds). These are tabulated as shown in the Table 5.2. Here, 5%
settling time is considered for Case 2 only.

For the second set of simulations, the control algorithm proposed in Sec-
tion 5.3.5 was simulated on the same system as described in (5.54) and
(5.55) having the same parameters as given in Table 5.1. However, the es-
timated torques are used to generate the target dynamics per (5.80) as
opposed to “measured” torques that were available in the previous set of
simulations. The driver experience and locked tracking errors, e;(t) and
e2(t), are shown in Figure 5.13. The errors e;(t) and ex(t) are within +0.01
rad for both cases. The corresponding control torques, T} (¢) and T (t), are

Performance | Case 1 | Case 2
Measure e1 | €s e1 | es
Peak Error (%) 0.0577 | 0.9755 || 0.9351 | 2.4913
Steady-State Error (%) 0 0.001 || 0.0002 | 0.0025
Settling time (s) - - 2.297 | 2.285

TABLE 5.2. Summary of Results for Adaptive Controller Simulation
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FIGURE 5.11. Adaptive Control Simulation Results: Tracking Errors (a) e1 (t),
and (b) ez (t)
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FIGURE 5.12. Adaptive Control Simulation Results: Control Torques, (a) 71 (¢),
and (b) 75 (t)
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Performance Case 1 | Case 2
Measure el | e e1 | e
Peak Error (%) 0.0222 | 0.0644 || 0.1521 | 0.0698
Steady-state Error (%) || 0.0222 | 0.0444 || 0.1521 | 0.0698

TABLE 5.3. Summary of Results for EMK Controller Simulation

269

shown in Figure 5.14. The torque estimate values 7; and 79 are shown in
Figure 5.15. Here it is observed that the driver input torque, 71 (¢) shown in
Figure 5.10 is accurately observed by the signal 71 (¢) shown in Figure 5.15.
These numerical results indicate the feasibility of using torque observation
values in the control algorithm thus eliminating the need for the introduc-
tion of torque transducers in the steering system hardware. As with the

previous set of simulations, the performance is evaluated using peak error
and steady-state error performance measures, and the results are tabulated

in Table 5.3

Driver experience error e (rad)

—— Case 1
= = Case?2

Locked tracking error e, (rad)

FIGURE 5.13. EMK Controller Simulation Results:

and (b) ez ().

Tracking Errors (a) e (t),

To evaluate the steering system behavior, a standard steering mechanism
has been simulated whose dynamics have the form as (5.58). Furthermore,
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FIGURE 5.14. EMK Controller Simulation Results: Control Torques (a) T3 (t),
and (b) T% (¢)
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FIGURE 5.15. EMK Controller Results: Estimated torques, (a) 71 (¢), and (b)
2 (1)
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the lumped model parameters are assumed to be the sum of the primary
and secondary system parameters given in Table 5.1 so that

(I + L) 0, + N, (eaaéa) =171 + QaT2

. ; (5.116)
Na (9a7 ea) = (Bl + BQ) Ha + (Kl + KQ) ea-

To demonstrate that the driver can be provided with a tunable force
feedback, the simulation was executed with a different set of target param-
eters. In this case, the parameter By was increased an order of magnitude
to 0.2 kg — m?/s while all other parameters and inputs were unchanged
for Case 1. The results are shown in Figure (5.16) which shows the target
system displacement, 64 (t) for the original system and the system with
increased damping along with the response of a standard steering system,
0, (t). As can be observed, the magnitude of 4 (¢) for the system with the
original parameters is greater than 0, (t) showing that the values a and
o can be used to provide variable power assist. Further, the magnitude of
4 (t) for the system with the original parameters is greater than that with
increased damping, showing that the nature of the system response can
also be varied by adjusting the target system parameters I, By, and K.
Thus, the driver can be provided with a customized “feel” at the steering
wheel (i.e., the steering wheel can be made lighter or heavier depending
on the operator’s need and comfort) by appropriately changing the target
parameters for a given steer-by-wire system.

5.3.7 FExperimental Results

To address some of the practical issues involved in the implementation of
the control algorithm on a prototype steer-by-wire system, the proposed
control laws were tested on an experimental testbench.

Experimental Setup

The experimental configuration is shown in Figure 5.17. It consisted of two
switched-reluctance motors (SRMs) controlled using NSK drives, a steer-
ing wheel, a rack and pinion system, a hydraulic damper, and a spring.
One of the SRMs provided the road feedback to the operator by means of
the steering wheel, while the second motor actuated the directional control
assembly. The SRMs had inbuilt resolvers that provided high resolution an-
gular displacement measurements. Additionally, a Linear Variable Differen-
tial Transformer (LVDT) was also used to measure the rack displacement.
Optionally, the hydraulic damper and/or the spring could be connected to
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FIGURE 5.16. EMK Controller Simulation Results: Response of System with (a)
Br =0.2 kg—m?/s, (b) Br = 0.02 kg—m?/s, and (c) Standard Steering System
Response

FIGURE 5.17. Laboratory Experimental Setup: (a) NSK Motor Drives, (b) Steer-
ing Wheel, Rack and Pinion System
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the rack to simulate road reaction forces. This setup created a steer-by-
wire steering system similar to one that can be used in a ground vehicle
to experimentally validate the proposed control algorithm. Notice that the
essential components are quite the same as shown in Figure 5.9. Precision
torque sensors that are required for the accurate implementation of the
adaptive control algorithm were prohibitively expensive to incorporate in
this study, while attempts with low quality sensors were unsuccessful due
to the inherent drift and noise in the sensor signals. Hence, in this exper-
imental section, the algorithms presented in Section 5.3.5 (which do not
require the measurement of torque) are implemented.

An AMD Athlon 1.2 GHz PC running QNX 6.2 RTP (Real Time Plat-
form), a real-time micro-kernel based operating system, provided the com-
putational power to implement the control algorithms. An in-house graph-
ical user interface program, Qmotor 3.0, ensured real-time execution of the
control algorithms written in C4++-. This also facilitated real time graphing,
data logging and on-line gain tuning. Data acquisition and control imple-
mentation were performed at a frequency of 1.0 kHz using the ServoToGo
1/0 board.

To study and evaluate the effect of this haptic interface feedback system,
the system was also equipped with a virtual reality environment. This con-
sisted of a 60” x 80" screen along with a high capacity projector which
provided the visual feedback for driver-in-loop experiments. A MATLAB-
based system was built, both to simulate the vehicle chassis dynamics as
well as to render a VRML scene in real-time. Alternate input devices such
as a joystick incorporating force feedback were also considered to provide
assistance to handicapped drivers.

Tests and Results

Preliminary tests were performed to determine the system parameters listed
in Table 5.1. The target dynamics were generated as shown in (5.80). Again,
experiments were performed for the two cases as specified in the previous
section. For each case, the gains were tuned until the best system perfor-
mance was obtained. The values of the target system parameters, I7, Br,
and Kt were chosen in the previous section and listed in Table 5.1. The
experimental results for driver experience error e; (¢), and locked tracking
error ey (t) are shown in Figure 5.18. As with the simulations, the perfor-
mance of the control algorithm in an experimental test is evaluated using
the same performance indices as the EMK controller simulation. The results
are shown in Table 5.4.
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Performance | Case 1 | Case 2
Measure el | €s e1 | es
Peak Error (%) 15321 52| 25
Steady-state Error (%) || 1.5 | 2.0 || 5.2 | 2.39

TABLE 5.4. Summary of Results for Experimental Evaluation

As can be viewed from Figure 5.18, the errors e; (t) and ey (¢), have small
magnitudes for both the maximum and steady-state values in each case.
The steady-state errors for the case of the step input (case 2) are mainly
due to the large static friction present in the physical system, which was
very hard to compensate for. As in the simulations, these error values show
that 6 (t) tracks the reference trajectory 6,4 (¢) and that 62 (t) follows 61 (¢)
(and hence achieves the two control objectives outlined). The values for the
control torques Tj (t) and T» (¢) are shown in Figure 5.19. It can be seen
that the control input torques follow a similar pattern as in the simulations.
One of the differences, though is, the inherent noise in the experimental
system. The actual driver input torques, 71 (¢), for both cases, and their
estimates, 71 (t), are shown in Figure 5.20. The estimated values shown
here and small magnitude of error values in Figure 5.18 prove the efficacy
of the controller and the ability of torque observers to accurately estimate
input torque values.

The target system response for all the simulation and experimental tests
has been plotted in Figure 5.21. During the experiment, the operator could
feel the steering wheel become lighter or heavier and the system response
differ for different sets of target parameters. Since e (t) and es (t) are small
in magnitude in comparison to the target trajectories, in effect, the target
system response is indeed the actual response of the system.

5.4 Robot Teleoperation

As stated in the introduction to the chapter, the practical importance as
well as the challenging theoretical nature of the teleoperator problem has
spurred a significant amount of research activity in the past few years. The
teleoperation problem that is being solved here comprises of two parts: (a)
ensuring the coordination of a master and a slave manipulator, and (b) en-
suring passivity of the overall system. Through the use of transformations,
dynamic trajectory generations, and continuous nonlinear integral feedback
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FIGURE 5.19. Experimental Results: Control Torques 71 (t), and T3 (¢)
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FIGURE 5.20. Experimental Results: Actual and estimated driver input torques,
71 (t) and 71 (t) for (a) Case 1, and (b) Case 2
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FIGURE 5.21. Target System Responses: (a) Adaptive Controller, (b) EMK Con-
troller, and (c) Experimental Results
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terms, two controllers are proven through Lyapunov-based techniques to
passively coordinate the master and slave manipulators with respect to the
scaled user and environmental power despite incomplete system knowledge.
Implementing either controller would provide the user of the closed loop
teleoperator system with a power scalable, coordinated master-slave tool
that provides safe and stable user feedback. The first controller is proven to
yield a semi-global asymptotic result in the presence of parametric uncer-
tainty in the master and slave manipulator dynamic models provided the
user and environmental input forces are measurable; henceforth, referred
to as the MIF (Measurable Input Force) controller. The second controller
yields a global asymptotic result despite unmeasurable user and environ-
mental input forces (UMIF) provided the dynamic models of the respective
manipulators are known. The development of each controller consists of the
following three steps. In the first step, a transformation is utilized which en-
codes both the coordination and passivity objectives within the closed loop
system. Next, a dynamic trajectory generating system is designed which
assists in achieving overall system passivity as well as keeping all signals
bounded in the closed loop system. Finally, a continuous nonlinear integral
feedback observer (see [51] and [64]) is exploited to compensate for the lack
of system dynamics information or user and environmental force measure-
ments. Simulation results provided at the end of the section demonstrate
for both controllers that the coordination and tracking control objectives
are met.

5.4.1 System Model

The dynamic model for a 2n-DOF nonlinear teleoperator consisting of a
revolute n-DOF master and a revolute n-DOF slave revolute robot are
described by the following expressions [32]

Y{Mi(q1(8)d1(t) + Cr(q1(t), ¢1(8)g1(t) + Biga(t) = T1(t) + Fi(t)}
(5.117)
(

M>(ga(t))da(t) + Ca(qa(t), G2(t))da(t) + Baga(t) = Ta(t) + Fu(t). (5.118)

In (5.117) and (5.118), v € R denotes a positive adjustable power scaling
term, ¢;(t), 4;(t), ¢;(t) € R™ denote the link position, velocity, and accelera-
tion, respectively, Vi = 1,2 where ¢ = 1 denotes the master manipulator and
1 = 2 denotes the slave manipulator, M;(g;) € R™*™ represents the inertia
effects, C;(q;, 4;) € R™*"™ represents centripetal-Coriolis effects, B; € R™*"™
represents the constant positive definite, diagonal dynamic frictional ef-
fects, T;(t) € R™ represents the torque input control vector, Fj(t) € R™

© 2010 by Taylor and Francis Group, LLC



278 5. Human Machine Interaction

represents the user input force, and F5(t) € R™ represents the input force
from the environment. The subsequent development is based on the prop-
erty that the master and slave inertia matrices are positive definite and
symmetric in the sense that [36]

mag [|E]° < €7 Mi(g:)€ < ma ||€] (5.119)

V¢ € R™ and ¢ = 1,2 where mq;, ma; € R are positive constants, and |||
denotes the Euclidean norm. The subsequent development is also based on
the assumption that ¢;(t), ¢;(t) are measurable, and that the inertia and
centripetal-Coriolis matrices are second order differentiable.

5.4.2  MIF Control Development

For the MIF controller development, the subsequent analysis will prove a
semi-global asymptotic result in the presence of parametric uncertainty in
the master and slave manipulator dynamic models provided the user and
environmental input forces are measurable. This development requires the
assumption that Fj(t), Fy(t), F;(t) € Lo Vi = 1,2 (precedence for this type
of assumption is provided in [32] and [34]).

Objective and Model Transformation

One of the two primary objectives for the bilateral teleoperator system is
to ensure coordination between the master and the slave manipulators in
the following sense

@=2(t) = q1(t) as t — oo. (5.120)

The other primary objective is to ensure that the system remains passive
with respect to the scaled user and environmental power in the following
sense [32] .
| Qi ORE) + i R =~ (5.121)
0
where ¢; is a bounded positive constant, and v was introduced in (5.117).
The passivity objective is included in this section to ensure that the hu-
man can interact with the robotic system in a stable and safe manner,
and that the robot can also interact with the environment in a stable and
safe manner. To facilitate the passivity objective in (5.121), an auxiliary
control objective is utilized. Specifically, the coordinated master and slave
manipulators are forced to track a desired bounded trajectory, denoted by
q4(t) € R™, in the sense that [33]

a1(t) + ¢2(t) — qa(t). (5.122)
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An additional objective is that all signals are required to remain bounded
within the closed loop system.

To facilitate the subsequent development, a globally invertible transfor-
mation is defined that encodes both the coordination and passivity objec-
tives as follows

2 Sq (5.123)

where a(t) 2[e7 (£) a3 (O)]7 € B2, q(t) 2[g] (1) of ()7 € R*", and S €

R27%2n ig defined as follows
sl I —I LI
S_[I 1} S _2[—1 I] (5.124)

where I € R™*™ denotes the identity matrix. Based on (5.123), the dynamic
models given in (5.117) and (5.118) can be expressed as follows

M(z)i + C(z,i) + Bi = T(t) + F(t) (5.125)
where
- [ vM; 0
M _ _r | Y1 2n -1 R2n><2n 12
(z) S 0, |5 € (5.126)
Clx,2) = ST 10 O2n | g1 ¢ panxan (5.127)
O, Oy
_ [ vB; 0
B — —r | YD1 2n -1 R2n><2n 12
S 0w B S e (5.128)
T(t) = ST[~1f 17" eRr™ (5.129)
7 A F1<t) _ o-T vF 2n
Ft) 2 [ A() =S 7 |€R (5.130)

and 09, € R™ ™ denotes an n X n matrix of zeros. The subsequent de-
velopment is based on the property that M(x), as defined in (5.126), is a
positive definite and symmetric matrix in the sense that [36]

ma (|7 < €T M ()€ < ma 1€ (5.131)

V¢ € R?" where mq, my € R are positive constants. It is also noted that
M (z) is second order differentiable by assumption.

To facilitate the subsequent development and analysis, the control ob-
jectives can be combined through a filtered tracking error signal, denoted
by r(t) € R?", that is defined as follows

T2 éy + e (5.132)
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where e3(t) € R?" is defined as follows
e2 = é1 + aseq (5.133)

where a1, ag € R are positive control gains, and e;(t) € R*" is defined as
follows
12 xg—x (5.134)
where z4(t) € R*" is defined as follows
T
va = [ 0h qq(t) ]

n

(5.135)

where 0,, € R™ denotes an n x 1 vector of zeros. Based on the definition of
z(t) in (5.123) and ey (t) in (5.134), it is clear that if ||e;(¢)|| — 0 as t — oo
then ¢o(t) — ¢1(¢) and that ¢1(¢) 4+ g2(t) — qa(t) as t — oco.

The desired trajectory ¢q(¢) introduced in (5.122) and (5.135) is gener-
ated by the following expression

Mria+ Bria+ Krqqa = Fs. (5.136)

In (5.136), M7, By, K1 € R™*™ represent constant positive definite, diago-
nal matrices, and F»(t) was introduced in (5.130). Based on the assumption
that Fy(t) € Lo, standard linear analysis techniques can be used to prove
that gq(¢), 4a(t), da(t) € Loo. The time derivative of (5.136) is given by the
following expression

Mrq g+ Brgs+ Krgq = FQ. (5.137)
From (5.137), the fact that ¢q(t), da(t) € Lo, and the assumption that
Fy(t) € L, it is clear that ¢ 4(t) € L. By taking the time derivative of
(5.137), and utilizing the assumption that Fs(t) € L, we can also show
that ¢ 4(t) € L.
Closed-Loop Error System

Based on the assumption that the user and environmental forces are mea-
surable, the control input T'(¢) of (5.129) is designed as follows

TL24—F (5.138)

where 4(t) € R?" is an auxiliary control input. Substituting (5.138) into
(5.125) yields the following simplified system

Mi + Ci + Bt = 4. (5.139)
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After taking the time derivative of (5.132) and premultiplying by M (z),
the following expression can be obtained

S S ‘ _ _
Mi = Mz g+ Mi+ - |Ci + Bi| — i+ aaMé +arMéy  (5.140)

where (5.132)—(5.134), and the time derivative of (5.139) were utilized. To

facilitate the subsequent analysis, the expression in (5.140) is rewritten as

follows .
Mf:NJrNd—eQ—a—%Mr (5.141)

where the auxiliary signal N(z, &, 4,t) € R®" is defined as
NA2N—-Ny; (5.142)
where N(z,,#,t) € R?" is defined as
N £ M g+ M + ap Mé) + a3 Még + €5+ % [Ci + Bi] + %J\Zr (5.143)

and Ny(t) € R?" is defined as

Ni & Ny, imia, imia (5.144)
= M(xq)#q+ M(zg, da)ia + % [C(a, &a)ia + Bia -
After defining an augmented error vector z (t) as follows
A A (5.145)

the subsequent analysis can be facilitated by developing the following upper
bound
| < otz 1= (5.146)

where the positive function p (]|z]|) is non-decreasing in ||z|| (see Section
B.3.5 of Appendix B for further details).

Based on (5.141), the auxiliary control input @(t) introduced in (5.138)
is designed as follows

t t
w2 (ot 1) [ea(t) —ealto) + 1 [ ealrir] (5,4 5) [ santeatrin
t t
’ ’ (5.147)
where ks, 81,085 € R are positive control gains, and sgn(-) denotes the
vector signum function. The term es(tg) in (5.147) is included so that
w(tp) = 0. The time derivative of (5.147) is given by the following ex-

pression
U= (ks + 1)r + (81 + B5) sgn(ez). (5.148)

© 2010 by Taylor and Francis Group, LLC



282 5. Human Machine Interaction

Substituting (5.148) into (5.141) yields the following closed-loop error sys-
tem

_ ~ 1 -
M7 = —(ks +1)r — (81 + B5) sgn(e2) + N + Ng — ea — §M7“. (5.149)

Remark 5.10 Based on the expressions in (5.135), (5.144) and the fact
that qa(t), da(t), a(t), Ta(t), ond T ult) € Lo, then [Na(t)]| and | Nu(®)|
can be upper bounded by known positive constants ¢1, 52 € R as follows

[Na()] < <1 HNd(t)H < 6. (5.150)

Stability Analysis

Theorem 5.7 The controller given in (5.138) and (5.147), ensures that all
closed-loop signals are bounded and that coordination between the master
and slave manipulators is achieved in the sense that

@) - q(t) as t— o0 (5.151)
provided the control gain B, introduced in (5.147) is selected to satisfy the
following sufficient condition

1
B1>s1+ —¢2 (5.152)
aq

where ¢1 and ¢y are given in (5.150), the control gains a1 and ag are
selected greater than 2, and ks is selected sufficiently large with respect to
the initial conditions of the system.

Proof. See Section B.3.6 of Appendix B. H

Theorem 5.8 The controller given in (5.138) and (5.147) ensures that
the teleoperator system is passive with respect to the scaled user and envi-
ronmental power.

Proof. See Section B.3.7 of Appendix B. W

Simulation Results

A numerical simulation was performed to demonstrate the performance of
the controller given in (5.138) and (5.147). The following 2-link, revolute
robot dynamic model was utilized for both the master and slave manipu-
lators [61]

T F; G ] [ fa, O } [ g }
L L ] i i Ty i tia
{ Tiy :| [ Fiz ] (q qz) { Gis 0 fin iy

. g
+B (Qilaqizaqinqiz) |: -Zl :|
iy

(5.153)
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where

A() 2 [ 1, + 2p3,¢(din) + 2p4,5(di) D2, + P3,c(i,) + Pa,5(0i,) ]
D2, + p3ic(qi2) + Py, S(qu) b2,

B () 2 [ - (p3is(qi2) - p4ic(q’i2))'q.i2 - (p31‘,8(qi2) - p4ic(qi2)) (q11 + %2) :l

(p3i8(qi2) - p4ic<qi2)) iy 0
s(+) and ¢(-) denote the sin(-) and cos(-) functions. For the master ma-
nipulator, i = 1 and p;, = 3.34 [kg-m?], pa, = 0.97 [kg:m?], p3, = 1.0392
[kg:m?], ps, = 0.6 [kg'm?], fg1, = 1.3 [Nm-sec], and fz2, = 0.88 [Nm-sec].
For the slave manipulator, i« = 2 and p;, = 2.67 [kg'm?], ps, = 1.455
[kg-m?], p3, = 0.929 [kg:m?], ps, = 0.537 kg'm?], fq1, = 1.3 [Nm-sec|, and
faz2, = 0.88 [Nm-sec|, where the parameters are based on [61]. For this sim-
ulation, the positive adjustable power scaling term was selected as v = 1.
The user input force vector was set equal to the following arbitrary periodic
time-varying signals

[ 2 ] B { gg :EE)H) ] : (5.154)

To emulate contact with the environment, a spring-like input force vector
was selected as follows

F21 :| |: _06412 - qlz :|
- . . 5.155
{ F22 *0-66122 — 42, ( )

To assist in meeting the passivity control objective, the coordinated teleop-
erated system must follow a desired trajectory which was generated by the
system described by (5.136) and for this simulation was selected as follows

= 50 dcu] [3 0]{%1] [1 0][%1}
E(t) = .. + . + 5.156
() [ 05 } { Gaz 0 3 ]| dae 0 1 ][ qa ( )
where g1 (t) and gg2(t) denote the desired link positions, and Fy(t) is equal
to the following expression

F(t) = % (YFi(t) + Fa(t))

where Fy(t) was defined in (5.130).

The actual trajectory for the master and slave manipulators are demon-
strated in Figure 5.22 for controller gains selected as ks = 100 and 3,43, =
25. The link position tracking error between the master and slave manipu-
lators can be seen in Figure 5.23. From Figures 5.22 and 5.23, it is clear that
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the coordination control objective is achieved. The actual trajectory for the
coordinated system (g1 (t) + ¢2(t)) and the desired trajectory as defined by
(5.156), are demonstrated in Figure 5.24. The coordinated system versus
the desired trajectory tracking error as defined by ¢1(t) + g2(t) — qa(t), is
given in Figure 5.25. From Figures 5.24 and 5.25, it is clear that the coor-
dinated system tracks the desired trajectory. The control torque inputs for
the master and slave manipulator are provided in Figures 5.26 and 5.27,
respectively.

Link 1
T

[rads]

[rads]

L
0 5 10 15 20 25 30
Time [sec]

FIGURE 5.22. Actual trajectory for master (i.e., ¢1(t)) (—) and slave (i.e., g2(t))
(- -) manipulators for Link 1 and Link 2.

5.4.8 UMIF Control Development

For the UMIF controller development, the subsequent analysis will prove
a global asymptotic result despite unmeasurable user and environmental
input forces (UMIF) provided the dynamic models of the respective ma-
nipulators are known. This development also requires the assumption that
Fi(t), Fy(t), Fy(t) € Loo Vi=1,2.
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Link 1
T
- 4
kel
g
~02 L L L L L
0 5 10 15 20 25 30
Link 2
0.2 T
0.151 B : A
— 01F A
[0)
T
8
= 0.05f B
ok
~0.05 L L L L L
0 5 10 15 20 25 30
Time [sec]

FIGURE 5.23. Link position tracking error between the master and slave manip-
ulators (i.e., q1(t) — q2(¢)).

Link 1
T
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o

L
0 5 10 15 20 25 30
Time [sec]

FIGURE 5.24. Actual coordinated (i.e., q1(t) + g2(¢)) trajectory (—) and desired
(i-e., qa(t)) trajectory (- -) for Link 1 and Link 2.
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FIGURE 5.25. The coordinated system versus the desired trajectory tracking
error (i.e., q1(t) + q2(t) — qa(t)).
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FIGURE 5.26. Master manipulator control input torque (i.e., 71(t)).

© 2010 by Taylor and Francis Group, LLC



5.4 Robot Teleoperation 287
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FIGURE 5.27. Slave manipulator control input torque (i.e., T2(t)).

Objective and Model Transformation

One of the two primary objectives for the bilateral teleoperator system is
to ensure coordination between the master and the slave manipulators as
in (5.120). The other objective is to ensure that the system remains passive
with respect to the scaled user and environmental power as in (5.121). To
assist in meeting the passivity objective the following desired trajectory,
defined as z4(t) € R?", is generated by the following dynamic system

_ 1 - .
Mg+ Bria+ Krag+ 5 Mig = F. (5.157)

In (5.157), M (x) was defined in (5.126), By and Ky € R2"*2" repre-

sent constant positive definite, diagonal matrices, and F(t) € R™is a

subsequently designed nonlinear force observer, and z4(t) € R?" can be
decomposed as follows

T

zg=[ zl (t) aL(t) ] (5.158)

where x4 (t), £42(t) € R™. Subsequent development will prove that F(t) €

L. Based on this fact, the development in Section B.3.8 of Appendix B

can be used to prove that z4(t), £4(t) € Loo, then (5.157) can be used to

prove that &4(t) € Lo, as shown later, the passivity objective is facilitated
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by ensuring that the coordinated master and slave manipulators are forced
to track a desired bounded trajectory z42(t) in the sense that

q1(t) + q2(t) — wa2(t) (5.159)

where z42(t) was defined in (5.158). An additional objective is that all
signals are required to remain bounded within the closed loop system.

To facilitate the subsequent development, a globally invertible transfor-
mation is defined that encodes both the coordination and passivity objec-
tives as follows

z 2 Sq+ { gf“ ] (5.160)
where z(t) £[z1 (¢) 23 (1)]" € R*", q(t) £[qf (t) a3 ()]" € R*", zar(t) € R”
was defined in (5.158), the zero vector 0,, € R™ and S € R?"*?" was
defined in (5.124). Based on (5.160), the dynamic models given in (5.117)
and (5.118) can be expressed as follows

T(M)+F(t)= M(w)E - M(x) { gjzl } +C(x, &)
~C(x,) { gc““ } +Bi— B { igdl }

n n

(5.161)

where M(z), C(z,), B, T(t), and F(t) were defined in (5.126)—(5.130).

To facilitate the subsequent UMIF development and analysis, the control
objectives can be combined through a filtered tracking error signal denoted
by r(t) € R?", that is defined as follows

T2 éy+ ey (5.162)
where e3(t) € R?" is now defined as follows
€9 £ M (61 + 0[261) (5163)

where az € R is a positive control gain, and e;(t) € R?" was defined in
(5.134) as follows

A
e1=Tyg—x

where x4(t) was defined in (5.158).

Closed Loop Error System

To facilitate the development of the closed-loop error system for r(t), we
first examine the error system dynamics for e;(t) and es(t). To this end,

© 2010 by Taylor and Francis Group, LLC



5.4 Robot Teleoperation 289

we take the second time derivative of e;(t) and premultiply by M(x) to
obtain the following expression

_ N 1 = _ _

Mél - F*BTS.Cd*KTLEdfiMi'dfoF (5.164)
— | Za1 ~. A| Tai = = Zm
—M[On ]+C$_C[On }+B$_B[On }

where (5.161) and (5.157) were utilized. Based on the assumption of exact
model knowledge, the control input T'(¢) is designed as follows

_ _ 1 -

T £ Tl—BTx'd—KT$d—§Mi'd (5165)
— | Za1 . A Td 5. 5| Tdi
M[On}JrC’x C’[On]+Bz B{On]

where T} (t) € R?" is an auxiliary control input. Substituting (5.165) into
(5.164) yields the following simplified expression

Mé, =F —F—T. (5.166)

Based on (5.166), the time derivative of es(t) in (5.163) can be obtained as
follows ) _
éQZMél—l-OégMel +OZ2Mé1+F—F—T1. (5167)

Based on the expression in (5.167), the auxiliary control input Ti(t) is
designed as follows

Ty 2 Méy + anley + anlléy. (5.168)

After substituting (5.168) into (5.167), the following can be written
éo=F—F. (5.169)

Taking the time derivative of (5.169) yields the resulting expression

by =F - F. (5.170)

The following error system dynamics can now be obtained for r(¢) by taking
the time derivative of (5.162)

F=r—es+ F—F (5.171)

where (5.162) and (5.170) were both utilized. Based on (5.171) and the
subsequent stability analysis, the proportional-integral like nonlinear force
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observer F(t) introduced in (5.157) is designed as follows

t t
P2 (1) [eat) — atto) + [ eatrldr| = 3+ ) [ someatr)an
t t
’ ’ (5.172)
where kg, 51, and 85 € R are positive control gains, and sgn(-) denotes the
vector signum function. The expression given in (5.172) is designed such
that F(tp) = 0. The time derivative of (5.172) is given by the following

expression

F=—(ks+ 1)r — (81 + By) sgn (e2) . (5.173)

Substituting (5.173) into (5.171) yields the following closed loop error sys-
tem

= —ey — F — kyr — (By + By) sgn (e2) - (5.174)

Remark 5.11 Based on (5.180) and the assumption that Fi(¢), ),

Fi(t) € Loo ¥i = 1,2, upper bounds can be developed for || F(t) H and HF H
as follows

Fo] <o [F0] < -

where ¢3,64 € R denote positive constants.

Stability Analysis

Theorem 5.3 The controller given in (5.165) and (5.168) ensures that all
closed-loop signals are bounded and that coordination between the master
and slave manipulators is achieved in the sense that

@(t) = @) as t— oo (5.176)

provided the control gain By, introduced in (5.172) is selected to satisfy the
sufficient condition

By > s34 <, (5.177)

where ¢3 and ¢4 were introduced in (5.175).
Proof. See Section B.3.9 of Appendix B. W

Theorem 5.4 The controller given in (5.165) and (5.168), ensures that
the teleoperator system is passive with respect to the scaled user and envi-
ronmental power.

Proof. See Section B.3.10 of Appendix B. H
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Remark 5.12 Both the teleoperation controllers developed here exploit the
nonlinear dynamic model which offers a clear advantage over past results
for linear teleoperator systems ([7], [15], [30], and [57]). The MIF con-
troller developed in Section 5.4.2 compensates for unknown system parame-
ters, which offers an improvement over past works that require exact model
knowledge (i.e. [7] and [15]). The UMIF controller developed in Section
5.4.8 compensates for unavailable force measurement, which offers an im-
provement over works that requires force measurements (e.g., [32] and [33]).

Simulation Results

A numerical simulation was performed for the controller given in (5.165)
and (5.168). The 2-link, revolute robot dynamic model utilized in (5.153)
was utilized for both the master and slave manipulators. The user input
force vector in (5.154) and the environmental input force vector in (5.155)
were also utilized.

To meet the passivity-based control objective, the coordinated teleop-
erated system must follow a desired trajectory, which is generated from
(5.157) using the same parameter values for the transformed inertia ma-
trix. The values for By, K7 € R*** were set to the following values

Br = diag{5,5,5,5}
Kr = diag{25,25,25,25)

where Br and Kp are both diagonal matrices.

The actual trajectory for the master and slave manipulators are demon-
strated in Figure 5.28 where the control gains were selected as ks = 100,
81+ B2 = 100, and as = 200. The link position tracking error between the
master and slave manipulators can be seen in Figure 5.29. From Figures
5.28 and 5.29, it is clear that the coordination control objective is achieved.
The actual trajectory for the coordinated system (g1 (t) 4+ ¢2(t)) and the de-
sired trajectory as defined in (5.157), are demonstrated in Figure 5.30. The
coordinated system versus the desired trajectory tracking error as defined
by q1(t)+ga2(t) —z42(t), is given in Figure 5.31. From Figures 5.30 and 5.31,
it is clear that the coordinated system tracks the desired trajectory. The
output of the nonlinear force observer is provided in Figure 5.32. The con-
trol torque inputs for both the master and slave manipulators are provided
in Figures 5.33 and 5.34, respectively.
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FIGURE 5.28. Actual Trajectory for Master (i.e., ¢1(t)) (—) and Slave (i.e., g2(¢))
(- -) Manipulators for Link 1 and Link 2.
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FIGURE 5.29. Link Position Tracking Error between the Master and Slave Ma-
nipulators (i.e., gi(t) — q2(¢)).
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Master Link 1+ Slave Link 1 and X5t

Master Link 2+ Slave Link 2 and x,
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FIGURE 5.30. Actual Coordinated (i.e., q1(t)+¢2(t)) Trajectory (—) and Desired
(i-e., ga(t)) Trajectory (- -) for Link 1 and Link 2.
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FIGURE 5.31. The Coordinated System versus the Desired Trajectory Tracking

Error (i.e., q1(t) + q2(t) — za2(t)).
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FIGURE 5.32. The Output of the Nonlinear Force Observer (i.e. F'(t)) .
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FIGURE 5.33. Master Manipulator Control Input Torque (i.e., 71(t)).
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FIGURE 5.34. Slave Manipulator Control Input Torque (i.e., T2(t)).

5.5 Rehabilitation Robot

Currently, most rehabilitation robots employ an active assist strategy uti-
lizing in various forms the force control strategy derived from Hogan’s
seminal work [16] on impedance control. In its simplest form, the patient’s
arm is strapped to a robot end-effector with low intrinsic impedance and
he/she is required to guide the robot end-effector in order to reach and
connect a sequence of setpoints in the robot task-space that are mapped
onto a display. A proportional-derivative (PD) controller is implemented
on the robot’s task space position, i.e., the robot actively assists the pa-
tient toward minimizing the end-effector position error. For safety, an ad
hoc windowing technique is employed that turns on the robot’s active func-
tionality after the patient initiates movement [1]. However, such a scheme
is suspect in patients with severe muscle contractures where an active as-
sist robot could lead to torn ligaments or severe muscle damage unless the
therapy is conducted under the supervision of an experienced therapist.
In contrast, the strategy presented here utilizes a passive approach.
Specifically, given a desired curve of motion that optimizes therapist estab-
lished merit criteria, a path generator is designed based on an anisotropic
force-velocity relationship that generates a bounded desired trajectory in
the robot workspace. The inputs into the generator are the patient’s inter-
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action force applied at the end-effector as well as the desired impedance
parameters. The reference trajectory generator is carefully designed in or-
der to ensure that the relationship between the patient applied interaction
force and the desired end-effector velocity satisfies a passivity constraint.
Next, a control strategy is crafted using a Lyapunov based argument in
order to obtain the companion objectives of driving the robot end-effector
tracking error to zero and ensuring that a filtered error signal nulls out
rapidly. This convergence of the filtered error signal allows one to ensure
that the interaction of the user with the robot is passive, i.e., energy always
flows from the user to the robot manipulator. Additionally, a readily satis-
fiable mild assumption on the differentiability of the robot dynamics allows
the generation of a control strategy that is continuous; this has significant
implications in terms of implementability of the control algorithm. As an
aside, the control mechanism has the interesting feature of being able learn
the unknown robot dynamics.

5.5.1 Robot Dynamics

The end-effector position of a 3-link, revolute direct drive robot manipula-
tor in an inertial frame Z, denoted by x(t) € R?, is defined as follows

z = f(q) (5.178)

where q(t) € R? denotes the link position, and f(q) € R? denotes the robot
forward kinematics. Based on (5.178), the differential relationships between
the end-effector position and the link position variables can be calculated
as follows

& =J)q

. (5.179)

where §(t), G§(t) € R?® denote the link velocity and acceleration vectors,
/()
dq

The dynamic model for the 3-link robot manipulator is assumed to be in

the following form [62]

respectively, and J(q) = € R3*3 denotes the manipulator Jacobian.

M(q)i+ Vin(q,9)q+ G(q) = 74 + J'F (5.180)

where M(q) € R3*3 represents the inertia matrix, V;,(q, ¢) € R3*3 repre-
sents the centripetal-Coriolis matrix, G(q) € R® represents the gravity ef-
fects, F (t) represents the user applied force expressed in Z, and 7,(t) € R3
represents the torque input vector.
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After utilizing (5.178) and (5.179), one can transform the joint space
dynamics into the task-space as follows

M (z)& 4V (2, 2) &+ G () =7+ F (5.181)

where M = (JT)_1 MJ~! denotes the transformed inertia matrix, V,,, =
— (JT)71 MJ Y1+ (JT)71 Vi, J~1 € R3%3 denotes the transformed
centripetal-Coriolis matrix, G = (J T)_l G € R? represents gravity effects
while 7 = (J T)fl Tq € R3 represents the torque input vector expressed in
Z. Motivated by the subsequent stability analysis and control design, we
state the following property:

The inertia matrix M(-) is symmetric and positive-definite, and satisfies
the following inequalities

mllE)® <ETM (Ve <m(a)|€]?  VEERS (5.182)

where m € R denotes a positive constant, m(z) € R denotes a positive
nondecreasing function, while ||-|| denotes the standard Euclidean norm.

5.5.2  Path Planning and Desired Trajectory Generator

It is well known that stretching, range of motion, and timely surgical cor-
rection of spinal deformities may enhance functional use of the extremi-
ties for patients with neuromuscular disorders (NMDs). In slowly progres-
sive NMDs, moderate resistance weight lifting is known to improve muscle
strength and cardiovascular performance [4]. Motivated by this, we present
a 3-tier path generation and control strategy that is readily implementable
on a real robot. The objective is the generation of robot end-effector motion
(when pushed by a patient) along a therapist specified path while ensur-
ing that the device behaves as a passive and programmable impedance.
The model generator satisfies the desired properties of (a) guiding the user
along contours that provide optimal® rehabilitation, (b) generation of con-
tours that stay away from kinematic singularities, physical joint limits, and
obstacles, and (c¢) time parameterization of the contours in a fashion that
conforms to passivity requirements.

Path Planning: Tier 1

4Optimum in the sense specified by a therapist, e.g., maximizing range of motion or
power output for a target muscle set.
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Here, we assume that a physical therapist has specified a desired curve of
motion 74 (s) € R3 given as follows

Fa(3) = [ s (s) Fay(s) 7a=(s) ] (5.183)

where s € R is the length of the curve, while 74, (s), Fay (s), and 74, (s) € R
represent the respective coordinates in an inertial frame Z (say fixed to
the base of the robot). However, this therapist specified contour may not
be practicable with a real robot because of joint limits, singularities, and
obstacles — one would then like to ensure that the therapist specified path
is followed with fidelity until a singularity /joint limit/obstacle is nearby at
which instance the robot smoothly veers away from that path and rejoins
the original path away from the singularity/joint limit/obstacle.

To that end, one could utilize the virtual potential field concept of Khatib
[23] that suggested generation of repulsion functions that grow larger as the
robot nears an obstacle and becomes singular at the obstacles. However,
a real robot actuator can generate only bounded torques [53]; hence, we
are motivated to design bounded repellers to take care of obstacles. In
order to avoid kinematic singularities, we choose to maximize the Yoshikawa
manipulability measure [66]

V1 (qa) = det (7 (q2) 7 (aa)") = 0 (5.184)

where g4 (s) € R3 is a vector of desired robot joint variables, .J (-) has been
previously introduced in (5.179). For dealing with joint limits, we choose
the measure

Uy (qq) = f[ai (1 . ddi ) ( ddi 1) >0 (5.185)

4ddi max qdi min

where qg; (8) , qdi max, @di min € R denote, respectively, the desired joint angle
variable, joint upper, and joint lower limits for the i*" joint while o € R
is a positive constant. In order to avoid obstacles, we choose the measure

ne 3
Us(qa) = [[]] (”fj(Qd) -0y - Rf) >0 (5.186)

i=1j=1

where O; € R3 R; € R denote the position and the radius of the "
obstacle, n, € R denotes the number of the obstacles, and r4; = f;(qq)
where rg4; (s) € R3,j = 1,2,3 denote the position of the end point of the
41" link, and f;(-) € R? denote the corresponding forward kinematics®. We

5 Although only the end of every link is considered for obstacle avoidance, any other
point of the robot can be included in ¥3(-) for obstacle avoidance.
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are now in a position to define the potential function

3
U (qa) = v, exp (— JIEAZ (qd)> (5.187)
=1

where v;, 721, Va2, Y23 > 0 are adjustable constants that, respectively, char-
acterize the size and radius of influence of the potential function. This func-
tion satisfies the properties of boundedness as well as maximality at the
obstacles. By utilizing the virtual field generated by the potential function
above, one can dynamically generate a modified contour 74 (s)°c R? as
follows

() = =3 [ra (s) = 74 ()] = 74V (f 7 (ra)) + 7 (s) (5.188)

where the notation () denotes a derivative with respect to s, v5,, are tun-
able parameters, and /¥ (-) € R3 denotes the gradient vector of W (-). The
dynamic equation above acts like a filter that smoothly drives r4 (s) away
from the nominal contour 74 (s) near obstacles/singularities/joint limits.
In the above equation, 5 provides the rate along s at which the mod-
ified contour veers away from (or toward) the original contour when it
encounters a change in potential field. The constant ~, is a steady-state
constant that amplifies or diminishes the impact of the potential function
on changes in the desired contour. The result of this algorithm is a desired
contour that avoids singularities, joint limits, and obstacles. We note here
that the filtering process of (5.188) renders s an arbitrary parameter that
does not necessarily represent the length of the contour r4(s). We also
remark here that the steps involved in Tier 1 are completed offline. The
therapist specified path will only be modified by the system when it is close
to obstacles, joint limits, and robot kinematic singularities. For these cases,
a sub-optimal desired contour may result instead of an optimal therapist
specified desired contour. Design iterations for choosing a therapist spec-
ified path can be applied such that the eventual optimal desired contour
is also feasible, given the constraints associated with the robot and the
environment.

Time Parameterization of Contour r4 (s): Tier 2

In this section, we time parameterize the modified desired contour 74 (s)
such that a passivity relation holds between the desired velocity and the

6To simplify the notation, 74 and f () are utilized in the rest of the paper to denote
the desired end-effector position and end-effector forward kinematics instead of r43 and

f3.()-

© 2010 by Taylor and Francis Group, LLC



300 5. Human Machine Interaction

applied user interaction force at the robot end-effector. To begin, we define
F 2 (u(s),p(s),b(s)) to be a rotating frame associated with the curve
rq (s) such that

u(s) = p(s) = — b(s)=u(s) xp(s) (5.189)

such that I'(s) = [ u(s) p(s) b(s) | € SO(3). The relationship be-
tween the coordinate frames F and Z is depicted in Figure 5.36. We also
define the curvature x (s) and torsion 7 (s) associated with the curve 74 (s)
as follows [14]

" 1"

mexne] e (e o)

(5.190)
I (s)°

K(s) =

Furthermore, we define the vector w(s) £ [ —7(s) 0 —rx(s) ]T € R?
and [w(s)], as the skew-symmetric matrix associated with that vector.
Since (u, p, b) define a basis, we define a general desired velocity vector 74 =
Va1 U+vgep+v43b = T'vg and an applied user force F & Fou+Fop+Fb=TF
in the inertial frame 7 where vy, F € R? are obviously defined. Since the
robot acts as an anisotropic impedance, the direction of which continuously
varies as the desired curve of motion ry (s), we define my to be a scalar
mass parameter and consider damping coeflicients B, By, By along the
directions u, p, b such that the damping force Fj; expressed in T is given as

Fd = —Byvg1u — Bpvgep — Byvgsb = —I'Bug (5.191)

where B £ diag{B,, By, By} . By applying Newton’s second law to this
mass-damper system, we obtain

mdi’}d =F + Fd
which can be written out as follows
MaVq + mgq$ [OJ]X vg+ Bvg=F (5.192)

where we have utilized the formulae of Frenet [26] and $(¢) is yet to be
defined. Additionally, the kinematics of the problem can be expressed as
follows

T4 (t) = va1u + vaep + vasb (5.193)

where 24 (t) denotes the time parameterized representation of our desired
contour (expressed in the coordinates of 7) traced by the robot end-effector.
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Since our intention is for motion to occur along the curve 74 (s), we des-
ignate low tangential damping B, and very large normal and binormal
damping B, and By such that the kinematic constraint vgs = vq3 = 0 is
imposed. Under such conditions, the effective motion is governed via the
following set of equations

£ (t) = var () u (s (1))
mava (t )| + J?u)v‘dl( )=
o var (t

SO =1 G o)

where the first two equations in (5.194) are obtained by applying the kine-
matic constraint on (5.192) and (5.193) while the last equation expresses
the relationship between the time rate of change of the arbitrary parameter
s (t) in terms of a known velocity (vq1) along the curve (rg).

F(t).u(s () 5.104)

Proof of Passivity

In order for a user to exercise safely in conjunction with the robot, the robot
must act as a passive device, i.e., the work done by the user force is always
positive (minus finite stored initial energy if any). With that objective in
mind, we first demonstrate that there is a passive relationship between the
interaction force F (t) and the desired end-effector velocity i4 (t), i.e., we
show that .
/ Flagdt > —c; (5.195)
to
where ¢; is a positive constant. To prove (5.195), we define a Lyapunov
function
V= %mdvgud > 0. (5.196)

After taking the time derivative of (5.196) along the desired dynamics of
(5.192), we obtain
V = —vi Bog + v} F (5.197)

where we have utilized the fact that ([w], va) Lva. After rearranging terms
in the above equation and integrating both sides, one can obtain

t t
/ FTligdt =V (t) — V (to) +/ v} Bugdt. (5.198)

to to

After utilizing the fact that V (¢ ft Bvddt > 0, we can obtain a lower-
bound for the left-hand side of the above equation as follows

t
/ FTigdt >~V (tg) = —1 (5.199)

to
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which proves (5.195). Based on (5.199), the passivity constraint states that
the energy transferred from the system to the user is always less than ¢y
which is finite stored initial energy. In the sequel, we will show passivity of
the robot by utilizing (5.199) and the yet to be proved £ stability property
of the end-effector velocity tracking error.

5.5.8 Control Problem Formulation

Given the desired robot end-effector trajectory x4 (¢) (obtained via on-line
solution of (5.194)), our primary control objective is to asymptotically drive
the end-effector trajectory tracking error

e 2y —x (5.200)

to zero while compensating for uncertainties in the system dynamics. Mo-
tivated by the subsequent control design strategy, we introduce additional
tracking error variables es (t),e3 (t) € R? as follows

e2 = é1+ter (5.201)

e3 = ég+ea. (5.202)

Our secondary control objective is to preserve the passivity of the robot
for safety of user operation in the sense that

t
/ Flidt > —cy (5.203)
to

where 2(t) is the velocity of the robot and F(t) is the interaction force
with both variables expressed in Z while ¢, is a positive constant. The con-
trol challenge is to obtain the companion objectives mentioned above while
utilizing only measurements of the end-effector position, velocity, and the
interaction force. Given these measurements, e (t), ez (t) are measurable
variables while es () is unmeasurable. Motivated by the ensuing control
development and stability analysis, we make the following set of assump-
tions:

Assumption 5.4.1: The transformed inertia and gravity matrices denoted,
respectively, by M (z), and G(z) are uncertain but known to be sec-
ond order differentiable with respect to  while the unknown centripetal-
Coriolis matrix V;, (x,2) is known to be second order differentiable
with respect to x and .

Assumption 5.4.2: F(t) € L, is a measurable interaction force exerted
by the human operator at the end-effector.
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Assumption 5.4.3: The reference trajectory x4(t) is continuously differ-
entiable up to its fourth derivative such that J?l(;) (t) € Loo, 1 =
0,1,2,3,4.

Assumption 5.4.4: The desired curve r4 (s) is analytic along the param-
eter s (at least the first three partial derivatives along s exist and are
bounded such that 74 (s) 7 (s),7 (5),7; (s) € Loo).

Assumption 5.4.5: The skew-symmetric matrix [w]y is continuously dif-
ferentiable up to its second derivative such that [w](xz) € Lo, ©=
0,1,2.

Assumption 5.4.6: The minimum singular value of the manipulator Ja-
cobian, denoted by o,, is greater than a known small positive con-
stant & > 0, such that max{HJ_l(q)H} is known a priori and all
kinematic singularities are always avoided — this is easily ensured by
the algorithm introduced in Section 5.5.2. We also note that since
we are only concerned with revolute robot manipulators, we know
that kinematic and dynamic terms denoted by M(q), Vin(q,d), G(q),
x(q), J(q), and J~1(q) are bounded for all possible ¢(t) (i.e., these
kinematic and dynamic terms only depend on ¢(t) as arguments of
trigonometric functions). From the preceding considerations, it is easy
to argue that M (z),V,, (z,4),G (z) € L for all possible z (t).

Control Design: Tier 3

As a primary step, we partially feedback linearize the system by designing
the control signal 7 (¢) as follows

F=-F+7, (5.204)

where 7, (t) € R3 is a yet to be designed auxiliary control signal and
we have taken advantage of Assumption 5.4.2. Additionally, we simplify
the system representation of (5.181) by defining a generalized variable
B(z,i) € R? as follows

B=Vp(z,d)i+G(z). (5.205)

The utilization of (5.204) and (5.205) allows us to succinctly rewrite (5.181)
as follows
Mi+ B =7,. (5.206)

Given (5.200-5.202) and (5.206), we can obtain the open-loop tracking error
dynamics as follows

_ 1 - .
Még = —§M€3 — €2 —?a+N (5207)
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where N (1) € R3 is an aggregation of unknown dynamic terms that is
explicitly defined as follows

. ) S 1 . =
NéM(:lcd—i—el+eg)+M(xd+§eg—el)+62+B. (5.208)

N () can be rewritten as a sum of two auxiliary signals N; (¢, z, 4, %) and
N3 (2) as follows

M(2)iq + M(z,4)iq + Bz, &, &) .
N () .
M(z)(é1 + é2) + M(ZE,i)(geg —é1)t e

N =

(5.209)

N ()
where z (t) = [ el (t) €L (t) el (¢) ]T defines a composite error vector.
Motivated by the structure of Ny (-) in (5.209), we define a desired variable
Nyq4 (t) as follows
Ny4(t) = N(zq,&q,%q,Tq) = M(xd)xd + M(wd, Tq)iq + B(xd, Edy Eq).
(5.210)
From Assumptions 5.4.1, 5.4.3, and 5.4.6, one sees that Ny4 (t), N4 (¢) €
L. After adding and subtracting N14(t) to the right-hand side of (5.207),
we have

_ 1 = . ~
Més = —SMes —ez —Ta+ N+ Nig (5.211)

where N £ N1 + Ny — Ny4 is an unmeasurable error signal. After exten-
sive algebraic manipulations (see Section B.3.11 of Appendix B), it can be
shown that N () can be upper bounded as follows

N < p(llz]1) 121 (5.212)

where the notation || - || denotes the standard Euclidean norm, p(||z|) € R
is a positive non-decreasing function while z(¢) € RY has been previously
defined below (5.209). Based on the structure of (5.211), (5.212) as well as
the subsequent stability analysis, the following implementable continuous
control law can be utilized to achieve the stated control objectives

Ta= (ks +1)ea(t) — (ks +1)ea(to)

+ ftto [(ks + 1) ea(T) + (B, + By)sgn(ea(7))] dr (5.213)

where kg, 81, S5 are constant positive control gains, and sgn(-) denotes the
standard signum function. After taking the time derivative of (5.213) and
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substituting for 7, (¢) into (5.211), we obtain the following closed-loop sys-
tem

Még = *%Mﬁg — €2 — (kz; + 1)63 — (ﬂl +ﬁ2)sgn(€2) + N+ Nig.
(5.214)

Stability Analysis

Before presenting the main result of this section, we state the following two
lemmas which will be invoked later.

Lemma 5.5 Let the auziliary function Li(t) € R be defined as follows
Ly 2 el (Nyg — Bisgn(es)). (5.215)

If the control gain B, is selected to satisfy the sufficient condition

B1 > [INa(®)l| + [ Na(®)ll, (5.216)
then .
/ Li(r)dr < G (5.217)
where the positive constant Cbtloe R is defined as
Cor 2 Bulle2(to)ll — €3 (to) Na(to)- (5.218)

n
where the notation |||t = Y. |n,| ¥V n € R™ denotes the 1-norm.
r=1

Proof: See proof of Lemma B.5 in Section B.3.6 of Appendix B. H
Lemma 5.6 Let the auziliary function La(t) € R be defined as follows
Ly 2 eL (= Bysgn(es)) . (5.219)
It is then easy to show that

ftta Ly(r)dr = ftto &5 (—Basgn(es)) dr
= Ballea(to)llr — Ballea(®)ll1 < Ballea(to)ll = Co-
(5.220)

Proof: See proof of Lemma B.5 in Section B.3.6 of Appendix B. Hl

Theorem 5.7 The control law of (5.213) ensures that all system signals
are bounded under closed-loop operation and we obtain asymptotic tracking
i the sense that

egj)(t)—>0 ast—o0 Vi=1,2; j=0,1. (5.221)
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Proof: Let us define two auxiliary functions P;(t) € R as follows

t
Pi(t) £ ¢, —/ Li(t)dr >0V i=1,2 (5.222)
to
where (;,;, L;(t) have been previously defined in Lemmas 5.5 and 5.6. Based
on the non-negativity of P; (t) above, one can define a nonnegative function
Vi(t) as follows
1

1
vV, & 56{61 + 56;62 +

1

Qegﬂeg + P, + P,. (5.223)

After taking the time derivative of (5.223) and utilizing the definitions
of (5.200-5.202) as well as the closed-loop dynamics of (5.214), we can

conveniently rearrange the terms to obtain the following expression for
Vi (t)

Vi= —llea® = lleal® = (ks + 1) [les||* + el e2 + €] N — Byel sgn(es)
+ [e§ (N1g — Bysgn(ez)) — L1] - [é§625gn(62) + Lz]

(5.224)
where we have utilized the definition of (5.222). After utilizing the defini-
tions of (5.215) and (5.219) to eliminate the bracketed terms in the above
equality, we can utilize simple algebraic manipulations to obtain the fol-
lowing upper-bound for V; (t)

: 1
Vi < =sll2l® + [lleslloCl=1) 121 = sllesl*] = Bzlle2h

where z (t) is a composite error vector that has been defined previously in
(5.209). Applying the nonlinear damping argument [25] to the bracketed
term above, we obtain the following upper-bound for V; ()

. 1 0%(||=
i< -5 (1- L) 141? - el (5.225)

From (5.225), it is possible to state that

1
for ks > =p%(||2]) (5.226)

Vi< —alzlf
2

Vi< B lel,

where a € R is some positive constant of analysis. We note here that it is
possible to express the lower-bound on kg in terms of the initial conditions
of the problem which has been referred to in literature as a semi-global
stability result. We refer the interested reader to Section B.3.12 of Appendix
B for the details of such a procedure. Here onward, our analysis is valid in
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the region of attraction denoted by 2. in Section B.3.12 of Appendix B.
From (5.222), (5.223), and (5.226), it is easy to see that z (¢t) € LooNLe and
tlg(r)lo [|2]|* = 0. From the previous assertions and the definitions of (5.201),
(5.202), and (5.209), one readily obtains the result of (5.221). Wl

We now turn our attention to proving the passivity of the robot ma-
nipulator. Integrating both sides of the bottom expression of (5.226), we
obtain

t
llea (T)||; dT < Vilto) = ey(t) € Ly.
to Ba
Since e (t) is related to ey (t) through a transfer function that is strictly
proper and stable, one can use Lemma A.8 of [52] to conclude that e (t) €
L1. Now, utilizing (5.201), we can also state that é; (t) € £;. The work
done by the interaction force on the robot is denoted by W (¢) and given
by
t t t
W= / Flidr = / Flgqdr — / Flépdr (5.227)
to to to

where (5.200) has been utilized. Since the first term on the right-hand side
of (5.227) has been lower-bounded as in (5.199), we focus our attention on
the second term. The second term can now be upper-bounded as follows

L FTedr < supt{HF(t)H}supt{ftto llex (t)HldT}ch (5.228)

where we have utilized the fact that é;(t) € £y as well as Assumption
5.4.2 to justify the existence of the supremum functions defined above, and
cs is a positive constant. One can now utilize the lower-bound of (5.199)
and the upper-bound of (5.228) in order to lower-bound W (¢) as W (¢t) >
—c1 — c3 = —co; this satisfies the passivity control objective of (5.203).

5.9.4  Stmulation Results

Numerical simulations were performed to illustrate the performance of the
proposed reference generator and control law of (5.194), (5.204), and (5.213)
(See Figure 5.35 for a block diagram) with a two-link planar elbow arm
whose inertia matrix M(q) can be expressed in terms of its elements as
follows

mi1 = (m1 + mg) l% + mglg + 2m21112 COS g2
mi2 = Mo = mgl% + mglllg COS g2 5 (5229)
Mmoo = mglg
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while the centripetal Coriolis vector can be expressed in the following man-

ner
—malily (24142 + ¢3) sin g

2
malila? sin gz (5.230)

Vinla,4)q =
The mass and length parameters of the manipulator are specified as follows
m1 = 2.08 [kg] me=0.168 kg] 1 =1.2 [m] Iy =1.2 [m].

Two simulation studies were conducted. In the first study, the performance
of the overall system was studied in the presence of obstacles, singularities,
and joint limits. The initial configuration of the two-link robot is chosen as
q1 (0) = 0.334 [rad], g2 (0) = 0.7 [rad]. The desired contour is specified by a
unit circular path 74 (s) = [ cos(s) sin(s) ]T. The initial conditions and
parameters for the reference generator are chosen as follows

2a(0)=[1.6 1.5] [m] s(0)=0
ma = 0.1 [kg] B = diag {2.5,10} [Ns ']

The parameters for the obstacle are chosen as follows

01(0)=[ 05 1.65]" [m] Ry =05][m] -

The interaction force applied at the end-effector by a user was chosen to be
F=[2 2 }T [N]. The joint limit for all joints are set as gg; max = 180°
and ggimin = —180°. The parameters in (5.185), (5.187) and (5.188) are
chosen as follows

ap =1 as =1 v, =0.1
Vo1 = Va2 = Va3 = 0.79 73 =10 Y4 =25

For best transient performance, the control gains specified in (5.213) are
chosen to be ks = 99,5, + 85 = 10. The pre-planned path r4 defined in
(5.188) is depicted in Figure 5.37. The measure ¥y defined in (5.184) is
depictedlin[Figure[5.38 aslonel¢losed[¢ontourlis[traced. Corresponding(to
the first dip in ¥;-in[Figurel5.38,[Figure5.39 depictslalsnapshotloflthe
2-link manipulator veering away from the dashed circular contour 74 in
order to avoid the kinematic singularity (g2 = 0). Next, the measure U3
defined in (5.186) is shown in Figure 5.40 — by employing the dip in U5, the
algorithm is able to steer the robot away from the physical obstacle marked
by the solid circle in the robot workspace, as can be seen in the snapshot
of Figure 5.41. In Figure 5.42, one can see the evolution of the measure ¥y
— correspondingly, the snapshot in Figure 5.43 shows how the algorithm
utilizes the dip in the measure ¥y in order to avoid the ¢o = —180 [deg]
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joint limit. Figure 5.44 shows the robot end-effector tracing the modified
desired contour r4 as the user applies interaction force at the end-effector.
The tracking error e; (¢) is depicted in Figure 5.45 and the control torque
input 7 (t) is depicted in Figure 5.46. We note here that in Figures 5.39,
5.41, 5.43, and 5.44, the solid circle denotes an obstacle, the dashed circle
denotes the nominal contour 74 (s), the dashdot curve denotes the modified
contour rq4 (s), and the solid curve denotes the actual trajectory of the robot
end-effector z (t). The obstacle in the simulation can be real, such as the
body of the patient or the body of the robot folding back on itself. It can
also be a virtual obstacle which is utilized to modify the therapist specified
path because of the reconfiguration of the robot system or changes specific
to a particular patient or class of patients. The simulation results show
that the control algorithm, along with the design of virtual obstacles, can
reconfigure the therapy based on different conditions and requirements.

For comparison purposes, a second simulation study is conducted where
the therapist suggested path is carefully constructed in order to avoid joint
limits, singularities, and obstacles. The desired contour is specified by a unit
circular path 74 (s) = [ 0.6cos(s) 0.6sin (s) }T. The initial configuration
of the two-link robot is chosen as z(0) = 1.540 [m], y(0) = 1.586 [m].
The initial condition for the reference generator is chosen as z4(0) = 1.2
[m], yd(0) = 1.5 [m]. All other parameters are unchanged from the first
simulation study. Figures 5.47, 5.48, and 5.49 show, respectively, the robot
end-effector tracking the desired path, the tracking errors in the task space,
and the commanded torque inputs.

Offline Online
Potential F (1‘ )
Field
Generator —— —‘
wlq:) l
Y
_ - Filter Impedance Nonlinear - Robo} —
”(S) m(s) Generator )Gi(f} Compensator T(t) Dynamics x(:)
x(r)
Imu IB

FIGURE 5.35. Graphical Representation of Path Planning and Control Algo-
rithm

© 2010 by Taylor and Francis Group, LLC



310 5. Human Machine Interaction
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FIGURE 5.36. Relationship between the coordinates
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FIGURE 5.37. Offline Pre-Planned Path (Solid Curve) is Different from Therapist
Suggested Path (Dotted Circle) due to Joint Limits, Kinematic Singularities, and
an Obstacle (Solid Circle)
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FIGURE 5.38. Manipulability Measure ¥; for Avoiding Kinematic Singularities
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FIGURE 5.39. An Instance of a 2-link Robotic Manipulator Using the ¥; Measure
to Avoid a Kinematic Singularity

© 2010 by Taylor and Francis Group, LLC



312 5. Human Machine Interaction

45

time (s)

FIGURE 5.40. Measure ¥3 for Avoiding Obstacles in the Robot Workspace

25F
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FIGURE 5.41. An Instance of a 2-link Robotic Manipulator Using the U3 Measure
to Avoid an Obstacle

© 2010 by Taylor and Francis Group, LLC



5.5 Rehabilitation Robot 313

time (s)

FIGURE 5.42. Measure V3 for Avoiding Joint Limit Singularities

y (m)

FIGURE 5.43. An Instance of a 2-link Robotic Manipulator Using the ¥, Measure
to Avoid a Joint Limit for the Second Joint
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FIGURE 5.44. A Plot of a 2-link Manipulator Tracking the Desired Trajectory
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FIGURE 5.45. Error between the Desired and Actual End Effector Trajectories
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FIGURE 5.46. Control Input 7 (t)
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FIGURE 5.47. A 2-link Manipulator Tracking a Desired Trajectory Free of Sin-
gularities, Joint Limits, and Obstacles
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FIGURE 5.48. Error between the Desired and Actual End Effector Trajectories
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FIGURE 5.49. Control Input 7 (t)
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5.6 Background and Notes

In the last two decades, researchers have been active in developing next
generation exercise machines. In [20], a state-feedback controller is devel-
oped for a human arm exercise machine. The machine described in [20]
uses an actuated mechanism to give the user the sensation of moving “vir-
tual” dynamic systems such as a mass, spring, or damper. Unfortunately,
the control design in this preliminary research does not address the pas-
sivity problem or the self-optimizing problem. In [37] and [38], a passive
exercise machine controller is developed. By utilizing the assumption that
muscle force decreases linearly with the velocity of motion, the controller
ensures tracking of an arbitrary desired velocity field and system passivity.
The strategy in [37] and [38] employs a combination of an adaptive track-
ing controller and a reference trajectory generator. To compensate for the
uncertainty in the user’s biomechanics, the reference generator requires a
training phase where the algorithm learns user specific parameters. Once
the user’s parameters are acquired for a specific exercise session, an optimal
reference trajectory is generated. In [60], an adaptive resistance controller
is designed under the restriction that the resistance mechanism has only a
braking capability. The static damping control design in [60] ensures the
passivity of the closed-loop system to an external input force and bounded
tracking errors. An optimal exercise protocol is proposed in [60] based on
an assumed linear velocity dependence of human force. Identification of the
nonlinear system dynamics of the exercise motions and torque output of
the resistance mechanisms is utilized in [60] to deal with unknown human
biomechanical behavior.

For steer-by-wire control of vehicles, many researchers have worked on
establishing dynamic models and performing experiments to identify sys-
tem parameters with the intention of providing simulated force feedback
(e.g., see [12], [39], [55]). Detailed modeling of the conventional, electric,
and steer-by-wire steering systems is presented in [44]. After making appro-
priate simplifying assumptions, these models have been utilized to provide
the system model. In [17], the authors design a fuzzy logic controller for
an active steering system that prevents vehicle spin in wet road condi-
tions. In [31], a novel robot control strategy is designed to force locking
between the primary and secondary system while ensuring passivity. Con-
cepts introduced in this paper may be easily extended to add simulated
forces on the steering wheel to either ensure safe operation of the vehicle
or to communicate the occurrence of certain events (warnings). Theoretical
and experimental work [54] ongoing has produced various interesting ideas
and results in this area. Present day simulators already use the virtual en-
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vironment concept to provide safe and realistic learning environments to
beginners.

The emphasis of some previous robot teleoperation related research is to
achieve ideal transparency by exactly transferring the slave robot impedance
to the user. Typically, approaches that aim for ideal transparency either
require a priori knowledge of the environmental inputs to the slave ma-
nipulator, as in [7], or estimate the impedance of the slave manipulator
as in [15]. Some exceptions include the teleoperator controllers aimed at
low-frequency transparency developed in [30] and [57] that do not require
knowledge of the impedance of the user or environment. However, the ap-
proaches in [7], [15], [30], and [57] are based on linear teleoperator systems
with frequency-based control designs. A review of other frequency-based
approaches applied to linear teleoperator systems is given in [2], [20], [21],
[56], and [65]. In [18], an adaptive nonlinear control design is presented that
achieves transparency in the sense of motion and force tracking.

Other research has emphasized the stability and safe operation of the
teleoperator system through passivity concepts (e.g., [2]-]6], [32]-[34], and
[43]-[48]). In [2], Anderson and Spong used passivity and scattering crite-
rion to propose a bilateral control law for a linear time-invariant teleoper-
ator system in any environment and in the presence of time delay. These
results were then extended in [47] and [48], where wave-variables were used
to define a new configuration for force-reflecting teleoperators. In [48], and
more recently in [5] and [6], these methods where extended to solve the
position tracking problem. In [34], a passivity-based approach was used to
develop a controller that renders a linear teleoperator system as a passive
rigid mechanical tool with desired kinematic and power scaling capabilities.
The development in [34] was extended to nonlinear teleoperator systems in
[32] and [33]. The controllers in [32] and [33] are dependent on knowledge of
the dynamics of the master and slave manipulator and force measurements.
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Appendix A
Mathematical Background

In this appendix, several fundamental mathematical tools are presented
in the form of definitions and lemmas that aid the control development
and closed-loop stability analyses presented in the previous chapters. The
proofs of most of the following lemmas are omitted, but can be found in
the cited references.

Lemma A.1 [9]

Consider a function f(t) : Ry — R. If f(t) € Lo, f(t) € Lo, and
f(t) € Lo, then

75lim f@®)=0. (A1)
This lemma is often referred to as Barbalat’s Lemma.
Lemma A.2 [2]

If a given differentiable function f(¢) : Ry — R has a finite limit as
t — oo and if f(¢) has a time derivative, defined as f(t), that can be written
as the sum of two functions, denoted by gi(t) and g2(t), as follows

ft) = g1+ g2 (A.2)
where g;(t) is a uniformly continuous function and

tlim g2(t) =0 (A.3)
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then
tlim f@)=0 tlim g1(t) =0. (A.4)

This lemma is often referred to as the Extended Barbalat’s Lemma.
Lemma A.3 [6]

If f(t) is a uniformly continuous function, then tlim f(t) = 0if and only
if ,
t+t
tlim f(r)dr =0 (A.5)
— 00 t
for any positive constant ¢’ € R. This lemma is often referred to as the
integral form of Barbalat’s Lemma.
Definition 1 [9]

Consider a function f(t) : R — R. Let the 2-norm (denoted by ||-||,) of
a scalar function f(t) be defined as

1@, = / " p2r) dr. (A.6)

If || £(t)]|, < oo, then we say that the function f(¢) belongs to the subspace
Lo of the space of all possible functions (i.e., f(t) € L3). Let the co-norm
(denoted by ||-|| ) of f(t) be defined as

1 ®)lloc = sup [F(1)] (A7)

If || f(t)]| o, < oo, then we say that the function f(t) belongs to the subspace
Lo of the space of all possible functions (i.e., f(t) € Loo).

Definition 2 [9]

The induced 2-norm of matrix A (t) € R"*" is defined as follows

JA® s = A {AT (£) A (1)}, (A8)

Lemma A.4 [/]

Given a function f : R”— R that is continuously differentiable on an
open set S C R™ and given points (x19, ..., Zno) and (21, ...,x,) in S that
are joined by a straight line that lies entirely in R™, then there exists a
point (&4, ...,&,,) on the line between the endpoints, such that

Fl@r, o xn) = f(210, ) xno—I—Za Fl€rs &) (T3 —240) . (AL9)

This Lemma is often referred to as the Mean Value Theorem.
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Lemma A.5 [6]

Given a function f : R"xR"— R" that is continuously differentiable at
every point (x,y) on an open set S C R™xR™ if there is a point (zo,yo)
on S where

f(z0,y0) =0 (A.10)
and

% (z0,90) # 0, (A.11)

then there are neighborhoods U C R™ and V' C R™ of xy and yq, respec-
tively, such that for all y € V' the expression in (A.10) has a unique solution
xz € U. This unique solution can be written as x = g(y) where g is con-
tinuously differentiable at y = yo. This Lemma is often referred to as the
Implicit Function Theorem.

Lemma A.6 [3]

Given a,b,c € R™, any of the following cyclic permutations leaves the
scalar triple product invariant

a-(bxe)=b-(cxa)=c-(axb) (A.12)
and the following interchange of the inner and vector product
a-(bxec)=(axb) c (A.13)

leaves the scalar triple product invariant where the notation a - b represents
the dot product of a and b and the notation a x b represents the cross
product of a and b.

Lemma A.7 [3]

Given a, b, c € R™, the vector triple products satisfy the following expres-

sions
ax(bxc)=(a-c)b—(a-b)c (A.14)

(axb)xcla-c)b—(b-c)a (A.15)

where the notation a - b represents the dot product of a and b and the
notation a x b represents the cross product of a and b.

Lemma A.8 [3]

Given a,b € R™, the vector product satisfies the following skew-symmetric

property
axb=-bxa (A.16)

where the notation a x b represents the cross product of a and b.
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Lemma A.9 /3]

Given a = [ a1 az as ]T € R? and a* € R3*3 which is defined as
follows

0 —as a9
a* =\ a3 0 - (A.17)
—Aag ay 0

then the product a”a* satisfies the following property
a"a*=[0 0 0]". (A.18)
Lemma A.10 /8] (Thm 9-11)

Given the symmetric matrix A € R™*™ and the diagonal matrix D €
R™ "™ then A is orthogonally similar to D and the diagonal elements of D
are necessarily the eigenvalues of A.

Lemma A.11 [9]

If w(t) : Ry — R is persistently exciting and w(t), w(t) € L, then the
stable, minimum phase, rational transfer function H (w) is also persistently
exciting.

Lemma A.12 [10]

If £(t) 2 4 f(t) is bounded for ¢ € [0, 00), then f(t) is uniformly contin-

uous for ¢ € [0, c0).

Lemma A.13 [1]

Let V(t) be a non-negative scalar function of time on [0, c0) which sat-
isfies the differential inequality

V(t) < =V (1) (A.19)

where 7 is a positive constant. Given (A.19), then

V(t) <V(0)exp(—t) Vte [0,00) (A.20)
where exp () denotes the base of the natural logarithm.
Lemma A.14

Given a non-negative function denoted by V'(¢) € R as follows

V= %:& (A.21)
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with the following time derivative
V = —ka?, (A.22)

then z(t) € R is square integrable (i.e., z(t) € L3).
Proof: To prove Lemma A.14, we integrate both sides of (A.22) as follows

- / V(t)dt =k, / 22 (t)dt. (A.23)
0 0
After evaluating the left side of (A.23), we can conclude that

kq /Oc 22(t)dt =V (0) — V (00) <V (0) < 00 (A.24)
0

where we utilized the fact that V(0) > V (c0) > 0 (see (A.21) and (A.22)).
Since the inequality given in (A.24) can be rewritten as follows

\//Ooo 22(t)dt < \/%10) < 00 (A.25)

we can utilize Definition 1 to conclude that xz(t) € Ls.

Lemma A.15 [5]

Let A € R™*™ be a real, symmetric, positive-definite matrix; therefore,
all of the eigenvalues of A are real and positive. Let Apnin{A} and A\pax{A}
denote the minimum and maximum eigenvalues of A, respectively, then for
vz € R”

Amin{ A} H9€||2 < a’ Az < Amax{A} ||$H2 (A.26)

where ||-|| denotes the standard Euclidean norm. This lemma is often re-
ferred to as the Rayleigh-Ritz Theorem.

Lemma A.16 [1]
Given a scalar function r(t) and the following differential equation
r=¢e+ae (A.27)

where é(t) € R represents the time derivative e(t) € R and o € R is a
positive constant, if r(t) € Lo, then e(t) and é(t) € L.

Lemma A.17 [1]
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Given the differential equation in (A.27), if 7(¢) is exponentially stable
in the sense that

r(t)] < By exp(—Bit) (A.28)

where 5, and 3; € R are positive constants, then e(t) and é(t) are expo-
nentially stable in the sense that

()] < [e(0)] exp(—at) + a’i—ﬁ (exp(~B1t) — exp(—at)  (A.29)

and

()] < ale(0)]exp(—at) + aoiﬁo - (exp(=011) (A.30)
—exp(—at)) + By exp(—P1t)
where o was defined in (A.27).
Lemma A.18 [1]

Given the differential equation in (A.27), if 7(¢t) € L, 7(t) € L2, and
r(t) converges asymptotically in the sense that

lim r(¢t) =0 (A.31)

t—o0

then e(t) and é(t) converge asymptotically in the sense that

lim e(t),é(t) = 0. (A.32)

t—00
Lemma A.19 [1, 7]
If a scalar function Ng(z,y) is given by
Ny = Qz)zy — k, Q% (2)2? (A.33)
where z,y € R, Q(x) € R is a function dependent only on z, and k, is a

positive constant, then Ng(x,y) can be upper bounded as follows

2

Ny< L (A.34)

7l

The bounding of Ny(x,y) in the above manner is often referred to as non-
linear damping [7] since a nonlinear control function (e.g., k,Q?(x)x?) can
be used to “damp-out” an unmeasurable quantity (e.g., y) multiplied by a
known, measurable nonlinear function, (e.g., Q(z)).

Lemma A.20 [1]
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Let V(t) be a non-negative scalar function of time on [0, c0) which sat-
isfies the differential inequality

V<AV +e (A.35)
where v and ¢ are positive constants. Given (A.35), then
V(t) < V(0) exp (—t) + % (1—exp(—yt) Vie[0,00).  (A.36)

Lemma A.21 [1]

If the differential equation in (A.27) can be bounded as follows

|r(t)] < /A + Bexp(—kt) (A.37)

where k, A, and B € R and A+ B > 0, then e(t) given in (A.27) can be
bounded as follows

le(t)] < le(0)]exp(—at) + — (1 — exp(—at)) (A.38)

a
«

2b 1
+2a e (exp(—ikt) - exp(—at))

where

a=vVA and b=+VB. (A.39)
Lemma A.22 [6]

Let the origin of the following autonomous system
z = f(x) (A.40)

be an equilibrium point z(¢) = 0 where f(-) : D — R™ is a map from the
domain D C R” into R™. Consider a continuously differentiable positive
definite function V(-) : D — R™ containing the origin z(¢) = 0 where

V(z) <0 inD. (A.A41)

Let I' be defined as the set of all points where {ac € D|V(z) = 0} and
suppose that no solution can stay identically in I'" other than the trivial
solution z(¢) = 0. Then the origin is globally asymptotically stable. This
Lemma is a corollary to LaSalle’s Invariance Theorem.
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Appendix B

Supplementary Lemmas and
Eixpressions

B.1 Chapter 3 Lemmas

B.1.1  Open-Loop Rotation Error System

Lemma B.1 The time derivative of (3.38) can be expressed as
éw = LyRw. — O4. (B.1)

Proof: Based on the definitions for w.(t) and R(t) in Chapter 3, the
following property can be determined [13]

[Rwe], = RR". (B.2)
Given (B.2), the following definition (see 3.5)
R=R(R)"
can be used to develop the following relationship
[Rw], = RRT. (B.3)

While several parameterizations can be used to express R(t) in terms of
u(t) and 0(t), the open-loop error system for e, (t) is derived based on the
following exponential parameterization [13]

R =exp([©],) = I3+ sin 6 [u],, + 2sin® g[u]2X (B.4)
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where the notation I; denotes an ¢ X ¢ identity matrix, and the notation
[u],, denotes the skew-symmetric matrix form of u(t). The parameterization
©4(t) can be related to Ry (t) as follows

_ 0
Rq = exp([©al,) = I3 +sinbq [ug], + 2sin? ?d[ud]i , (B.5)
where R4 (t) is defined in (3.5) of Chapter 3 as
Ry = Ry (RH)T.

To facilitate the development of the open-loop dynamics for e, (t), the
expression developed in (B.3) can be used along with (B.4) and the time
derivative of (B.4), to obtain the following expression

[Rw.], =sinf[a], +[u], 6+ (1 - cosh) [[u] u] y (B.6)

where the following properties were utilized [5], [11]

[u ¢ = —[Cu (B.7)

[u]2X = wul — I3 (B.8)

[u], wu” = 0 (B.9)
[u)  [0] [ul 0 (B.10)
(lula] = [u], [@], — [0], [u], (B.11)

To facilitate further development, the time derivative of (3.39) is deter-
mined as follows

O = uf + ub. (B.12)
After multiplying (B.12) by (13 + [u]i), the following expression can be
obtained
(13 + [u]i) 6 = ub (B.13)
where (B.8) and the following properties were utilized
w'u=1 w'u=0. (B.14)
2

Likewise, by multiplying (B.12) by — [u];, and then utilizing (B.14) the

following expression is obtained

X

—[u]? © =1a6. (B.15)

From the expression in (B.6), the properties given in (B.7), (B.12), (B.13),
(B.15), and the fact that

sin?f = — (1 — cos 26)

N =
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can be used to obtain the following expression
Rw. =L,'© (B.16)
where L, (t) is defined in (3.47) as
0 sinc (6)

Ly=TIi—glul, + |1~

After multiplying both sides of (B.16) by L, (t), the open-loop dynamics
for © can be obtained. After substituting (B.16) into the time derivative of

(3.38), the open-loop dynamics for e, (t) given by (B.1) can be obtained.
|

B.1.2  Open-Loop Translation Error System

Lemma B.2 The time derivative of (3.36) can be expressed as
ziéy, = a1 ALy R [ve + [we) 31} — 2] Ded- (B.17)

Proof: To develop the open-loop error system for e, (t), the time deriva-
tive of (3.36) can be expressed as

S 1 s
€y = Pe = Ped = z_lAeLvml — Ped (B.18)

where (3.1), (3.7), (3.14), (3.37), and the definition of «;(t) in (3.10) were
utilized. After taking the time derivative of the first equation in (3.160),
my(t) can be determined as

m1 = Rve + R [we], s1 (B.19)
where (B.2) and the following property have been utilized [5]
[Rw.], = R[we], RT. (B.20)

After substituting (B.19) into (B.18), multiplying the resulting expression
by 2}, and utilizing the definition of «;(¢) in (3.10), the open-loop error
system given in (B.17) is obtained. W

B.1.3  Persistence of Excitation Proof
Lemma B.3 If Q;(to,t) > v,14 from (5.214) for any to, then

0;(t) — 0 ast — oo. (B.21)
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Proof: Let Q;(to,t) € R*** be defined as
Q;(to,t) = Wfl( T)Wyi(T)dT (B.22)
to

where Wy;(t) € R3** was previously defined in (3.207). Consider the fol-
lowing expression

/t é?(’l’)ﬂi(to, T) d9:(7) dr = é?(’l’)ﬂz (to, 7)0:(T) '

dr o
7‘/t £ (é?(T)Qi(t(JyT)) 0i(r)dr
= 0; ()(to, 10 (1) ]
_ / 0; (r)Q(to, 7) d@;f’) dr

- /t 07 (YW ()W ps ()0 () dr
’ (B.23)

where (B.22) and the fact that Q(¢g, tp) = 0 were used. Re-arranging (B.23)
yields

0; (£)(to, 1)0:(t) = zft to, 7) L) g

_ (B.24)
+ ft sz T)W4i(7)0;(T)dT

Substituting for ¢ = ¢p + T in (B.24), where T' € Ris a positive constant,
and applying the limit on both sides of the equation yields

lim 8, (to + T)(to, to + T)0i(to + T) =
0—00

: ot T doi(r)
hm 2 Gl (T)Qi(tQ,T)TdT
to

to— 00

to+T _ ~
+ / aj(T)Wﬁ(T)Wfi(T)ei(T)dT> .

to

(B.25)

From the proof of Theorem 3.4, 0;(t) € Loy, and from (3.214) and (B.22),
Qi(to,to +T) € Loo. It was also proven that Wy;(t)0;(t),n;(t) € Lo NLo.
Hence, from (3.211)

thm ﬁei (t) =0
and consequently from (3.206) and (3.212)

lim 8,(t) = 0

t—o0
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Hence, after utilizing Lemma A.3 in Appendix A, the first integral in (B.25)
vanishes upon evaluation. From (3.225) and Lemma A.3 in Appendix A,
the second integral in (B.25) also vanishes, and hence

lim é?(to + T)Qi(to, to + T)éi(to + T) = 0. (BQG)

to—00

Since Q;(to,t) > 7,14 from (3.214) for any ty, (B.26) indicates that

0;(t) > 0ast—oo. W

B.2 Chapter 4 Lemmas and Auxiliary Expressions

B.2.1  FEzxperimental Velocity Field Selection

This VFC development is based on the selection of a velocity field that is
first order differentiable, and that a first order differentiable, nonnegative
function V(q) € R exists such that the following inequality holds

oV (x)
5 V@) < =vs(llz]) + Co (B.27)
T
where 8\({/)_[(;1) denotes the partial derivative of V' (q) with respect to q(t),

v5(-) € Ris a class K function!, and (, € R is a nonnegative constant.
To prove that the velocity field in (4.43) and (4.44) satisfies the condi-
tion in (B.27), let V(x) € R denote the following nonnegative, continuous
differentiable function

V(z) & lex. (B.28)

After taking the time derivative of (B.28) and substituting (4.43) for &(¢),
the following inequality can be developed

V= xTﬁ(a?) < —y5(x) + ¢ (B.29)

where v3(x) and ¢, were defined in (B.27).
To prove the inequality given in (B.29), we must find v5(z) and {,. To
this end, we rewrite x79(x) as follows

2T9(z) = 2K (z) f(x)zTz (B.30)

LA continuous function « : [0, ) — [0, 00) is said to belong to class K if it is strictly
increasing and «(0) = 0. [7]
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where (4.43) has been utilized, and z.; and z.o of (4.43) and (4.44) are set
to zero for simplicity and without loss of generality. By substituting (4.44)
into (B.30) for K (z) and f(x), the following expression can be obtained

* 4 * 2
— kg |lz]* + kg2 ||
2 €’
| (e = 72) | ol + 5

After utilizing the following inequality

zTY(z) = (B.31)

1
2 4
ol < 8l + 5
where 0 € R is a positive constant, the inequality given in (B.29) can be
determined from (B.31) where
¥ 4
kg (L —r30) |||l
2 €
lol® +72) llol + 5

v3(x) =
(

and )
2k5rs
CO - Se .
Provided ¢ is selected according to the following inequality
1
o< ﬁ’

then 75(x) can be shown to be a class K function.

B.2.2 GUB Lemma

Lemma B.4 Given a continuously differentiable function, denoted by V (q),
that satisfies the following inequalities

0 <7i(llglh) < Vig) < vallall) + & (B.32)
with a time derivative that satisfies the following inequality
V(g) < =s(llal) + & (B.33)

then q(t) is GUB, where v{(:), v5(+), v3(+) are class K functions, and &,
&, € R denote positive constants.

Proof:? Let Q € R be a positive function defined as follows

Q245(&) >0 (B.34)

2This proof is based on the proof for Theorem 2.14 in [12].
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where 73! (-) denotes the inverse of v4(-), and let B(0,9) denote a ball
centered about the origin with a radius of 2. Consider the following 2
possible cases.

The initial condition g(%o) lies outside the ball B(0, ) as follows

Q <llgto)ll <™ (B.35)

where 7 € R is a positive constant. To facilitate further analysis, we define
the operator d(-) as follows

d(Q1) £ (77 0 y) () +97 (&) > 0 (B.36)

where (77! 07,) denotes the composition of the inverse of v, (-) with v, (-)
(i.e., the inverse of the function ~, (-) is applied to the function ~, (+)).
After substituting the constant d(€2;) into v, (-), the following inequalities
can be determined

Y1(d (1)) = 72(Q1) + & > Yo (la(to)l) + & = V (g(to)) (B.37)

where the inequalities provided in (B.32) and (B.35) were utilized.
Assume that ¢ (1) € R for tp < 7 <t < oo lies outside the ball B(0, £2)
as follows
Q<llg()l- (B.38)

From (B.33) and (B.38), the following inequality can be determined
V(q()) < =75(Q) + &,
and hence, from the definition for  in (B.34), it is clear that
V(q(r)) <0. (B.39)

By utilizing (B.37) and the result in (B.39), the following inequalities can
be developed for some constant At

71(d () =V (g(to)) = V (a(7)) = V (q¢(T + A7) = 71 (lg(T + A)) -
(B.40)
Since v, (+) is a class K function, (B.36) and (B.40) can be used to develop
the following inequality

la@®)ll < d(Q1) = (47 0 72) () +971 (&) VE=to

provided the assumption in (B.38) is satisfied. If the assumption in (B.38)
is not satisfied, then

la®)ll < Q=73"(&)  Vt=to. (B.41)
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Hence, ¢(t) is GUB for Case A.
The initial condition ¢(to) lies inside the ball B(0,2) as follows

la(to)| < Q2 < Q.

If ¢(t) remains in the ball, then the inequality developed in (B.41) will be
satisfied. If ¢(t) leaves the ball, then the results from Case A can be applied.
Hence, ¢(t) is GUB for Case B. l

B.2.3 Boundedness of 64 (t)

Based on the definition of 84 (t) in (4.116), 64 (t) can be expressed in terms
of the natural logarithm as follows [16]

_Op 0
oz, Z@yc

J(32) + (32)

where i=+v/—1. After exploiting the following identities [16]

04=—iln (B.42)

cos (0g) = % (e 4 e=01)
sin (ed) — % (eiGd _ efin)

and then utilizing (B.42) the following expressions can be obtained
d¢
0z,
cos (0q) = — (B.43)
2 2
dy n Op
Oz, Y.
dyp
9ye

)+ ()

After utilizing (B.43) and (B.44), the following expression can be obtained

sin (04) = — (B.44)

g Gy e
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Based on the expression in (B.42), the time derivative of 84 (t) can be
written as follows

o | 004 004 Te
ba = [ = ] [ ; ] (B.46)
where
Op Op
04 Y. Oz,
axc = 8()0 2+ 8()0 2 8@ 2+ 8@ 2 (B.47)
Ox, Y. 0z, 0Ye

o % 1
0x2  Jz.0y.

O 99
d0q Iy, Jz,
axc 8yc axc ayc

[ Pe 2]
dyedz. dy2 |
After substituting (4.47), (B.47), and (B.48) into (B.46), the following ex-
pression can be obtained
¢ Oy
8:'40 Oz,

0 = 3@ z 3@ P a(p P 8(/? P (B49)
8956 - 3yc 8.’55 " ayc

¢ 0%
Ox? 0y.0x.. cosf .
0%p 32_@ sing |

0z:0y. ayg

After substituting (4.117) and (B.45) into (B.49), the following expression
can be obtained

0y = kycos (9) [ sin(04) —cos(6q) | (B.50)
oy oy
8:5% Y0z, cosf
o 0% sinf |’

0z.0y. ayg

By Property 4.2.4 of Chapter 4, each element of the Hessian matrix is
bounded; hence, from (B.50), it is straightforward that 04 (t) € Leo.
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B.2.4  Open-Loop Dynamics for Y (t)

The extended image coordinates p.; (t) of (4.145) can be written as follows

Ty
a1 a2 0 Z_l a4
Per=10 az O Ll + | as (B.51)
z1 o *
0 0 1 In (21) In (27)

where (4.140), (4.141), and (4.142) were utilized. After taking the time
derivative of (B.51), the following expression can be obtained

. 1 -
De1 = —Ae1m.
21

By exploiting the fact that 7 (¢) can be expressed as follows
ml = —v:.+ [ml]x We,

the open-loop dynamics for p.;(t) can be rewritten as follows
) 1
Pe1 = _Z_Aelvc + Ael [ml]x We.
1

The open-loop dynamics for O(t) can be expressed as follows [4]

O = —L,we.

B.2.5 Measurable Expression for Ly, (t)

Similar to (4.47), the dynamics for T4 (¢) can be expressed as

o [ Pear 1| At Acar [mar], Ved
Ty = [ ed ] - [ 0q a1 I ] { oo ] (B.52)
where ©4(t) is defined in (4.155), z4;(t) is introduced in (4.135), Aeqi (wai, vai)
is defined in the same manner as in (4.148) with respect to the desired pixel
coordinates ug; (t), va;(t), ma;(t) is given in (4.134), Lyq(04, 1y) is defined
in the same manner as in (4.149) with respect to 64(¢) and u,(t), and
Ved(t), wea(t) € R3 denote the desired linear and angular velocity signals
that ensure compatibility with (B.52). The signals v.4(t) and w.q(t) are not
actually used in the trajectory generation scheme presented in this paper
as similarly done in [1]; rather, these signals are simply used to clearly illus-
trate how p,(t) can be expressed in terms of T4(t) as required in (4.156).
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Specifically, we first note that the top block row in (B.52) can be used to
write the time derivative of peqa(t) in terms of veq(t) and weq(t) with ¢ = 2

: v
Ped2 = [ —s=Aeaz Acaz [maz), ] [ o } (B.53)
Wed
where peg;(t) is defined in the same manner as (4.154) Vi = 1, 2, 3, 4. After
inverting the relationship given by (B.52), we can also express vqq(t) and
wea(t) as a function of T4(t) as follows

vea | _ [ —2a Ay _Zdil[mdl]x Ly, T, (B.54)
Wed 0 _Lwd

After substituting (B.54) into (B.53), ped2(t) can be expressed in terms of
T4(t) as follows

Ded2 = [ %Aedz/l;jl Acaz {%;L;mau - mdz} y L, } T, (B.55)
After formulating similar expressions for peqs(t) and peqs(t) as the one
given by (B.55) for peqa(t), we can compute the expression for Ly, (pg) in
(4.157) by utilizing the definitions of pg; (t) and peq; (t) given in (4.140)
and (4.154), respectively (i.e., we must eliminate the bottom row of the
expression given by (B.55)).

B.2.6 Development of an Image Space NF and Its Gradient

Inspired by the framework developed in [3], an image space NF is con-
structed by developing a diffeomorphism?® between the image space and a
model space, developing a model space NF, and transforming the model
space NF into an image space NF through the diffeomorphism (since NFs
are invariant under diffeomorphism [8]). To this end, a diffeomorphism is
defined that maps the desired image feature vector pg to the auxiliary
model space signal € (pa) 2[¢; (pa) Ca (Pa) - Cs (B))T : [-1,1]° — R as
follows

. 2 2 2
¢ = diag{ , sy tpa  (B.56)
Umax — Umin Vmax — Umin Umax — VUmin
T
Umax T Umin VUmax T Umin VUmax Tt Umin
Umax — Umin Umax — Umin Umax — Umin

3A diffeomorphism is a map between manifolds which is differentiable and has a
differentiable inverse.
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In (B.56), %maxs Umins Umax, and Umin € R denote the maximum and min-
imum pixel values along the u and v axes, respectively. The model space
NF, denoted by @ (¢) € R® — R, is defined as follows [3]

PO &2 (B.57)
In (B.57), (¢) € R® — R is defined as

P(Q) 2 57 (O K () (B.5%)

where the auxiliary function f(¢) : (—=1,1)® — R8 is defined similar to [3]

as follows

* * T

JRR s G-
(1_ 25)1/2}@ (1_ QN)l/Qn

1 8

(B.59)

where K € R3%8 is a positive definite, symmetric matrix, and x is a positive
parameter. The reason we use « instead of 1 as in [3] is to get an additional
parameter to change the potential field formed by f ({). See [3] for a proof
that (B.57) satisfies the properties of a NF as described in Properties 4.2.4
— 4.2.7 in Chapter 4. The image space NF, denoted by ¢ (p4) € D — R,
can then be developed as follows

¢ (Pa) & @ o (Pa) (B.60)

where o denotes the composition operator. The gradient vector /¢ (pa)
can be expressed as follows

s (92 9% 9¢
W‘(@m) <8capd) | (B.61)

In (B.61), the partial derivative expressions BC(p d), 8%24)7 and

expressed as follows

6f(§)

can be

a¢ . 2 2 2

— = B.62

aﬁd dzag{umax — Umin ’ Umax — Umin Y Umax — Umin } ( 0 )
00 _ 7 9f
- B.63
o~ o K (363)

af ] CQH 1<—1 2/{ 14—8

— = diag (B64)
ry (2+1)/267 777 K (2n+1)/2n

% (1743) (1%5)

It is clear from (B.56)—(B.64) that ps(t) — p* when 7o (pa) — 0.
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B.2.7 Global Minimum

The objective function introduced in (4.218) can be solved by the Lagrange
multiplier approach with constraints [9]. To find the critical points of the
objective function in (4.218) subject to the constraint that

¢ (T,p) = (YT -1' (p)) =0,

where ITf(p) : D — RS denotes a “pseudo-inverse” or “triangulation func-
tion” [14], which is a unique mapping that can be considered as a virtual
constraint for the image feature vector (See Remark 4.14), one can define
the Hamiltonian function H (p, T, A) € R as follows [9]

H@E YN ==F-5)" (-5 + N0 (T,p)

DO =

where A € RS is a Lagrange multiplier. The necessary conditions for the crit-
ical points of ¢ (p) of (4.218) which also satisfies the constraint ¢ (Y, p) =0
are

aH _ . T TaHT
=(p—p) —\NTZ—— =0 B.65
5 =) =X (B.65)
OH _
g—g =x'=o. (B.67)

From (B.65)—(B.67), it is clear that the only critical point occurs at p(t) =
p*. Since II7(p) is a unique mapping, it is clear that Y (t) = T* is the global
minimum of the objective function ¢ defined in (4.218).

B.3 Chapter 5 Lemmas and Auxiliary Expressions

B.3.1 Numerical Extremum Generation

The numerically-based extremum generation formula for computing the
optimal velocity setpoint that maximizes the user output power can be
described as follows.

e Step 1. Three initial best-guess estimates, denoted by 7v;, 74, 73 € R,
are selected where 7, is the best-guess estimate for a lower bound
on the optimal velocity, 5 is the best-guess estimate for an upper
bound on the optimal velocity, and 7, is the best-guess estimate for
the optimal velocity, where v5 € (71,73)-
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e Step 2. The lower bound estimate ~, is then passed through a set of

third order stable and proper low pass filters to generate continuous
bounded signals for ¢q(t), Ga(t), ¢a(t). For example, the following
filters could be utilized

S1

=73 + §2$2§1‘E Ga3s + §471

I P s + 35+ ! (B.68)
§1S2

44 = Y1

s3 + 6252 + ¢35+ ¢4
where ¢1, <2, ¢3, 54 denote positive filter constants.

Step 3. Based on the result in (5.9), and the expressions for the user
power output given in (5.12) and the structure in (B.68), the algo-
rithm waits until |e(t)] < €1 and |§q — 71| < & before evaluating

p(71), where & and &, are some pre-defined threshold values.
Step 4. Steps 2 and 3 are repeated to obtain p(y,) and p(7ys).

Step 5. The next desired trajectory point is determined from the
following expression

lgi
=gy — == B.69
Y4 =72 2 42 ( )
where g1, go € R are constants defined as follows
g = (2=m)%p(r2) —p(ys)] (B.70)

(72 —73)*[p(72) — P(71)]

g2 = (va—7)p(v2) —p(73)] (B.71)
—(v2 = 13)[p(v2) — p(71)]

where 7, and p(v,;) Vi = 1,2, 3 are determined from Steps 1-4. Specifi-
cally, v, and p(+y;) are substituted into (B.69)—(B.71) and the resulting
expression yields the next best-guess for ¢j; denoted by v, € R.

Step 6. Steps 2 and 3 are repeated to obtain ¢4(t), Ga(t), ¢ 4(t) and
p(74)- Note that each successive estimate for ¢ produced by (B.69)-
(B.71) will always be bounded by (71, v3), and hence, ¢4(¢), Ga(t),
Tolt) € Lo

Step 7. The value for p(v,) is compared to p(75). If p(v4) > p(7y,) and
Yo > Y4 orif p(7y5) > p(74) and 4 > 5, then the three new estimates
used to construct a new parabola are vy, V3, V4. If p(74) > p(7y,) and
Y4 > vo orif p(v4) > p(7,4) and v4 > 4, then the three new estimates
used to construct a new parabola are v{, vy, V4.
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e Step 8. Repeat Steps 5-7 for successive v, Vi = 5,6, ..., where the
three estimates determined from Step 7 are used to construct a new
parabola. Steps 5-7 are repeated until the difference between the new
upper and lower estimates is below some predefined, arbitrarily small
threshold.

B.3.2  Proof of Lemma 5.1

After substituting (5.15) into (5.26) and then integrating, the following
expression is obtained

/t t Li(o)do = /t t are(0)[Na(o) — Bysgn(e(o))]do (B.72)
4 /t t ?Nd(a)da _ 3, /tt dedf) san(e(o))do.
Integrating the second integral on the right side of (B.72) by parts yields
Z t Li(o)dr = [ t are(0) (Na(o) — Bysgn(e(o))) do (B.73)
+eloaoll, - [ 128D el

_ / (o) (arNto) = 20 a5 (e(0) ) do

+e(t)Na(t) — e(to) Na(to) — By le(t)| + By |e(to)] -

The expression in (B.73) can be upper bounded as follows

Jiy Lato)de < 1e(@)] (0 [Na(o)| + | 42| — 1) do
+1e(®)] (Na®)] - 81) (B.74)
+B1 le(to)| — e(to) Na(to)-

If 3, is chosen according to (5.27), then the first inequality in (5.28) can
be proven from (B.74). The second inequality in (5.28) can be obtained by
integrating the expression for Ls(t), introduced in (5.26), as follows

/t Lo(o)do = / (—Byésen(e)) do (B.75)

to

= Bale(to)| = Bale(t)] < Bale(to)l-

© 2010 by Taylor and Francis Group, LLC



350 Appendix B. Supplementary Lemmas and Expressions

B.3.83  Definitions from Section 5.3.2
The explicit definitions for Y7 (+), Y5 (+), ¢4, and ¢, are given as follows

Y1 (91,9177179d179d1) =[Yvi —71 Oa+pér |

¢ = [ én1 a1 ]T
Yo (91,91792,92,71772,T1):[—YN1 1 Ty Yne —To pgés ]

I L, I
¢2=[I—1¢N1 A Ono a2 Ip

where Remark 5.5 from Chapter 5 has been utilized.

B.3.4  Upperbound for V1 (t)

Equation (5.101) can be integrated and rewritten as
Vai () — Vai (to) —K, /51

4 / p1(0) (=111 (o) — pysgn (p1 (o)) do

to
t

s | [Py (0) = prsgn (o1 (o)) do

to

(B.76)
The bracketed term in this expression is further evaluated as follows

t t

[ iy 0) = prsgn o1 (0)

sgn (p1 (0)) do.

/

(B.77)
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After integrating the bracketed term in (B.77) by parts, we have

/ WL (1 (0) — pusgn (o @) do =~ [m1 (@)1 (1,
—/p1( )dncll; )dg

—py lp1 (@)}, -
(B.78)

After substituting (B.78) into (B.76), the following expression is obtained

Val (t) — Val to —K /51

+/P1 (o) (771 (o) + dnclli:‘) — pysgn (p1 (a’))) do

=1 () p1 (t) — py [p1 ()] + 11 (20) p1 (to) + py1 [P1 (o)
(B.79)

which can be simplified as follows

Vai (t) — Vai (to) < —Ks/s% (o) do

to
t
dn, (o
1@ (i @)1+ |22 ) ao
o
to
+[p1 (O] (In1 )] = p1) + 11 (to) p1 (t0) + p1 [p1 (o)
(B.80)
where the following equality has been used
p1(0) sgn (p1 (o)) = [p1 (0)]. (B.81)

B.3.5 Upper Bound Development for MIF Analysis
To simplify the following derivations, (5.143) can be rewritten as follows
N4 N(x B3, e1, 60,7, Tq) = My
—|—Mx+ [Cm—i—Bm] + e9
+M (o —|— ag)r — M (al + aron + a3) e
+Made; + %MT

(B.82)

where (5.132) and (5.133) were utilized. To further facilitate the subse-
quent analysis, the terms N(z,Zg4,%4,0,0,0,% ), N(x,,%q4,0,0,0,T4),
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N(x,%,%,0,0,0, % ), N(z,2,&,e1,0,0,%4) and N(z,x, %, e1,es,0,T4) are
added and subtracted to the right-hand side of (5.142) as follows

N = [N(z,&q,%4,0,0,0, % q) — Ng(xq, Eq, Eq,0,0,0, 7 )]
+[N(z,%,%4,0,0,0,%4) — N(x,2q,%4,0,0,0, T 4)]
+[N(z,%,%,0,0,0, % q) — N(z,%,%4,0,0,0, T g)]
+[N(z,2,%,e1,0,0, % 4) — N(z,%,%,0,0,0, T 4)]
+[N(z,2,%,e1,e2,0, %) — N(z,%,%,e1,0,0, T q)]
+ [N(.’E, .’t, .f, €1,€2,T, l’d) — N(.’E, ji, fIf, €1, €2, 07 xd)}

(B.83)

After applying the Mean Value Theorem to each bracketed term of (B.83),
the following expression can be obtained

N: 8N(O'1,$d,$d,0,0,0, xd) (gj—xd)
60’1 o1=v1
aN(xvo—Qaid7070aO’ .'Ed) (;L‘ — $d)
60'2 O2=V2
| ON(,,03,0,0,0, %) (& — &4)
— Xd
) 60'3 . 03=v3 (B84)
ON(x,%,%,04,0,0, 7 )
+ (61 - 0)
80'4 O4=04
ON (z, &, &, e1,05,0, %) (e — 0)
80'5 O5=Us5 ’
6N<9679'57515a€17@27067.55d (’}"—0)
80-6 o6="g

where vy € (xq,x), v2 € (Lq,%), v3 € (Zq,%), vs € (0,e1), v5 € (0,e2), and
vg € (0,7). The right-hand side of (B.84) can be upper bounded as follows

NS 8N(0'17xd7$d7070707xd) ||61H
80'1 o1=v1
ON %4,0,0,0, %
+ (I,O’Q,ZEd, 5 Uy 7$d) HelH
60'2 O2=U2
ON(z,,03,0,0,0, 7 "
o Medon 0005y
R 59
ON(z,%,%,04,0,0,7q)
. Jeal
60'4 O4=04
ON 5 '7"7 ’ 570715
N (x,2,%,e1,0 d) lleal|
80'5 O5=Us5
ON(z,d, %, €1, e2,06, Tq) 17
806 06="6

© 2010 by Taylor and Francis Group, LLC



B.3 Chapter 5 Lemmas and Auxiliary Expressions 353

The partial derivatives in (B.85) can be calculated from (B.82) as

Joq doy
8M(01, SCd) .
— v hed g,
_ 0o (B.86)
+8C’(01,¢d,ijd) .

Tq
_ 0oy
+ 80(017 .%"d)
80'1

3]\7(0’1@(1,:'Ifd,o,o,07 Id) 8M(01)$
= d

Zq

ON(z,09,%4,0,0,0, Ty) 8M(x, 02) ..
_ iy
Joa aO'Q
8C‘(9c, g2, :ﬁd)
+TU2 (B.87)
+C(x, 09, iq)
+8C(9c, O'Q){,td
80'2

ON(z,%,03,0,0,0, 7% 4) _ M(x’;t) + Wﬂt (B.88)
3

+C(z,%) + B

303

ON (x,%,%,04,0,0, T _
( : a) _ o3 M (z) (B.89)

(90'4

ON(x,&,%,e1,05,0,7q)

Oos ! (B.90)
—a3M(z)
ON(z,,%,e1,62,06, % q) __ —
= (a1 +
doe (all N Q2 ($) (Bg].)
+§M<£L', .’E)
By noting that
v =2 —c1(x—xq) Vg =4 — o (T — dq)
vs =1 — c3 (& — Zyq) vy =e1 —cq (€1 —0)
U5 = eg — c5 (e2 — 0) vg =1 —cg(r—0)

where ¢; € (0,1) Vi = 1,2, ...,6, if the assumptions stated for the system
model and the desired trajectory are met, an upper bound for the right-
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hand side of (B.86)—(B.91) can be written as follows

H aN(Jl,id,;;l,O;an, Ta) s pu(a, i @) (B.92)
|| ON(z, 02,22,20, 0,0,7q) . < polw, )

H w@;&,ag,o,o, #q) N E p(s )

‘ 8N(w,:ic,dﬁéf;15, 05,0, 7 4) . < ps(a)
8N(x,9b,9'é§;;62,06, Tg) . < pele, )

where p;(-) Vi = 1,2,...,6, are positive nondecreasing functions of z(t),
%(t), and Z(t). After substituting (B.92) into (B.85), N(-) can be expressed
as

N < (oallleal, llezl llrll) + paCliexiD) lleal (B.93)
+ (p2(lleall [lezll s [I71D) [1éx
+ (ps(lleall [lezll)) x|
+(ps(llenl)) llez|l
+(s(llexlls lle2lD) NIl -

where (5.132)—(5.134) were utilized. The expressions in (5.132) and (5.145)
can now be used to upper bound the right-hand side of (B.93) as in (5.146).

B.3.6 Teleoperator — Proof of MIF Controller Stability

Before we present the proof of the main result, we state and prove a pre-
liminary Lemma.

Lemma B.5 Let the auxiliary functions Li(t), L2(t) € R be defined as
follows

Ly !t (Na — Bysgn(ez)) (B.94)

2
Ly £ —B,é3sgn(es)
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where B, and By were introduced in (5.147). Provided (3, is selected accord-
ing to the following sufficient condition

1
B1>¢1+—¢ (B.95)
i

where 1 and o are given in (5.150), and oy is introduced in (5.61), then

JLLi(ndr <&, [L La(r)dr <& (B.96)

where the positive constants £,1,& € R are defined as

2n

En 2 B Y leailto)] — 3 (to) Na(to) (B.97)
1;1

Er = B2 leailto)]
1=1

Proof. After substituting (5.61) into (B.94) and then integrating, the
following expression can be obtained

/tLl(T)dT = oq/t eX (1) [Ng(7) — Bysgn(ea(T))] dr (B.98)
tdel (v tdel (7
B CYE R

After evaluating the second integral on the right side of (B.98) by parts
and evaluating the third integral, the following expression is obtained

! ! 1 dN,
/ Lidr = al/ el (N -2l ﬂlsgn(eg)) dr
tO tO 041 d

+e5 (t)Na(t) — By Z le2i ()] + &p1- (B.99)

i=1
The expression in (B.99) can be upper bounded as follows

t t 2n
1 dev(T)
Lidr < . N, - |47
/ 1dr al/t > " Jeai(r (| dl(T)+a1‘ o

0 4=1

(B.100)

—51) dT+Z|621 (INa, ()] = B1) + &1

If 8, is chosen according to (B.95), then the first inequality in (B.96) can
be proven from (B.100). The second inequality in (B.99) can be obtained

© 2010 by Taylor and Francis Group, LLC



356 Appendix B. Supplementary Lemmas and Expressions

by integrating the expression for Ly(t) introduced in (B.94) as follows

/t Lo(f)do = By /t T () sqn(es(r))dr (B.101)

§p2 — B Z le2i(t)] < &po- W

i=1

We now proceed to present the proof for the main result.
Proof. Let the auxiliary functions P (t), P2(t) € R be defined as follows

Pi(t) £ & — /tL1(T)dT >0 (B.102)
to
t

Py(t) £ & — / Ly()dr >0 (B.103)
to

where &1, L1(t), &yq, and Lo(t) were defined in (B.94) and (B.97). The
results from Lemma B.5 can be used to show that Pj(¢t) and Py(t) are
non-negative. Let V(y,t) € R denote the following nonnegative function

1 1 1 - -
VA 56?61 + 56;62 + §TTMT + P+ P (B.104)
where y(t) € RO +2
T
yt) 2 [ 2T VP VP ] (B.105)

where the composite vector z(-) € R5" has been defined in (5.145). Note
that (B.104) is bounded by

Wi(y) < V(y,t) < Wa(y) (B.106)
where
Wi(y) =M ly@®1* Waly) = X2 ly(®)II° (B.107)

A . — A — — —
where A\; = 5 min {1,m;} and Ay = max {1, %mg} where m; and my were

introduced in (5.131).
After taking the time derivative of (B.104), the following expression can
be obtained

V = —aele; —ajeley —rT (ks + 1) (B.108)
+eTey + TN — 1T Bysgn(es) + Boel sgn(es)
where (5.132), (5.133), (5.149), (B.102), and (B.103) were utilized. By uti-

lizing the inequality of (5.61), 5.146, and the triangle inequality, V(t) can
be upper bounded as follows

V < —agele; —aeles —rT (kg +1)r (B.109)

+efer +eg e+ p(l2l]) el Izl — anes Basgniea).
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By utilizing (5.145), V(t) of (B.109) can be upper bounded as follows

2n
V< =g llz)” = ko Irl® + ol Il 12l = @By Y leail  (B.110)

=1

where A\32 min {a; — 1, ap — 1,1}. After completing the squares for the
second and third term on the right side of (B.110), the following expression
can be obtained

VS o <>\3 (” ”)) H H 152Z|621‘ (B.lll)

Provided a7 and as are selected to be greater than 2 and ks is selected
according to the following sufficient condition

2
bz 2D o) < o1 (2v/mna). (B.112)
4 s

the following inequality can be developed

V<W(y a1,622|621 (B.113)

where W(y) € R denotes the following nonpositive function

W(y) £ =B |12)* (B.114)

with 8, € R being a positive constant. From (B.104)—(B.107) and (B.111)—
(B.114), the regions D and S can be defined as follows

DL {y e RE2 | [ly|l < p~! (2 ks)\g)} (B.115)

s {yGD o) <M (07" (2 ksxg)f}. (B.116)

The region of attraction in (B.116) can be made arbitrarily large to include
any initial conditions by increasing the control gain ks (i.e., a semi-global
stability result). Specifically, (B.107) and the region defined in (B.116) can
be used to calculate the region of attraction as follows

Waly(to) < (p7 (2 ks/\g))2 (B.117)

Ao
= ||y(to)|\<\/>\—2ﬂ (2 mg),
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which can be rearranged as

1 Ao
> %422 . )
bz 7ot 2 It (B.118)

By using (5.145), (B.97), and (B.105) an explicit expression for ||y(to)|| can
be written as

lyto)l> = llex(to)l|” + lle2(to)|? (B.119)
+Ir (o)1 + &y + Epp-

Hereafter, we restrict the analysis to be valid for all initial conditions
y(to) € S. From (B.104), (B.113), and (B.116)—(B.118), it is clear that
V(y,t) € Loo; hence e1(t), e2(t), r(t), 2(t), y(t) € Loo Yy(to). From (B.113)
it is easy to show that ey(t) € L;. The fact that es(t) € Ly can be used
along with (5.133) to determine that e (t), é1(¢) € L;. From (5.123), (5.134)
and the assumption that ¢q(t) € Lo, it is clear that z(¢), ¢(¢t) € Loo. From
(5.132) and (5.133) it is also clear that éa(t), é1(t) € Loo. Using these
boundedness statements, it is clear that both %(t) € Lao. From the time
derivative of (5.133), and using the assumption that ¢4(t) € Lo along with
(5.139), it is clear that 4(¢) € L. The previous boundedness statements
can be used along with (5.149), (5.146), and Remark 5.10 to prove that
7(t) € Loo. These bounding statements can be used along with the time
derivative of (B.114) to prove that W (y(t)) € Loo; hence, W (y(t)) is uni-
formly continuous. Standard signal chasing arguments can be used to prove
all remaining signals are bounded. A direct application of Theorem 8.4 in
[7] can now be used to prove that ||z(¢)|| — 0 as t — oo. From (5.145), it
is also clear that ||r(¢)|| — 0 as t — oo. Based on the definitions given in
(5.132)—(5.134), standard linear analysis tools can be used to prove that if
lr(@®)[] = 0 then [lea@)]; le2(®)I, l[er@)], lex(®)]| — 0 as & — oo . Based
on the definition of x(¢) in (5.123) and e1(¢) in (5.134), it is clear that if
lex(®)[] — O then [lg1 () — g2 ()| — 0 and g1 () + g2 (£) — ga(t). W

B.3.7 Teleoperator — Proof of MIF Passivity
Proof. Let V,(t) € R denote the following nonnegative, bounded function
s lop, o1 g
Vo = 540 Mrda + 5494 K1a- (B.120)
After taking the time derivative of (B.120), the following simplified expres-

sion can be obtained
V, =4 F> — 4 Bria (B.121)
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where (5.136) was utilized. Based on the fact that Br is a constant positive
definite, diagonal matrix, the following inequality can be developed

V, < L Fy. (B.122)

After integrating both sides of (B.122), the following inequality can be
developed

t

e S V(t) — Vi(to) < / iT (o) Py(o)do (B.123)
to

where ¢, € R is a positive constant (since V,(t) is bounded from the tra-

jectory generation system in (5.136)).

By using the transformation in (5.123), the left side of (5.121) can be

expressed as
t t
T YF(T) } / T
q (T dr = x* Fdr. B.124
Lo . (124

By substituting the time derivative of (5.134) into (B.124), the following
expression can be obtained

¢ t t
/ i (1) F(r)dr = / T () Fy(r)dr — / d(F(r)dr  (B.125)
to to to
where (5.135) was utilized. Based on (B.123), it is clear that ftto d¥(r)Fe(r)dr
is lower bounded by —cy, where ¢y was defined as a positive constant. The
fact that é1(¢t) € Ly from the proof for Theorem 5.7 and the assumption
that F(t) € Lo can be used to show that the second integral of (B.125)
is bounded. Hence, these facts can be applied to (B.124) and (B.125) to

prove that ,
/t qT(T) [ 75‘2‘1(5—7—)) :| dr > —C:Q)) <B126)

where c3€ R is a positive constant. This proves that the teleoperator system
is passive with respect to the scaled user and environmental power. Hl

B.3.8 Teleoperator — Proof of UMIF Desired Trajectory
Boundedness

Proof. Let V4(t) € R denote the following nonnegative function

sl

1
v, 2 262%2 +=rTr + P+ P,. (B.127)

2

Based on (B.127) and the closed loop error systems in (5.174), the proof of
Theorem 5.3 can be followed directly to prove that ey (t), ea(t), r(t), F'(¢),
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F(t) € Lo as well as that e (t), ea(t), and r(t) — 0 as t — oo regardless
of whether or not x4 (t), ©4(t), £4(t) € Lo. Therefore, the fact that
F (t) € Lo can be used in the subsequent analysis. As a means to prove that
za(t), £a(t), £4(t) € Loo, let Va(t) € R denote the following nonnegative
function

Va£Vs+ L (B.128)

where V3(t)€ R denotes the following nonnegative function
1.5 1
Vs & §¢§Ma':d - ixdTKTxd (B.129)

where x4(t), 24(t) were defined in (5.158), where Kp was defined in (5.157),
and M (x) was defined in (5.126). The expression given in (B.129) can be
lower bounded by the auxiliary function, L(Z) € R, defined as follows

N 2€$£M$d

L
1+ 2:rdT:rd o

Va(t) (B.130)

where € € R is a positive bounding constant selected according to the
following inequality

min {ml, )\min{KT}}
2mLoo

0<e< (B.131)

where Apin{K7}€ R denotes the minimum eigenvalue of K7, m, was de-
fined in (5.131) and mr.€ R denotes the induced infinity norm of the
bounded matrix M(x). >From (B.130) it is clear that Va(t) is a non-
negative function. Also, Z(t)€ R*" is defined as

A A A (B.132)
The expression in (B.128) satisfies the following inequalities

M z)° < Va(z) < Xp |72 (B.133)

where A1, \a € R are positive constants defined as follows, provided ¢ is
selected sufficiently small

N A %min{mh)\min{KT}}—sgc (B.134)

1
Ay 2 §maX{m27)\max{KT}}+Efc

where m and mo were introduced in (5.131), and Apax{Kr}€ R denotes
the maximum eigenvalue of Kr. In (B.134), {.€ R is a positive constant
defined as follows

fc = Inax { 2”;LW ’ 2mL005a} (B135)
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where J, € R is some positive constant, and mp. was introduced in
(B.131).

To facilitate the subsequent analysis, the time derivative of (B.130) can
be determined as follows

26T My + 2eiT My + 2647 My
14+ Q:Ed T4
2¢ (2T Mz4) 4273
22 (0 ‘fp) a-d (B.136)
(14 2z)xq)?

L =

After utilizing (5.157), the expression in (B.136) can be written as

_ _26.’L‘§K17:$d - 25$dTB§id + 25z§21:—' (B.137)
1+2x52q 1+2x,2q 1422514

exl Miq 20T Mig 2 (&5 Mag) 42T

1+22T2y 142272y (1 + 2£E§xd)2

The signal in (B.137) can be upper bounded as follows

- mm{ T} gAmax{BT} 2 . 2
[ < - ZlwminlRT) —[ ]
< I T el + e [l + il
2e 2 1 112 . 2
= s —HFH i B.138
e (021l 5 || + et tia? - @139
e€mbe .2 2emg .2
+elnée + 1+ 2$g$d ”de + 1+ 2$g$d ”de
+8einy |||
where the following properties were utilized
T
_253365 Kde < _ mm{KT} H H (B139)
14228z, — 1+2
2 TB { 2e max B .
_ ETy ,ijxd < {TT} |:deH2+de||2] <B140)
1422524 1422524
2eaT F 2 1y Al2
T (21 ey 1 B R ¥S
14 22,24 142224 02
T
exy Mg 2
ExgMTd o el € B.142
1+2.’E§$d = €£3€m|‘$d” Egmge ( )
€ne .
pClmbe 2
142224
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%eiT Mi Qe
AP o T (B.143)
1422524 1+2x5249
% (&7 M) 427
_ 2e (84 Mea) ST < Sermy ||| (B.144)
(1+2:rdT:Ed)
el (B.145)
1—1—23:5%1 - '
Xl
2 1. (B.146)
T
(1+2xdxd)

In (B.141), d2€ R denotes a positive bounding constant. In (B.142), {5€ R
denotes a positive bounding constant defined as

l|zall
— 7L <& B.147
1+ Q:Eded <& ( )

and &, £.€ R denote positive bounding constants defined as
7] < & liall + &) (B.148)

The inequality in (B.148) is obtained by using the facts that the inertia
matrix is second order differentiable and that e;(¢t)€ Lo, (see proof of
Theorem 5.3). In (B.143) and (B.144), me€ R is a positive constant defined
in (5.131).

Based on the development in (B.136)—(B.146), the time derivative of
(B.128) can be upper bounded as follows

25)\min{KT}

Ve < “Amin{Br} [dall* - T+ 2072 lzall® (B.149)
Zoe 2 [l + el
ol + o |+ e [l + ]
$oban [l + e + oo il
T gt Il + 8o [l

where (5.157), (B.138), and the following inequalities were utilized

—iTBrig < —Amin{Br}|E4l’

il P

N

. 1|l
b1 Nal* + 5 |2]

© 2010 by Taylor and Francis Group, LLC



B.3 Chapter 5 Lemmas and Auxiliary Expressions 363

where ;€ R denotes a positive bounding constant. The expression in
(B.149) can be simplified as follows

. . 25)\maux{-BT}
N o< — 2\ mind{ Br) — 6, — ZSomaxAPTS e oo
s < =l (B}~ - Zeli e,
¢, 2%
_ Efm% — =2 gem, (B.150)
1+2z524 1427519
_ HLL’ H2 QEAmin{KT} _ 25/\max{BT} _ 28(52
d 1+ 2272, 1+ 22T 2y 142272,
12 % 12
- F) <= F) el (B.1s1
* {51 * LWLQ%T%J {52 ] +€§m§e} ( )

Provided Br, 61, 2, €, and K are selected to satisfy the following sufficient
conditions

Amin{Br} > 614 ¢ 2hnax{Br} + &&m + Emés + 10my)
)\min{KT} > )\max{BT} + 62

the expression in (B.151) can be upper bounded as follows
i< By, o, (B.152)
2

where (B.132) was utilized, and 7,, 7, €2€ R denote positive bounding
constants.

From B.128)-(B.130), and (B.133), and that F(t)€ Lo, the expression
in (B.152) can be used with the result from [2] to prove that Z(t),z4(¢),
#q(t) € Loo. Based on (5.157), and the fact that M(z), M(x,&),and F(t)e
Lo then Z4(t) € Lo.. H

B.3.9 Teleoperator — Proof of UMIF Controller Stability

Before we present the proof of the main result, we state and prove a pre-
liminary Lemma.

Lemma B.6 Let the auziliary functions L1(t),L2(t) € R be defined as
follows

(1>

L, —rT (F + ,61897’),(62)) (B.153)

—Ba¢3 sgn(ez)

[I>

Ly

where 81 and By are defined in (5.172). Provided 3, is selected according
to the following sufficient condition

B1 >3+ <, (B.154)
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where 3 and ¢4 were introduced in (5.175), then

JLLi(ndr <&, [} La(r)dr <&, (B.155)

where the positive constants &,1,&,9 € R are defined as

€ 2 BT lesilto)| — e (to) (<F (ko)) €02 By K00 leailto)].
(B.156)

Proof. After substituting (5.162) into (B.153) and then integrating, the
following expression can be obtained

/t t Li(r)ydr = /75 t X (7) [—F(T) - ﬁlsgn(eg(ﬂ)] dr (B.157)
+ /tt % (—F(T)) dr — p, /tt degf_ﬂ sgn(ea(T))dr.

After evaluating the second integral on the right side of (B.157) by parts
and evaluating the third integral, the following expression is obtained

/t Lidr = /t e (1) (—F(T) + F(T) — Blsgn(eg(T))> dr

to to

. 2n
—e3 (F(t) = B, Z le2i(t)] + &pa- (B.158)

i=1
The expression in (B.158) can be upper bounded as follows

/ Lydr /tiem ’F ]+ ‘ﬁi(r)’ —61) dr (B.159)

—i—Z le2i(t)] (‘F2<t)‘ - 51) + &1

If /3, is chosen according to (B.154), then the first inequality in (B.155) can
be proven from (B.159). The second inequality in (B.155) can be obtained
by integrating the expression for Ls(t) introduced in (B.153) as follows

/t: Lo(7)do

5, / T (r)sgn(es(r))dr (B.160)

2n
= §b2*522|€2i(t)|§5b2- u

=1

We now proceed to present the proof for the main result.
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Proof. Let the auxiliary functions P (t), P2(t) € R be defined as follows

Pi(t) £ &, — /t Ly(r)dr >0 (B.161)
to
t

Py(t) £ & — / Ly()dr >0 (B.162)
to

where &1, L1(t), &40, and Lo(t) were defined in (B.153) and (B.156). The
results from Lemma B.6 can be used to show that Pi(¢) and Pa(t) are
non-negative. Let V1(y,t) € R denote the following nonnegative function

V2 %eg’ez - %rTr + P+ P (B.163)
where y(t)e R"*2 is defined as
OEI R/ R/ R (B.164)
Note that (B.163) is bounded according to the following inequalities
Wa(y) < Vi(y,t) < Wa(y) (B.165)
where
Waly) = A ly@1* Waly) = s [ly()]|* (B.166)

where A4, A5 € R are positive bounding constants.
After taking the time derivative of (B.163), the following expression can
be obtained
Vi = —eley — krTr — Boel sgn(es) (B.167)

where (5.162), (5.174), (B.161), and (B.162) were utilized. The expression
in (B.167) can be rewritten as

2n
' 2 2
Vi=—lleal® =k Irl* = B2 3 leail (B-168)
i=1
From (B.163) and (B.168), it is clear that V3 (y,t) € Loo; hence, es(t) €
Loc n LQ N Ll, ’I"(t) S Loo n LQ, and y(t) S Loo . Since eg(t), ’I"(t) S Loc,

~

(5.162) and (5.173) can be used to prove that éx(t), F'(t) € Loo. Given that

ea(t), r(t), F(t) € Lo and the assumption that Fe Lo, (5.171) can be
used to prove that 7(t) € L. Barbalat’s Lemma can be utilized to prove

lle2(D)], [|[7(@®)]] = 0 as t— oo. (B.169)

© 2010 by Taylor and Francis Group, LLC



366 Appendix B. Supplementary Lemmas and Expressions

From (5.162), (5.163), (B.169) and the fact that M(z) € Lo, standard
linear analysis arguments can be used to prove that ey (t), é1(¢), and é2(t) €
L, likewise that eq(t), é1(t) € L1, and that

lex @I s @I 12 (I =0 as ¢ — oo (B.170)

From the fact that é;(t) € Lo, and the assumption that F € Lo it is clear
from (5.169) that F'(t) € Lao. Since F(t) € Lo, (5.157) and the proof in
Section B.3.8 can be used to show that z4(t), £4(t), £4(t) € Leo. Using
these facts along with (5.134) and its first time derivative, it is clear that
2(t) and ©(t) € Loo. Since ey (t), é1(t), M(x), M(z) € Lo, it is clear from
(5.168) that Ti(t) € Lo, and using previously stated bounding properties,
T(t) € Loo. It is also possible to state that Ty(t) € L;, where (5.168)
was utilized. Based on the definition of z(¢) in (5.160) and the previously
stated bounding properties, it is clear that ||¢1(t) — ¢2(¢)|| — 0 and ¢1(¢) +
g2(t) — qq(t). From these bounding statements and standard signal chasing
arguments, all signals can be shown to be bounded. W

B.3.10 Teleoperator — Proof of UMIF Passivity

Proof. Let Vj2(t) € R denote the following nonnegative, bounded function
1., - 1
Voo £ §¢§M¢d + §x§KTxd. (B.171)

After taking the time derivative of (B.171), the following simplified expres-
sion can be obtained

Vo = &5 F — ik Briy (B.172)
where (5.157) was utilized. Based on the fact that Br is a constant positive
definite, diagonal matrix, the following inequality can be developed

Vo < i1 F. (B.173)
The following inequality can be developed after integrating (B.173)

—C4 S Vzog(t) - Vzog(to) S /t SCZ;(O’)F(O’)CZO’ (B174)

to

where ¢4 € R is a positive constant (since Vj2(t) is bounded from the
trajectory generation system in (5.157)).
To facilitate the subsequent analysis, the following expression can be

obtained from integration by parts

/ Mé,(r)dr = Meéy (t) — Meé (to) — / Mé, (r)dr. (B.175)
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Since M (z), M (x,&),é1(t) € Loo, and é1(t) € Ly, then [ Mé, (r)dr €
L. After integrating (5.166) as follows

/t Fydr = — [ ite () / () (B.176)

to to

and using the fact that T3 (¢) € Ly (see proof of Theorem 5.3) and the fact
that ftto MEé,(7)dr € Lo, it is clear that F' € Ly, where F(t) 2 F(t)— F(t).

By using the transformation in (5.160), the expression in (5.121) can be
rewritten as follows

" or YFi(T) " s T a
/ q (T)|: ]dTZ/ 0 FdT—/ [ &2, 0F | Fdr. (B.177)
to Fy(7) to to

After substituting for the definition of F(¢) and the time derivative of

(5.134) into (B.177) for F(t) and i(t), respectively, the following expression
can be obtained

f & Fdr— ft[mdl ]FdT_ftde 22() R
+ft &1 (1) Fy deft ef( F(Td’l'*ft el (r)F(r)dr.

(B.178)
Since d4(t) = | idTl (t) ide (t) }T € Lo and F(t) = [ ET@t) FET(t) ]T €
L4, it is clear that the first integral expression in (B.178) is bounded and
from (B.176) a lower negative bound exists. Based on (B.174), it is clear
that the second integral expression in (B.178) is bounded and a lower neg-
ative bound exists. Since é;(t) € Lo and F(t) € Ly, it is possible to show
that the third integral in (B.178) is also bounded and a lower negative
bound exists. Finally, because é1(t) € L1 and F(t) € Loo, it is possible
to show that the fourth integral in (B.178) is also bounded and a lower
negative bound exists. Hence, these facts can be applied to (B.177) and

(B.178) to prove that
/t q" (1) [ 7;; 1((:)) } dr > —c2 (B.179)

where ¢5€ R is a positive constant. W

B.3.11 Proof of Bound on N

We start by writing N (¢) from (5.208) and (5.210) as follows
N = [ Mud)] Fat [ M(w,) = M(za,2a)] i

+ B( 8) = Blaa daia)| + M@)(@ +é2)  (B.180)

+M(x,a‘;)(%eg — &) +es.
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To simplify the notation, we define the following auxiliary functions

(B.181)

_ _ - 1 -
B = M()é + M()és + e+ M()5e5 — M()é. (B.182)
From (5.200)—(5.202), it is possible to write
é1 =€y — e €y = €3 — €9 €1 = e3 — 2ey + €.

Given the definitions of (B.181) and (B.182), we can rewrite (B.180) by
adding and subtracting a bevy of terms as follows

N= [M(z)— M(zq)| Za+ [@us(2, 2, iq) — Prnp(a, T, 34)]
+ [ Prng(Ta, & 8d) — Ping(Ta, Ta, £a)] + [Pof (2, 3, &) — Pop (24, T, F)]
+ [(IDbf(a?d, T, LL’) — ‘bbf<1'da T4, LL’)]
+ [@bf(xd, Ty, .73) — @bf(xd, Ty, .Td)] + F.
(B.183)
Given Assumption 5.4.1, we can apply the Mean Value Theorem [6] to each
bracketed term of (B.180) as follows

6]\7[(01)
801 01=C1
0P p(xd,03,24q)
803
0P i
n vf(xq,05, 1)

é)‘:I)WLJ"(O—FM jja md)
802 02=GC2
8(I)bf(0'4, .f, x)
80'4
8<I>bf(xd, de, 06)
60'6

N = e1rq+ el

+ é1 +

03=C3

€1
T4=S4

e + é1+ FE

805 05=C5

06=S6

(B.184)
where ¢1(t),52(t),54(t) € (x,24q), s3(t),s5(t) € (&, 24) while s6(t) € (&, Zq4).
From the preceding analysis, the right-hand side of (B.184) can be suc-
cinctly expressed as

N =&z (B.185)

where z(t) € R%%! is the composite error vector that has previously been de-
fined and ® (z, i, %,t) € R3*Y is the first-order differentiable system regres-
sor. By virtue of its first-order differentiability, ® (-) can be upper-bounded
as follows

S (z,%,%,t) < p(x,z, ) (B.186)

where p(-) is a positive function nondecreasing in z(t),z (t), and Z (¢).
Given Assumption 3, we can utilize (B.186) and the facts that

T =2q—€1

T==Tq—e€3+ e

.’.If:fi'd—€3+2€2—€1
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in order to upper-bound N (-) as follows
N < p(l[2]) [I=]]

where p(||z||) is some positive function nondecreasing in ||z|| .

B.3.12  Calculation of Region of Attraction

Following [17], we now define the region of attraction for the system. From
(5.226), we obtain the following sufficient condition for the negative defi-
niteness of V (t)

l2ll < p™* (v/2k). (B.187)
Next, we define n(t) = [ 27 (¢) VP (t) VP (1) 1T € R and a

region (2 in state space as follows

Q= {neR g < p~* (V2 } (B.188)

where the definition of 7 (¢) indicates that  is a subset of the space defined
1
by (B.187). Based on Assumption 5.4.3, we define §; £ 5 min {1, m} and

1
§a(w) £ max {im(x), 1}; thereby, (5.223) can be upper and lower bounded
as

§1(n) < Vi< &y(n) (B.189)

where £,(n) 2 61 ||n]|°> € R and &,(n) £ 85(z) ||n||°> € R. From the bound-
edness conditions above, we can further find an estimate for the region of
attraction of the system as

0. = {neem <a( ' (vVaR)? . (B.190)
Given (B.189) and (5.226), we can invoke Lemma 2 of [17] to state that
[2]? =0 ast— oo Vnlt) € Qe. (B.191)
From (B.190), we require

&M (1) < 01(p™ (V2ks))? (B.192)

which implies that we can write (B.192) in terms of system initial conditions
as follows

01 _
In(to)ll < m/’ Y(V/2ks), (B.193)
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where we have taken advantage of the fact that V; (t) is either decreasing
or constant for all time. We can rewrite (B.193) in terms of an lower-bound
on ks as follows

( d2(x(to))

1
> 5070 25 ) . (B.194)

2

Given the definition of n(t), we can write

[n(to)ll = (ef (to)er(to) + €3 (to)ex(to) + [éa(to) + e2(to)]” [é2(to)
+ea(to)] + Pi(to) + Pa(to))

NI

(B.195)
where we have utilized the definitions of z (¢) and es (¢) from (5.209) and
(5.202). From (5.218), (5.220), (5.200), and (5.206), we can obtain the fol-
lowing expression

éa(to) = Ealto) + @a(to) — &(to) + M~ (x(to)) B(x(to), &(to))-

After substituting the above expression into (B.195), we can finally express
In(to)|| in terms of system initial conditions as follows

[n(to)ll = (eﬂ(tO)el(tO)Jr 612T(t0)€2(f0)
+||Za(to) + M~ (x(to)) B(x(to), &(t0))
+q(to) — (to) + 62(t0)|‘2 o (B-196)

+B1llea(to)llr — €3 (to) Nualto) + Ballex(to)ll1) "~

Finally, substitution of the expression of (B.196) into (B.194) provides a
lowerbound for kg in terms of the initial conditions of the system.
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